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Abstract. It is well known that the power stellar wind of OB and Wolf-Rayet (WR)
stars consist of the numerous dense inhomogenuities (clumps) and more rarefied homogeneous interclump medium. Clumps are randomly distributed in the whole volume of stellar wind and have arbitrary sizes and fluxes. Formation of the clumps
appears to be the chaotic process connected with internal instability of the radiation
dominated stellar wind. Our modelling of the line profiles in spectra of OB and WR
stars with clumped wind show that initially chaotic ensemble of the clumps can be
regularized. As a result of that regularization the clusters of clumps which manifest
themselves as strong bumps on the line profiles cam be developed.
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1

Introduction

Twenty-first-century theoretical physics is coming out of the chaos revolution
[2]. Astrophysics, as a part of physics is also a field for an application of the
chaos theory [21].
Chaotic structures can be found in the Solar System [5], in the arrays of
orbits of exoplanets [18] and in the atmospheres of the late-types AGB and
post-AGB stars [6,7].
Atmospheres of early-type stars quite a long time were considered as homogeneous spherically symmetric flows [13]. In the beginning of 80th the first
indications of the presence of high density regions (blobs or clumps) in the atmospheres (winds) of the early-type (hot) stars both from the theory and the
observations were revealed [1,4].
This inhomogeneous wind were described in the clump model [1]. In this
model a stellar wind is proposed to be composed of the numerous dense clumps
and low density interclump medium. Total number of the clumps can exceeds
103 . The ions of the low and moderate ionization stages are located dominantly
in the clumps while the interclump medium seems to be strongly ionized.
A separate clump forms a small detail in the line profiles in the spectrum of
early-type stars. All ensembles of the clumps in the winds of these stars form a
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stochastic line profile variability (LPV) in the stellar spectra. A stochastic character of the LPV allows us to conclude that clumps born and dissipate chaotically. A chaotic ensemble of clumps in the atmosphere may be described in the
framework of the Stochastic clump model proposed by Kostenko & Kholtyhin
[11] and Kudryashova & Kholtygin [12] and close to the model of discrete wind
emission elements proposed by Lepine & Moffat [14].
Spectral observations of Wolf-Rayet (WR) and OB stars show that together
with dissipative processes in the stellar atmospheres resulting in a chaotization
of the stellar wind and a formation a stochastic wind structure, some kinds of a
regularization processes leading to the formation of quasi-regular structures in
the wind can be also effective. In the present paper we consider these evidences
of the wind regularizations.

2

Chaos in stellar wind: stochastic clump ensemble

In our stochastic clump model [11,12] we suppose that there is no way to know
where in the wind, when and how the next clump can appear. Ith means
that one can only say about the probability for clump to born in the fixed
wind volume and has a determined values of the mass, size, fluxes in the lines
and other parameters. For each clump these values are defined through the
distribution function Ncl (Mcl , Rcl , θ, ϕ) of clumps on masses Mcl , sizes Rcl and
other parameters. Here Mcl is a mass of the clump, Rcl is its radius, θ is an
angle between the direction of the clump motion and line of sight and ϕ is
an azimuthal angle of the clump in the coordinate system where the origin of
coordinates is located in the center of star and the Z-axis coincides withy the
line of sight.
The total flux in the line formed by a clumped atmosphere in a frequency
interval [ν, ν + dν can be presented as
F (ν)ν = F icl (ν)ν + F cl (ν)ν + F cl−icl (ν)ν .

(1)

Here the value of F icl (ν) is the part of the line flux formed by the homogeneous
interclump medium only, F cl (ν) is the clumps contribution and F cl−icl (ν) refers
to the contribution of the clump - interclump medium interactions to the line
profile.
Due to of the large velocity gradients in the stellar wind the contributions
of the separate clumps into the total line flux can be considered independently
and a part of the total line flux formed by clumps
F cl (ν) =

X
i

Fνi =

Z
(4π)

Z

Mmax

Mmin

Z

Rwind

Ncl (Mcl , Rcl , θ, ϕ)Fcli (ν) dΩ dMcl dRcl ,

R∗

(2)
where Mmin and Mmax are the minimal and maximal masses of the clumps in
the ensemble. A function Fcli (ν)d describes a flux, which a clump with a number
i emits in the frequency interval [ν, ν +dν] in the solid angle dΩ = 2πsinθ dθ dϕ.
R∗ is a stellar radius and Rwind is the wind radius.
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As it was shown by Kostenko & Kholtygin [11] the contribution of the
interclump medium into the total intensity of most of the lines in the earlytype star spectra (e.g. lines of ions CIII, HeI-II, etc.) is small. The interaction
of clumps with the interclump medium gives contribution mainly in the X-ray
region and weakly impacts on the profiles of optical and UV lines considered.
It means that the intensity of these lines are mainly determined by chaotic
clumps in the wind.
Studies of LPV for O and WR stars (Kaper et al. [15], Lépine & Moffat
[14]) specify that clumps are mainly formed in a narrow area of an atmosphere
near the stellar core. It means that distribution of clumps on distances from
the stellar core, masses and directions can be considered independently:
Ncl (Mcl , Rcl , Ω) = Nm (Mcl ) Nr (Rcl ) Ncl (Ω).

(3)

Early-type stars are the powerful sources of X-Ray emission (e.g., Oskinova
et al. [20]). For explanation both the UV optical an X-Ray spectra of these
stars Kholtygin at al. [8] propose the 3-phase model of the early-type star winds.
In this model is supposed that wind can be in 3 phase states: homogeneous
warm wind with a mean temperature ≈ 105 K, cold clumps with T ≈ 104 K
and hot clumps (hot zones with a temperature T up to 108 K. Warm wind and
cold clumps emit in an optical and UV range, whereas a radiation of hot zones
are mainly in a X-Ray region.
For WR stars clumps give the main contribution in the line emission, but
for OB stars clumps give the smaller one. There exist a phase transitions
between hot and cold phases. Cold clumps can be heated by shocks up to
108 K (Bychkov & Aleksandrova [3]), whereas hot zones cool very fast with
cooling time is less than 1 min and the hot clumps became th cold clumps
again soon after their heating. The agreement of the characteristic times of
optical and X-Ray variability supports the 3-phase model (see Oskinova et
al. [19] and reference therein for details).

3

Modelling the clump ensemble

To model the chaotic distribution of clumps in the stellar winds we need to
know the distributions Nm (Mcl ), Nr (Rcl ) and Ncl (Ω).
We present a distribution of clumps on masses in atmospheres of early-type
stars as Nm (Mcl ) ∼ (Mcl )−γ and adopt the values of γ ≈ 2.0 (see arguments
presented by Kudryashova & Kholtygin [12]).
For modelling the distribution Nr (Rcl ) we suppose that clumps are born
randomly near the stellar core, the total clump number in the atmosphere
is constant and their distribution on radius R is determined by a relation
R2 Nr (R)(R)Vcl (R) = const. For a dependence of the clump velocity Vcl (R)
on the distance R from the center of star we adopt standard β-law:
β

R∗
cl
.
Vcl (R) = V0cl + (V∞
− V0cl ) 1 −
R

(4)
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cl
Here V0cl is the formal clump velocity at a level R = R∗ , V∞
is the terminal
clump velocity at R  R∗ , and a typical value of a parameter β = 0.5 − 1. We
use mainly the spherical-symmetric distribution NΩ (Ω) of directions of clumps.
We assume that each clump forms a detail of the line profile (subpeak) with
gauss distribution of intensity. Dependencies of a total flux in the different
lines formed by separate clump at the distance R to star were calculated by
Kostenko & Kholtygin [11]. As in a paper by Lépine ([16]) we suppose that
the full fluxes of subpeaks Fi ∝ σi2 , where σi2 is a velocity dispersion inside a
clump with number i.
Follow Kudryashova & Kholtygin [12] we suppose that mean clump lifetime
is determined via a relation

T cl = Tclmax (Fclmax /Fcl )γ ,

(5)

where Tclmax is a lifetime of a clump wich have a maximal flux Fclmax of the
considered line and γ ≈ 1 (see Lépine [16] for details. The lifetime of a clump
is an interval between two moments of times. The first one is a moment when
a clump is formed an emit in the line. The second is a moment when the clump
can exists by does not emit in the considered line. It means that in a common
case the lifetime of clump depends of the line whic we consider.

Fig. 1. Left panel: a typical mean line profiles in a dependence on τclmax =
0.0, 1.0, 5.0 and 20.0 and for ζ = 0.5. Right panel: the same as in the left panel,
but for a value of the parametr ζ = 0.0, 0.1 0.2 0.5, 1.0 and 2.0 for τclmax =10.

The resonance lines of ions of the most elements in the atmospheres of the
early-type stars have the strong absorption components. This absorption can
appear when a large clump is on the line of sight and screen the emission of
the stellar core. We use the next procedure to take into account the absorption
of the stellar emission by clumps. Suppose that there are a number of clumps
which on the line of sight can absorb the radiation of the stellar photosphere

Chaotic Modeling and Simulation (CMSIM) 4: 551–560, 2012

555

and the and a total optical depth for absorption of the continuum radiation
can be presented as a sum of all optical depths of all such clumps.
To calculate an optical depth τi (ν) of a clump with a number i in the central
frequency of the line we use the scaled relations
τi (0) = τclmax (Fi /Fmax )µτ ,
where τclmax is an optical depth of a clump with a maximal line flux Fmax .
From calculations by Kostenko & Kholtygin [11] of the ionization structure of
the early-type stars we conclude that parameter µτ ≈ 2.

4

Line profile calculations for the clumped wind

For the sake of the simplicity hereinafter will plot the calculated line profile in
the dimensionless frequencies
x = (ν − ν0 )/∆ν∞ ,

(6)

where ∆ν∞ = ν0 (V∞ /c) is the total line width, c is the light velocity, ν0 is the
central frequency of the line.
It should me mention that the relation (2) gives us the instantaneous line
profile only, whereas the observed line profiles are the mean of all instantaneous
profiles over the whole interval of the observations. For evaluating the quasiobserved line profile we average all instantaneous line profiles over the typical
time of observations of one line profile ∆T . The typical values of ∆T = 10 −
30 min.
Main parameters of the stochastic model are σmax , a velocity dispersion in a
clump with a maximal flux, ε, a ratio of a minimal and a maximal fluxes of line
formed by an ensemble of clumps and τclmax , the optical depth of a clump with
the maximal flux. To normalize the line profile at the level of the continuum
we introduce a parameter ζ = Fline /Fcont , where Fline is the total flux emiited
in the emission component of the line and Fcont is the flux in the continuum
within the frequencies of the line.
For example we plot a dependence of mean model line profile versus Tclmax
in Fig. 1 for a resonance doublet CIV λ 1548,1550.
The LPV can be clearly seen in the case of using the difference line profiles
(individual profiles minus mean line profile). For obtaining the difference model
profile we calculate the averaged quasi-observed line profiles over the whole
period of observation Tobs . For an illustration we plot the typical difference
line profiles in the stochastic clump model in Fig. 2. The dashed lines show
the displacement of subpeaks on the line profiles from the center to the wings
of the line.
This displacement reflects the acceleration of the clumps in the wind and can
be seen in Fig. 3 where we plot the dynamical spectra for line CIV λ 1548,1550
LPV for typical parameters of a clump ensemble at a total duration T full = 10h
of quasi-observations.
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Fig. 2. Left panel: difference line profiles for the pure emission line (τmax = 0) for
the stochastic clump model with parameters ε = 10−5 and σmax = 0.20.The time
interval between the successive profiles is 30 min. Right panel: the same as in the
left panel but for opaque clumps with τmax = 25.
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Fig. 3. Left panel: dynamical spectra in the Stochastic Clump Model for parameters
σmax = 0.20, ε = 10−3 and a parameter τclmax = 0 and for 10h of total time of ”quasiobservations”. Right panel: the sam as in the left panel, but for τclmax = 0.

5

Using wavelets for testing clumps

For OB stars the clump contribution, connected with small-scale structures in
the stellar wind, in the total line profile variations is not so significant as for
WR ones. For this stars the share of the regular variations of the line profiles,
connected with the large-scale structures in the stellar wind, is significant. It
means that we have to use the more effective methods for testing a clump
contribution in the LPV.
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The most convenient tool for a decomposition the clump contribution in the
LPV is the wavelet analysis. The wavelet transform of the analyzed function
f (x) (in our case it is a difference line profile) is

W (s, u) =

1
s

Z∞


f (x)ψ

x−u
s

Z∞



f (x) ψsu (x)dx .

dx =

−∞

(7)

−∞

where ψ(x) is the mother wavelet, s is a scale. In our case the most suitable
is the so-called MHAT wavelet ψ(x)=(1 − x2 )exp(−x2 /2), which has a narrow
energy spectrum. The MHAT wavelet is proportional to the second derivative
of a Gaussian and can be used to select the gauss-like features in the differential
line profiles.

T,h

beta=0.5

T,h

S=50 km s

2.5

2.5

2

2

1.5

1.5

1

1

0.5

0.5

0
-400

-200

0

200

400

V

0
-400

beta=0.5 S=25 km s

-200

0

200

400

V

Fig. 4. Left panel: dynamical wavelet spectra for line HeII λ 4686 in a spectra of
star δ Ori A for the scale S = 50 km/s. Rightt panel: the same as in the left panel,
but for S = 25 km/s

Kholtygin et al. ([9]) described a obtaining the dynamical wavelet spectra
for lines in spectra of early-type stars. Those spectra are the wavelet transform
of the difference spectra for the analyzed line in the velocity V space in a
dependence of the time of observation t and for the fixed scale s. In this case,
the scale variable s is expressed in km/s.
In Fig. 4 we plot the dynamical wavelet spectra for line HeII λ 4686 in
spectra of O star δ Ori A for the scales S = 50 and 25 km/s. Details of our
observations are described by Kholtygin et al. [9]).
For small scales in an interval S = 1−5 km/s the dynamical wavelet spectra
is determined by the noise contribution mainly and do not plot in the Fig. 4.
In the same time for large scale S = 50 km/s mainly regular variations in the
dynamical wavelet spectra can be detected, as it can be seen in Fig. 4 (left
panel). For intermediate values of the scales S we can detect in the dynamical
wavelet spectra both the stochastic variations connected with clumps and regular variations induced by the large scale structures. Both types of variations
are seen in Fig. 4 (right panel).
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Fig. 5. Left panel: mean wavelet power spectra for lines CIII λ 5696 and HeII λ 5511
in a spectra of star WR 103 as a function of a scale S (solid line) in a comparison with
wavelet power spectra for mean model profiles of these lines (dashed lines). Right
panel: the same as in the left panel, but for WR 135.

6

Regularization of the chaotic clump ensemble

To study what is a real structure of the clumps in the wind of early-type stars
we compare the wavelet power spectra of the difference line profile in the spectra
of selected WR stars with calculated for model profiles in the stichastic clump
model. The methodic how to calculate the wavelet power spectra is described
by Kudryashova and Kholtygin [12] and by Kholtygin [10].
The wavelet power spectra for 8 WR stars were taken from a paper by
Lépine et al. [17]. The quality of the fit of the model and obtained from the
real line profiles wavelet power spectra is good as it can be see in Fig. 5.

Table 1. Parameters of the clump ensembles for selected WR stars
Star
WR 103
WR 111
WR 134
WR 135
WR 136
WR 137
WR 138
WR 140

Sp. Class
WC9
WC5
WN6
WC8
WN6
WC7+OB
WN5+OB
WC7+O4-5

ζ V∞ (km/s)
17.0
1190
1.7
2415
2.0
1905
10.0
1405
2.3
1605
2.5
2550
0.4
1345
1.25
2900

ε
10−4
10−5
10−3
10−5
10−5
10−5
10−5
10−4

σmax
0.22
0.25
0.20
0.21
0.20
0.22
0.23
0.035

The parameters of the stochastic clump model which provide the best fit
are presented in the Table 1. It should be mention that the values of σmax for
all WR stars excluding the binary system WR 140 are very close. It means that
the parameters of the clump ensembles and their structure are also close.
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The velocity dispersion σmax in the clumps are rather large as it can be sin
from the Table 1. For typical for WR stars terminal velocities v∞ = 1500 −
2000 km/s the value of σmax =200-600 km/s for clumps with the maximal fluxes
in the considered line. The sizes of such clumps can be as large as 4R∗ as it
follows from the simple estimations.
It may be concluded that the detai;ls of the line profiles with very large
velocity dispersion can not be formed by a separate clump but by cluster of the
smaller clumps with close values of the radial velocities and probably with close
locations in the wind. It means, in turn, that the initially chaotic ensemble of
the clumps can be regularized and the regular structure of clumps can appear.

7

Conclusion

From an analysis the structure of winds of the early-type stars we can conclude:
1. The line profiles in spectra of early-type stars and their variations can
be descibed in the stochastic clump model.
2. The initially stochastic clump ensemble does not remain totally chaotic.
The large cluster of clumps which forms the large details of the line profiles are
formed in the wind.
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Abstract. Ferromagnetic Ising model is investigated by means of Monte Carlo simulations, with temperature randomly varying in time, which assumes randomly values
above and below the critical temperature in the consecutive simulation steps. It is
known that for mean-field coupling on-off intermittency and attractor bubbling can
be then observed, characterized by the sequence of laminar phases, during which the
magnetization is almost zero, and chaotic bursts, during which the system becomes
abruptly ordered. At the intermittency threshold distribution of the values of magnetization obeys a power scaling law. Here, possibility of the occurrence of analogous
phenomena is studied in the Ising model on d-dimensional square lattices and on
small-world networks which are obtained from the square ones by random rewiring
of edges (corresponding to non-zero exchange integrals) with probability p. For the
models on square lattices (p = 0) intermittent sequences of laminar phases and bursts
of magnetization are observed only for d ≥ 4; also only for d ≥ 4 the distributions
of values of magnetization exhibit power-law tails. For the models on small-world
networks (p > 0) such distributions occur for d ≥ 2. Thus, time series with certain
properties of on-off intermittency can be observed close to the phase transition point
in the above-mentioned generic models of statistical physics.
Keywords: on-off intermittency, attractor bubbling, Ising model.

On-off intermittency (OOI) appears in chaotoc systems in which the observed signal forms a sequence of laminar phases, during which it is almost
constant and close to zero (the ”off” phase) and chaotic bursts (”on” state)
[1,2]. The system can stay in the laminar phase for a long time, after which
the burst can appear, i.e., rapid departure from, and return to, the ”off” state.
OOI occurs in systems which posses a chaotic attractor contained within an
invariant manifold with dimension smaller than that of the phase space. As
a control parameter is varied, this attractor can lose transverse stability as a
result of a supercritical blowout bifurcation [3], and a new attractor is formed
which encompasses that contained within the invariant manifold. Just above
the bifurcation threshold the phase trajectory spends most of the time in the
vicinity of the invariant manifold and only occassionally departs from it, which
results in the sequence of the laminar phases and bursts. In turn, if during the
laminar phases instead of approaching zero the signal shows fluctuations with
Received: 29 March 2012 / Accepted: 5 October 2012
c 2012 CMSIM
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amplitude small in comparison with that of chaotic bursts, the corresponding
phenomenon is called attractor bubbling (AB) [2,4]. AB appears in systems
with OOI under the influence of the internal or external noise, which amplifies
local transverse inastabilities in the attractor contained within the invariant
manifold [2]. This results in the appearance of intermittent bursitng below the
blowout bifurcation threshold. OOI and AB were observed in many nonlinear
dynamical systems, e.g., in model maps with time-dependent control parameter [1], in systems of coupled chaotic oscillators close to the synchronization
threshold, where the invariant manifold is the synchronization manifold [5], in
chaotic dynamics of spin waves [6], microscopic models of financial markets
[7,8], etc.
It is interesting to note that OOI and AB can occur in many-body systems of statistical physics, e.g., in the Ising and Ising-like models [8-10] or
electroconvection of nematic liquid crystals [11], under the influence of random
variation of external parameters (the temperature or the elecric voltage in the
two above-mentioned cases, respectively). In particular the ferromagnetic Ising
model with temperature randomly varying in time can switch intermittently
between the paramagnetic and ordered phase, which results in the sequence of
the laminar phases and bursts in the time series of magnetization, treated as
the signal. In the latter case OOI and AB have been observed so far in the
Ising model with mean-field (MF) coupling [9]. The purpose of this paper is
to show that these phenomena can appear also if the MF approximation is not
exact, e.g., in the d-dimesnional Ising model with d = 2, 3, 4 . . . and, possibly, a
small fraction of random connections corresponding to long-range exchange interactions between distant spins. It should be emphasized that the Ising model
is a stochastic one (Glauber thermal bath dynamics is used in the Monte Carlo
(MC) simulations), and the intermittency typical of dynamical systems appears in it as a result of interactions among a large number of stochastic units
(spins). Thus the name ”emergent” OOI and AB can be given to this kind of
intermittent phenomena.
The model investigated in this paper is the ferromagnetic Ising model on a
network which can be either a usual d-dimensional square lattice, with d ≥ 2,
or a small-world network obtained from the d-dimensional square lattice by
random cutting and rewiring of edges [12]. For the latter purpose, each edge of
the square lattice is cut with probability p and rewired so that one (randomly
selected) end remains attached to an old node while the other one is attached
to a new node, chosen randomly from among all nodes in the network. Multiple
connections between nodes, self-connections and cutting edges once rewired are
forbidden. The probability p controls the degree of randomness in the network:
in particular, for p = 0 the network is the d-dimensional square lattice, and for
p = 1 it is a random graph. The spins σi , i = 1, 2, . . . N , N = Ld , where L is
the size of the original square lattice and N is the number of spins, have two
possible orientations, σi = ±1, and are located in the nodes of the network.
The exchange integral between the spins σi , σj is Jij = J > 0 if there is an
edge between nodes i, j, and Jij = 0 otherwise; hence, for p > 0 a certain
fraction of long-range interactions between spins is present. The Hamiltonian
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for the model is
H=−

N
X

Jij σi σj .
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(1)

i,j=1

MC simulations of the above-mentioned model are performed with temperature randomly varying in time, T (t) = T0 − T1 ξ(t), where the discrete time
steps t are equivalent to the consecutive MC simulation steps (each step corresponding to asynchronous updating of all N spins), ξ(t) is a random variable
with uniform distribution on the interval (0, 1), and T0 , T1 are constants. The
model obeys the Glauber thermal-bath dynamics, with the transition rates between two spin configurations which differ by a single flip of one spin, e.g., that
in the node i, in the form



Ii
1
1 − σi tanh
,
(2)
wi (σi , t) =
2
T (t)
where
Ii = J

X

σj

(3)

j∈Ki

is a local field acting on the spin i, and the sum in Eq. (3) runs over all
neighbors of the node i (in particular, in the case of the d-dimensional square
lattice, corresponding to p = 0, there are z = 4, 6, 8 . . . nearest neighbors for
d = 2, 3, 4 . . ., where z is the coordination number). Let us emphasize that
the transition rates (2) depend on time due to the time dependence of the
temperature T (t).
For T1 = 0 the models under study with d = 2, 3, 4 . . . show ferromagnetic
phase transition for p ≥ 0, and the critical temperature Tc for given d is an
increasing P
function of p. The order parameter is, of course, the magnetization
N
M = N −1 i=1 σi . Henceforth in the MC simulations it is always assumed that
T0 > Tc for given d, p and the network size N . For T1 > 0 the magnetization
cannot be treated as the (static) order parameter since it can become dependent
on time, in particular if T0 − T1 < Tc . Instead, the statistical properties of the
time series M (t) can be analyzed to search for the occurrence of the OOI or
AB.
In the MF approximation, and in the thermodynamic limit, the equation
for the time dependence of the magnetization becomes


Jhzi
Jhzi
M (t + 1) = tanh
M (t) ≈
M (t),
(4)
T (t)
T (t)
where hzi is the average coordination number (hzi = z = 4, 6, 8 . . . for p = 0 and
d = 2, 3, 4 . . .), and the approximate equality is valid for M ≈ 0. For T1 = 0
and T (t) = T0 = const the magmetization M (t) for t → ∞ converges to zero if
(mf )
T0 > Tc
= hziJ, i.e., above the MF critical temperature, which corresponds
(mf )
to the paramagnetic phase, and to a non-zero value if T0 < Tc
, which
corresponds to the ordered phase. For T1 > 0 Eq. (4) can be treated as a onedimensional map describing the evolution of the magnetization M (t) in discrete
time t. This map possesses an invariant manifold M (t) ≡ 0, corresponding
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to the paramegnetic phase, and the temperature T (t) is a (random) variable
describing the dynamics of the two-dimensional system (M (t), T (t)) within this
manifold. The map (4) belongs to a general class of systems xt+1 = f (xt , ηt )
which after linearization in the vicinity of the invariant manifold xt ≡ 0 have
a form of multiplicative noise, xt+1 = ηt xt , where ηt is a random variable.
As the strength of the noise ηt rises the manifold xt ≡ 0 loses stability via
supercritical blowout bifurcation and OOI in the time series of xt is observed;
(mf )
in Eq. (4), since T0 > Tc
, this happens as T1 is increased. In fact, OOI
was observed in Eq. (4) as well as in the time series of magnetization obtained
from MC simulations of the Ising model with temperature randomly varying in
time and with MF coupling [9], where Eq. (4) is strict for N → ∞, as T1 was
increased above the threshold value for the blowout bifurcation. Besides, in
the MC simulations AB was also observed, i.e., chaotic bursts of magnetization
which occurred for T1 < T0 − Tc , below the intermittency threshold, due to
thermal fluctuations (internal noise) which destabilize the invariant manifold
(the paramagnetic state) in finite-size systems.
In the cases studied in this paper neither OOI nor AB occur in the twoand three-dimensional Ising model on square lattices (for p = 0 and d = 2, 3,
T0 > Tc and 0 < T1 < Tc ): the magnetization exhibits only small fluctuations
around zero (Fig. 1(a,c)). However, addition of even a small fraction of rewired
edges (p > 0) leads to the occurrence of chaotic bursts in the time series of
M (t) typical of AB for large enough T1 in the models with d = 2, 3 (Fig. 1(b)).
In contrast, in the four-dimensional Ising model bursts in the time series of
M (t) occur both for p = 0 (the square lattice, Fig. 1(d)), if T0 is slightly above
Tc and T1 is large enough, and for p > 0 (the small-world network, Fig. 1(e,f)),
in a much wider range of the parameters T0 , T1 .
A characteristic feature of OOI is the distribution of lengths τ of laminar
phases at the intermittency threshold, P (τ ) ∝ τ −3/2 [1]; in the case of AB,
due to the presence of noise, long laminar phases are less probable to occur
and the tail of the distribution becomes exponential [4]. In the models studied
in this paper, even for N ' 104 , the thermal fluctuations were too strong to
observe the power scaling law, and even for short laminar phases the distribution P (τ ) decreased exponentially. Another characteristic feature of AB is the
distribution of the values of the measured signal which exhibits power-law tails
[13,14]. In the two- and three-dimesional Ising model on square lattices (for
p = 0 and d = 2, 3, T0 > Tc and 0 < T1 < Tc ) the distributions P (M ) have exponential rather than power-law tails (Fig. 2(a,b)), which confirms that no AB
occurs. In contrast, in the Ising model on small-world networks with d = 2, 3
and p > 0 the tails of the distributions of magnetization obey the power scaling
law, P (M ) ∝ M −α , α > 0, for a certain range of T0 > Tc and large enough T1
(Fig. 2(a,b)). In the four-dimensional Ising model on the square lattice (d = 4,
p = 0) for T0 just above Tc and large enough T1 the distribution P (M ) obeys
the power scaling law on a narrow interval; otherwise, P (M ) has exponential
tails (Fig. 2(c)). For d = 4 and the small-world networks with p > 0 the tails of
the distribution of the magnetization obey a power scaling law P (M ) ∝ M −α
for a wide range of the parameters T0 , T1 (Fig. 2(d)). These results confirm
that the occurrence of bursts in the time series of magnetization shown in Fig.
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Fig. 1. Time series of magnetization M (t) for the models with (a) d = 2, L = 256,
p = 0 (two-dimensional square lattice), T0 = 2.45, T1 = 2.44; (b) d = 2, L = 256,
p = 0.2 (small-world network obtained from the two-dimensional square lattice),
T0 = 3.25, T1 = 3.24; (c) d = 3, L = 40, p = 0 (three-dimensional square lattice),
T0 = 4.60, T1 = 4.59; (d) d = 4, L = 16, p = 0 (four-dimensional square lattice),
T0 = 6.75, T1 = 6.74; (e) d = 4, L = 16, p = 0.2 (small-world network obtained from
the four-dimensional square lattice), T0 = 10.0, T1 = 9.99; (f) d = 4, L = 16, p = 0.2,
T0 = 7.35, T1 = 7.34.

1 (b,d,e,f) for the cases d = 2, 3, p > 0 and d = 4, p ≥ 0 can be attributed to
AB. In general, if the power scaling law P (M ) ∝ M −α is observed the exponent
α > 0 decreases as T0 approaches Tc from above and as T1 is increased (Fig.
2(b,d)), since this leads to stronger and more frequent bursts in the time series
of magnetization (Fig. 1(e,f)).
The above-mentioned results show that if the temperature varies randomly
in time within a certain interval AB can be observed in the Ising model on
small-world networks obtained from the two- and three-dimensional square
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Fig. 2. Distributions of the magnetization P (M ) (solid lines) and possible fits of the
power scaling laws to the tails of the distributions (dashed lines) for the models with
(a) d = 2, L = 256 and p = 0, T0 = 2.45, T1 = 2.44 (curve (a)), p = 0.2, T0 = 3.25,
T1 = 1.00 (curve (b)), p = 0.2, T0 = 3.25, T1 = 3.24 (curve (c)); (b) d = 2, L = 256
and p = 0.2, T0 = 4.25, T1 = 4.24 (curve (a)), d = 2, L = 100 and p = 0.2, T0 = 3.25,
T1 = 3.24 (curve (b)), d = 3, L = 40 and p = 0.0, T0 = 4.60, T1 = 4.59 (curve (c)); (c)
d = 4, L = 16, p = 0 and T0 = 6.75, T1 = 1.0 (curve (a)), T0 = 6.75, T1 = 6.74 (curve
(b)), T0 = 7.75, T1 = 7.74 (curve (c)); (d) d = 4, L = 16, p = 0.2 and T0 = 10.0,
T1 = 9.99 (curve (a)), T0 = 8.0, T1 = 7.99 (curve (b)), T0 = 7.35, T1 = 7.34 (curve
(c)).

lattices by cutting and rewiring edges with probability p > 0. Due to the
presence of shortcuts the interactions between spins have a MF character to
some degree, but only for p = 1 the network becomes a random graph and the
MF approximation, Eq. (4) becomes exact. Thus, AB can occur even if the
MF approximation is not strict. In the four-dimensional Ising model AB can
be observed both in the case of square lattice and the small-world network.
Thus, the critical dimension for the occurrence of AB in the Ising model on a
square lattice, with temperature randomly varuing in time, is d = 4.
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It should be mentioned that a class of models similar to the ones considered in this paper was used in Ref. [10] to simulate the time series of price
returns in the stock market. The two possible orientations of spins (agents)
corresponded to the decisions to sell or to buy stocks, and instead of temperature varying randomly in time, exchange integrals between pairs of interacting
agents varied randomly in time around the average which was also a random
function of time. The agents were placed on a two-dimensional square lattice,
and interactions with the first, second, third, etc. nearest neighbors were taken
into account; then, small-world networks were also constructed by randomly
cutting and rewiring edges with probability p. Parallel updating of the states
of all agents was performed. Such Ising-like multi-agent models based on the
social impact theory [15] are often used to reproduce so-called ”stylized facts”,
or universal properites of the fluctuations of the stock prices [16]. In particular,
the probability distributions of the stock price returns obtained from MC simulations, proportional to the magnetization, could exhibit power-law tails for
p > 0, which is typical of the empirical distributions of returns. Also the time
series of returns (magnetization) exhibited the empirically observed ”volatility
clustering”, i.e., a sequence of quiescent (laminar) phases and bursts.
The results of the present paper as well as these of Refs. [8-11] confirm that
”emergent” OOI and AB are ubiquitous phenomena in many-body systems of
statistical physics. In the Ising model studied in this paper the appearance
of OOI in the time series of magnetization can be easily understood within
the MF approximation: as the amplitude of the stochastic variation of the
external parameter (temperature) increases the invariant manifold M = 0,
corresopnding to the paramagnetic phase, loses transverse stability as a result
of the blowout bifurcation; in finite-size systems the occurrence of chaotic bursts
of magnetization is facilitated due to interal noise (thermal fluctuations) and
AB is observed. However, the results of the MC simulations show that similar
intermittent phenomena occur even if the MF approximation is not exact.
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Abstract. The world is filled with complex systems whether it is the traffic patterns
in cities, weather patterns, information flow in the internet, or turbulence in fusion
reactors. These complex systems are not often amenable to simple analytic solutions,
understanding these systems requires a new statistical method beyond traditional
equilibrium theory, i.e. Boltzmann Gibbs statistics. We present a novel method for
understanding complex dynamics of such systems by using the Observable Representation which has been successfully applied to complex systems in detailed balance.
Specifically we generalise it to non-equilibrium systems where detailed balance does
not hold, i.e. the system has non zero currents. We construct a new transition matrix by accounting for this current and compute the eigenvalues and eigenvectors.
From these, we define a metric whose distance provides a useful measure of correlation among variables. This is a very general method of understanding correlation in
various systems, in particular, long-range correlation, or chaotic properties. As an
example we show that these distances can be utilized to control chaos in a simple
dynamical system given by the logistic map.
Keywords: detailed balance, non-equilibrium, chaos, complex systems.

1

Introduction

When studying a system in nature, we often devise experiments whose goal is to
understand the interactions of a set of proposed variables. The ultimate goal of
these investigations is to try and discover how the variables interact to form the
underlying dynamical equations which govern the system. Often though the
system is so complicated that finding these unknown equations is impossible.
Instead of attempting to derive the underlying functions of a system, we take
a different approach. Just as the field of dynamical systems uses graphical
representations of systems that are difficult or impossible to solve analytically.
We use a graphical representation of the system which comes from a master
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equation. The distances in this representation can be used to understand the
original system without having any knowledge of its underlying functions which
govern the system.
This representation of a system is called the Observable Representation
(OR), it was originally developed by Schulman and Gaveau to try and understand non-equilibrium phase transitions, [4], [5]. Since its inception the OR
has been applied to Ising models [6], course graining [1] and the reconstruction
of coordinate spaces [2] among others. Coifmann et.al. have also used an extremely similar spectral approach which has been applied to the Fokker-Planck
equation [3]. This paper will outline the notation of both the detailed balance
OR and our non-detailed balance extension of the OR, the NOR. We will then
show how to use this approach to control chaos in a simple dynamical system
given by the Logistic map. Finally we will summarize with a brief conclusion.

2

Observable Representation with detailed balance

The system which is being studied is represented by the N xN stochastic matrix
of transition probabilities Rxy . States of the system are given by x, y ∈ X, X
is a state space of cardinality N < ∞. The system moves according to Rxy ,
Rxy is defined as,
Rxy = P r(x ← y) = P r[state at (t + 1) is x |state at t is y].

(1)
P

po (x) is a unique strictly positive stationary distribution such that x po =
1, and Rxy po (y) = P
po (x). There are several requirements of Rxy , the two
main ones are that x Rxy = 1. We also require that Rxy is irreducible and
assume Rxy is diagonalizable though the ideas should carry over if Rxy requires
a Jordan form. These lead to an eigenvalue λo = 1 which corresponds to
the stationary probabilities po (x). We rearrange the eigenvalues in decreasing
magnitude, 1 = λo ≥ |λ1 | ≥ |λ2 | ≥ . . . ≥ |λN |. The eigenvectors corresponding
to each eigenvalue are reordered accordingly. The left and right eigenvectors of
Rxy are defined as,
Aα (x)T Rxy = λα ATα (y), Rxy Pα (y) = λα Pα (x).

(2)

The subscript α denotes column number while the argument of the eigenvector x or y denotes the row, T is the transpose. The slowest decaying eigenfunctions of Rxy , will be the macroscopic “observables” which will give the averaged
quantities of the system. While the faster decaying eigenvectors are the quickly
fluctuating quantities of the system, which average themselves out. It follows
from the form of Rxy that ∃ a left eigenvector, Ao = 1, s.t. ATo R = ATo .
We normalize the eigenfunctions, Aj and Pk to form an orthonormal basis,
hAj |Pk i = δjk .
To see how the OR can be used to represent the coordinate space underlying
system, we will build the basic structure of the Sierpinski fractal. This self
similar fractal at its heart consists of three points or states as we will refer
to them connected to form a triangle, with a smaller rotated triangle inside.
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To find the coordinate space we first built an adjacency matrix W N ×N of the
connections between the states of the system,


010001
1 0 1 1 0 1


0 1 0 1 0 0

(3)
W =
0 1 1 0 1 1


0 0 0 1 0 1
110110
Where each non zero value in Wxy says that the system can move from
Wxy
state y to state x in one time step. This is normalized so that Rxy = P W
.
xy
x
Diagonalizing Rxy and plotting A1 , A2 in figure (1) we recover the basic structure of the Sierpinski fractal. This process can be increased for as many layers
of the fractal as one wishes. A 3-D version can also be created using the same
process. This time plotting A1 , A2 and A3 in figure (2).
The OR for the basic structure of the Sierpinski Fractal
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Fig. 1. Plotting the OR for the basic structure of the Sierpinski fractal. The lines
have been added in to show connections.

It was shown in [2] that using the left eigenvectors, one can create a distance
metric. The metric inequality is defined as,
v
um
X Rxi − Rxj
uX
2
p
≥t
|λα (Aα (i) − Aα (j))| .
(4)
po (x)
x
α
The right hand side is the distance in the OR called, DOR . While the left
hand side is a distance using Rxy . m is the dimension of the OR, where m ≤ N .
The inequality says that states of the system, which are related dynamically
are also related in the OR. For the inequality to hold, Rxy must satisfy detailed
balance, which is defined as,
Jxy = Rxy po (y) − Ryx po (x) = 0.

(5)

Though, even when Jxy 6= 0 the OR can often still recover the topology of
the underlying coordinate space for simple systems. The derivation of the right
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Fig. 2. Plotting the OR for the basic structure of the 3-D Sierpinski fractal. The
lines have been added in to show connections.

hand side of equation (4) which represents the distance in the OR, abbreviated
DOR , relies on the eigenfunctions of Rxy having a one to one relation with a
similarly symmetric matrix, Sxy . When Jxy 6= 0 this is not guaranteed. To
recover the ability to relate distances in an OR, we define a new matrix Bxy ,
Bxy = Rxy −

Jxy
.
2po (y)

(6)

Bxy is an N xN matrix which is column wise stochastic. This is due to
the fact that Jxy follows Kirchoff’s loop rule, that the amount of current into
a node is equal to the amount out. We also require Bxy to be irreducible.
It can easily be shown that Rxy and Bxy share the same unique stationary
distribution, po (x). There is at least one eigenvalue of order unity, νo = 1. The
rest we again reorder into decreasing magnitude, νo ≥ |ν1 | ≥ . . . ≥ |νN |. The
right and left eigenvectors of Bxy are similarly defined as,
Bxy ϕα (y) = να ϕα (x) Γα (x)T Bxy = να Γα (y)T .

(7)

There is a relationship between the matrix Bxy and the corresponding matrix Sxy , which can be shown to be symmetric even when Jxy 6= 0. The
symmetry in Sxy is what guarantees the completeness of the eigenvectors of
Bxy . The eigenvectors of Bxy and Sxy also share a relationship,
ϕ (i)
pα
= ψα (i),
po (i)

p
Γα (i) po (i) = ψα (i).

(8)

Using Sxy and the left eigenvectors of Bij we can construct the non-detailed
balance version of the OR, which we denote the (NOR). As was done in [2]
we can also construct a distance metric where in equation (4) λα → να and
Aα (i) → Γα (i). The metric which we will call DN OR quantifies the relationship between the dynamical relations of a system to its macroscopic behavior
when the system does not satisfy detail balance. The derivation of our metric
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conveniently follows just as was done in [2]. This simple extension opens up
an entirely new class of systems to be studied using the NOR. As an example we will control the chaotic properties of the logistic map when its control
parameter, a = 4.

3

Controlling chaos in the Logistic map

The Logistic map is defined as,
xn+1 = M (xn ) = axn (1 − xn ),

(9)

xn is the position of a test particle in the system on iteration n, a is the
control parameter which will be equal to 4 in the following. To control chaos in
this system we initially track how the position of particles changes over many
iterations and use this information to make, Rxy and Bxy . Bxy is then used to
find the distances DN OR between course grained points in the domain of the
Logistic map. The minimum of the first off-diagonal of DN OR will be the point
that we perturb the system to when the Lyapunov exponents L, is greater than
0. L is defined as,
0
1X
log |M (xn )|.
(10)
L=
n i
We see in figure (3) that from 1 ≤ n ≤ 50, L > 0 for all the particles. From
n > 50 we start to perturb the system on each iteration which is 50 < n ≤ 75
until L ≤ 0 for all particles. From approximately n > 75 the system is allowed
to freely evolve unless L > 0 for a particle, then it is perturbed back to the
chosen position.

Lyapunov exponents before and after adative noise is turned on
2

1

0

L

−1

−2

−3

−4

−5

0

20

40

60

80

100

120

140

160

n

Fig. 3. The evolution of Lyapunov exponents for 100 particles in the Logistic map.
we see the Lyapunov exponents become greater than zero until we begin to perturb
the system at n = 50. Then the Lyapunov exponents approach and stay around zero.
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Conclusion

In this paper we have shown a general method for deciphering the interactions
of complex system when they no longer satisfy detailed balance. We have then
applied this to the toy problem of stopping chaos in the Logistic map. Future
work will consist of applying this method to real world system and system
with more variables. We will also address questions with regards to the correct
dimension of the OR and the NOR for a general system in future publications.
We would like to thank Paul Mitchener, Mike Ruderman, Chris Nelson, Nabil
freij and Stuart Mumford for their useful discussions.
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Abstract. Starting from the Beta(2,2) model, connected to the Verhulst logistic
parabola, several extensions are discussed, and connections to extremal models are
revealed. Aside from the classical General Extreme Value Model from the independent, identically distributed case, extreme value models in randomly stopped extremes
schemes are discussed. In this context, the classical logistic Verhulst model is a maxgeo-stable model, i.e. the geometric thinning of the observations curbs down growth
to sustainable patterns. The general differential models presented are a unified approach to population dynamics growth, with factors of the form [− ln(1 − N (t))]P −1
and the linearization [N (t)]p−1 modeling two very different growth patterns, and factors of the form [− ln N (t)]Q−1 and the linearization [1 − N (t)]q−1 leading to very
different ambiental resources control of the growth behavior.
Keywords: Verhulst logistic model, Beta and BeTaBoOp models, population dynamics, extreme value models, geometric thinning, randomly stopped maxima with
geometric subordinator.

1

Introduction

Let N (t) denote the size of some population at time t. Verhulst ([22], [23], [24])
imposed some natural regularity conditions on N (t), namely that
∞

X
d
N (t) =
Ak [N (t)]k ,
dt
k=0

with A0 = 0 since nothing can stem out from an extinct population, A1 > 0
a ‘growing’ parameter, A2 < 0 a retroaction parameter controlling sustainable
growth tied to available resources. See also Lotka, [14].
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d
N (t) = A1 N (t) + A2 [N (t)]2 can be
The second order approximation dt
rewritten as


d
N (t)
N (t) = r N (t) 1 −
,
(1)
dt
K

where r > 0 is frequently interpreted as a Malthusian instantaneous growth
rate parameter, whenever modeling natural breeding populations, and K > 0
as the equilibrium limit size of the population.
The general form of the solution of the differential equation approximation,
in (1), is the family of logistic functions
N (t) =

K N0
,
N0 + (K − N0 ) e−rt

where N0 is the population size at time t = 0. This is the reason why in
the context of population dynamics r x (1 − x) is frequently referred to as ‘the
logistic parabola’.
Due to the seasonal reproduction and time life of many natural populations,
the differential equation in (1) is often discretised, first taking r∗ such that
∗
(t)
N (t + 1) − N (t) = r∗ N (t) [1 − N (t)/K] and then α = r∗ + 1, x(t) = rr∗N+1
, to
obtain x(t + 1) = α x(t)[1 − x(t)], and then the associated difference equation
xn+1 = α xn (1 − xn ),

(2)

where it is convenient to deal with the assumption xn ∈ [0, 1], n = 1, 2, . . .
The equilibrium xn+1 = xn leads to a simple second order algebraic equation with positive root 1 − 1/α, and to a certain extent it is surprising that
anyone would care to investigate its numerical solution using the fixed point
method, which indeed brings in many pathologies when a steep curve — i.e.,
for some values of the iterates |α (1 − 2 xn )| > 1 — is approximated by an
horizontal straight line. This numerical investigation, apparently devoid of
interest, has however been at the root of many theoretical advances (namely
Feigenbaum bifurcations and ultimate chaotic behavior), and a posteriori led to
many interesting breakthroughs in the understanding of population dynamics.
Observe also that (2) can be rewritten as xn+1 = α6 6 xn [1 − xn ], and that
f (x) = 6 x (1 − x) I(0,1) (x) is the Beta(2, 2) probability density function (pdf).
Extensions of the Verhulst model using difference equations similar to (2), but
where the right hand side is tied to a more general Beta(p, q) pdf,
fp,q (x) =

xp−1 (1 − x)q−1
I(0,1) (x),
B(p, q)

(3)

where as usual
Z
B(p, q) =
0

1

xp−1 (1 − x)q−1 dx =

Γ (p) Γ (q)
Γ (p + q)

is Euler’s beta function, have been investigated in Aleixo et al., [1], and in
Rocha et al., [19].
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Herein we consider further extensions of population dynamics first discussed
in Pestana et al. [15], Brilhante et al. [5] and Brilhante et al. [3], whose inspiration has been to remark that 1 − x is the linear truncation of the series
expansion of − ln x, as well as x is the linear truncation of the series expansion
of − ln(1 − x).
In Section 2, we describe the BeT aBoOp(p, q, P, Q), p, q, P, Q > 0 family
of pdfs, with special focus on subfamilies for which one at least of those shape
parameters is 1. In Section 3, we discuss generalised Verhulst differential equations and connect them to extreme value theory (EVT). In Section 4, some
further points tying population dynamics and statistical extreme value models are discussed, namely the connection of the instantaneous growing factors
xp−1 and [− ln(1 − x)]P −1 to models for minima, and of the retroaction control
factors (1 − x)q−1 and [− ln x]Q−1 to modeling population growth using maxima extreme value models — either in the classical extreme value setting or
in the geo-stable setting, where the geometric thinning curbs down growth to
sustainable patterns. Section 5 discusses what should be expected from some
specially remarkable differential description of growth in terms of products of
independent uniform random variables, and products of maxima and minima
of two independent uniforms.

2

The Xp,q,P,Q _ BeT aBoOp(p, q, P, Q) models,
p, q, P, Q > 0

Let {U1 , U2 , . . . , UQ } be independent and identically distributed (iid) standard
uniform random variables,
V =

Q
Y

1

Ukp ,

p > 0,

k=1

the product of iid Beta(p, 1) random variables. As − ln V _ Gamma(Q, p1 ),
the pdf of V is
fV (x) =

pQ p−1
x (− ln x)Q−1 I(0,1) (x).
Γ (Q)

While for the interpretation of V as a product of powers of independent
uniform random variables the parameter Q must be an integer, the above expression makes sense for all Q > 0. This led Brilhante et al. [5] to introduce
the so-called Betinha(p, Q) family of random variables {Xp,Q }, p, Q > 0, with
pdf
pQ p−1
fXp,Q (x) =
x (− ln x)Q−1 I(0,1) (x), p, Q > 0,
(4)
Γ (Q)
to derive population growth models that do not comply with the sustainable
equilibrium exhibited by the Verhulst logistic growth model. Observe that the
Beta(p, q), p, q > 0 family, in (3), can be viewed as a truncation approximation
of this more flexible Betinha(p,P
Q), in (4), since 1 − x is the linear term of the
∞
MacLaurin expansion − ln x = k=1 (1 − x)k /k.
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On the other hand, if Xq,P _ Betinha(q, P ), the pdf of 1 − Xq,P is
f1−Xq,P (x) =

qP
(1 − x)q−1 (− ln(1 − x))P −1 I(0,1) (x), q, P > 0,
Γ (P )

and the family of such random variables also extends the Beta(p, q) family in
the sense that x is the linearization of − ln(1 − x).
Having in mind Hölder’s inequality, it follows that
xp−1 (1 − x)q−1 [− ln(1 − x)]P −1 (− ln x)Q−1 ∈ L1(0,1) , p, q, P, Q > 0,
and hence
xp−1 (1 − x)q−1 [− ln(1 − x)]P −1 (− ln x)Q−1 I(0,1) (x)
fp,q,P,Q (x) = Z 1
xp−1 (1 − x)q−1 [− ln(1 − x)]P −1 (− ln x)Q−1 dx

(5)

0

is a pdf of a random variable Xp,q,P,Q for all p, q, P, Q > 0.
Obviously, 1 − Xp,q,P,Q = Xq,p,Q,P .
Brilhante et al. [3] used the notation Xp,q,P,Q _ BeT aBoOp(p, q, P, Q)
for the random variable with pdf (5) — obviously the Beta(p, q), p, q > 0
family of random variables, in (3), is the subfamily BeT aBoOp(p, q, 1, 1), and
the formerly introduced Betinha(p, Q), p, Q > 0, in (4), is in this more general
setting the BeT aBoOp(p, 1, 1, Q) family. The cases for which some of the shape
parameters are 1 and the other parameters are 2 are particularly relevant in
population dynamics. In the present paper, we shall discuss in more depth
Xp,1,1,Q and X1,q,P,1 , and in particular X2,1,1,2 and X1,2,2,1 .
Some of the 15 subfamilies when one or more of the 4 shape parameters
p, q, P, Q are 1 have important applications in modeling. Below we enumerate
the most relevant cases, giving interpretations in terms of products of powers
of independent Uk _ U nif orm(0, 1) random variables, for integer parameters
and whenever feasible.
1. X1,1,1,1 = U _ U nif orm(0, 1),
f1,1,1,1 (x) = I(0,1) (x).
1

2. Xp,1,1,1 = U p _ Beta(p, 1),
fp,1,1,1 (x) = p xp−1 I(0,1) (x).
1

3. X1,q,1,1 = 1 − U q _ Beta(1, q),
f1,q,1,1 (x) = q (1 − x)q−1 I(0,1) (x).
4. X1,1,P,1 , that for P ∈ N is 1 minus the product of P iid standard uniform
random variables,
X1,1,P,1 = 1 −

P
Y
k=1

Uk ,

Uk _ U nif orm(0, 1), independent.
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More generally, for all P > 0,
f1,1,P,1 (x) =

(− ln(1 − x))P −1
I(0,1) (x),
Γ (P )

R∞
where Γ (P ) = 0 xP −1 e−x dx is Euler’s gamma function.
5. X1,1,1,Q , that for Q ∈ N is the product of P iid standard uniform random
variables,
X1,1,1,Q =

Q
Y

Uk ,

Uk _ U nif orm(0, 1), independent.

k=1

Alternatively, X1,1,1,Q can be described in the following hierarchical cond

struction: Let Y1 = X1,1,1,1 _ U nif orm(0, 1), Y2 _ U nif orm(0, Y1 ), Y3 _
d

U nif orm(0, Y2 ), . . . , YQ _ U nif orm(0, YQ−1 ). Then YQ = X1,1,1,Q _
BeT aBoOp(1, 1, 1, Q).
More generally, for all Q > 0,
f1,1,1,Q (x) =

(− ln x)Q−1
I(0,1) (x).
Γ (Q)

6. Xp,q,1,1 _ Beta(p, q), with pdf fp,q,1,1 (x) ≡ fp,q (x), already given in (3).
Observe that if p, q ∈ N, we have an interesting interpretation in terms
of order statistics of an uniform random sample: Xp,q,1,1 is then the p-th
ascending order statistic from an uniform random sample of size p + q − 1,
usually denoted Uq:p+q−1 .
As already observed, the pdf f2,2,1,1 (x) = 6 x (1 − x) I(0,1) (x) of X2,2,1,1 is
proportional to the logistic parabola, a landmark in the development of applications of dynamic systems and chaos to analyze biological phenomena,
and namely in population dynamics. Observe also that X2,2,1,1 is U2:3 , the
median of an uniform random sample of size 3.
7. Xp,1,P,1 , with pdf
fp,1,P,1 (x) = Cp,1,P,1 xp−1 [− ln(1 − x)]P −1 I(0,1) (x),
R1
where Cp,1,P,1 = 1/ 0 xp−1 [− ln(1 − x)]P −1 dx.

Pp
p−1 Γ (P )
Observe that for p ∈ N, Cp,1,P,1 = 1/ k=1 (−1)k+1 k−1
.
kP
8. Xp,1,1,Q , with
fp,1,1,Q (x) =

pQ p−1
x (− ln x)Q−1 I(0,1) (x),
Γ (Q)

that for Q ∈ N is the product of Q iid Beta(p, 1), i.e. standard uniform
random variables raised to the power 1/p, cf. also Arnold et al. [2].
As 1 − x can be viewed as the linear truncation of − ln x, the traditional
Beta(p, q) family, with pdf given in (3), can be viewed as an approximation,
in what concerns the retroactive curbing down factor, of this Xp,1,1,Q family.
Such a family is thus suited to model more complex growth control patterns.
Observe that (− ln x)ν−1 > (1 − x)ν−1 for each ν > 1, while the reverse
inequality holds for ν ∈ (0, 1).
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9. X1,q,P,1 , with pdf
f1,q,P,1 (x) =

qP
(1 − x)q−1 [− ln(1 − x)]P −1 I(0,1) (x).
Γ (P )

Similarly to what happens in the previous case, for some fixed value ν > 1,
the growing factors xν−1 < [− ln(1 − x)]ν−1 , while for ν ∈ (0, 1) xν−1 >
[− ln(1 − x)]ν−1 . As already underlined, x can be viewed as the linear
truncation of − ln(1 − x), and henceforth the traditional Beta(p, q) family
can be viewed as an approximation, in what concerns the growing factor,
of this X1,q,P,1 family, that exhibits more complex growth patterns.
10. X1,q,1,Q , with pdf
f1,q,1,Q (x) = C1,q,1,Q (1 − x)q−1 [− ln x]Q−1 I(0,1) (x),
R1
where C1,q,1,Q = 1/ 0 (1 − x)q−1 [− ln x]Q−1 dx. More generally, the notaR1
tion Cp,q,P,Q = 1/ 0 xp−1 (1 − x)q−1 [− ln(1 − x)]P −1 [− ln x]Q−1 dx is used
in the sequel.
11. X1,1,P,Q , with pdf
f1,q,1,Q (x) = C1,1,P,Q [− ln(1 − x)]P −1 [− ln x]Q−1 I(0,1) (x).
12. Xp,q,P,1 , with pdf
fp,q,P,1 (x) = Cp,q,P,1 xp−1 (1 − x)q−1 [− ln (1 − x)]P −1 I(0,1) (x).
13. Xp,q,1,Q , with pdf
fp,q,1,Q (x) = Cp,q,1,Q xp−1 (1 − x)q−1 [− ln x]Q−1 I(0,1) (x).
14. Xp,1,P,Q , with pdf
fp,1,P,Q (x) = Cp,1,P,Q xp−1 [− ln (1 − x)]P −1 [− ln x]Q−1 I(0,1) (x).
15. X1,q,P,Q , with pdf
f1,q,P,Q (x) = C1,q,P,Q (1 − x)q−1 [− ln (1 − x)]P −1 [− ln x]Q−1 I(0,1) (x).
Observe that the denominator of the norming constants
Z 1
Cp,q,P,Q = 1/
xp−1 (1 − x)q−1 [− ln(1 − x)]P −1 [− ln x]Q−1 dx
0

can be viewed as moments of functions of BeT aBoOp random variables with
additional shape parameters with value 1. For instance,
Cp,q,1,Q = EXp,q,1,1 [(− ln X)Q−1 ] = EX1,q,1,1 [X p−1 (− ln X)Q−1 ].
In what concerns the applicability of some of the above models (and namely
11–15), we have to recognize that computations are unfeasible, even if we decide
to use only lower moments and approximations instead of more powerful methods using the exact model. However, computational algorithms can, at least
partially, resolve this question when dealing with precise practical applications.
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Generalised Verhulst differential equations

Looking to the Verhulst equation, in (1), and observing that in it N (t) ∝
f2,2,1,1 , with fp,q,1,1 ≡ fp,q , given in (3), it seems worth considering similar
differential equations with N (t) ∝ fp,q,P,Q , in (5),
d
N (t) = r [N (t)]p−1 [1 − N (t)]q−1 [− ln(1 − N (t))]P −1 [− ln(N (t))]Q−1 ,
dt

(6)

p, q, P, Q > 0 , namely when one at least
 of the parameters is 1. The situation
p + q + P + Q = 6, with p, q, P, Q ∈ 21 , 1, 32 , 2 seems also worth exploring.
The solution is straightforward for very simple cases, such as
•
•
•
•

p = q = P = Q = 1 — linear growth;
p = 2, q = P = Q = 1 — exponential growth;
q = 2, p = P = Q = 1 — exponential decay;
p = q = 2, P = Q = 1 — logistic growth.

For some combinations of the parameters, Mathematica’s procedure DSolve
produces explicit (but in general very cumbersome) solutions, for instance:
1

• q = P = Q = 1 =⇒ N (t) = [−(p − 2) (c + rt)] 2−p ;
• p = Q = 2, q = P = 1 =⇒ N (t) = exp(e−rt+c ) — Gompertzian (or
Gumbel) growth;


1
• p = 2, q = P = 1, Q = 1 + γ =⇒ N (t) = exp [−γ(rt − c)]− γ —
Fréchet growth if γ > 0, Weibull growth if γ ∈ (−1, 0) (when γ → 0, the
limiting growth is of Gumbel type).
Looking back at the biological interpretations of (1), it seems reasonable to
consider that in (6)
• [N (t)]p−1 and [− ln(1 − N (t))]P −1 are growing factors;
• [1 − N (t)]q−1 and [− ln(N (t))]Q−1 are retroaction factors whose role in
the model is to take into account bounds imposed by finite environmental
resources.
Therefore, some sort of equilibrium is to be expected when p + P = q + Q
(although slight deviance from such equilibrium may match some forms of
extreme growth or of extinction, as discussed later on). Looking at some plots
gives some visual insight on the balance of the expanding and contracting
factors:
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More rigorous algebraic comparisons can be made. For instance, as shown
in [15],

f2112 (x) =

∞
X
k=1

4
f2,k+1,1,1 (x),
k(k + 1)(k + 2)

and as on the other hand

f2,k+1,1,1 (x) =

k
X
j=0

(−1)j

k
j



(j + 2) B(2, k + 1)

fj+2,1,1,1 ,

it follows that X2,1,1,2 is a pseudo-convex mixture (a term we use to characterise mixtures where negative weights are allowed, provided that the sum of
all weights is 1) of power laws, each positive even component forcing population growth, followed by a negative odd component counteracting this growth
impetus.
The cases p + P  q + Q and p + P  q + Q obviously lead to explosive
growth N (t) → ∞ or to ultimate population extinction N (t) → 0, respectively.
Once again, visual insight can be gained from some simple plots:
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In what follows we shall consider only those cases for which we have some
explicit solutions connected to EVT, namely
1.
d
N (t) = r [N (t)][1 − N (t)],
dt
whose normalised solution is the Logistic distribution function, and its
extension
d
N (t) = r ([N (t)])1+γ [1 − N (t)]1−γ ,
dt
whose normalised solutions are the log-logistic or the symmetrised loglogistic distribution functions.
2.
d
N (t) = r [N (t)][− ln(N (t))],
dt
whose normalised solution is the Gumbel distribution function (for maxima), and its extension
d
N (t) = r [N (t)][− ln(N (t))]1+γ ,
dt
whose normalised solutions are the Fréchet distribution function (for maxima) when γ > 0, and the max-Weibull distribution function when γ < 0.
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d
N (t) = r [1 − N (t)][− ln(1 − N (t))],
dt
whose normalised solution is the min-Gumbel distribution function, and its
extension
d
N (t) = r [1 − N (t)][− ln(1 − N (t))]1+γ ,
dt
whose normalised solutions are the min-Fréchet distribution function when
γ > 0, and the Weibull distribution function (for minima) when γ < 0.

Geo-stable laws for the maxima of iid random
variables

Rachev and Resnick [16] developed a theory of stable limits of randomly stopped
maxima with geometric subordinator (also called max-geo stability) similar to
what had been independently achieved by Rényi [17], Kovalenko [12] and in all
generality by Kozubowski [13]. For a panorama cf. also Gnedenko and Korolev
[10].
A random variable is max-geo-stable if and only if geometric randomly
stopped maxima of independent replicas is of the same Khinchine type. More
precisely, if X1 , X2 , . . . , Xn , . . . are independent replicas of X, with distribution
function F , and Y _ Geometric(θ) independent of the Xk ’s, the distribution
function of max{X1 , . . . , XY } is
∞
X

F k (x)θ(1 − θ)k−1 =

k=0

θF (x)
.
1 − (1 − θ)F (x)

(7)

We then say that X is a max-geo-stable random variable (or that F is a maxgeo-stable distribution function) if for all θ ∈ (0, 1) there exist aθ > 0 and
bθ ∈ R such that
θ F (x)
F (aθ x + bθ ) =
.
(8)
1 − (1 − θ) F (x)
1

Let us define G(x) = e1− F (x) , x > αF , where αF denotes the left-endpoint
of F , i. e. αF = inf{x : F (x) > 0. Then (8) is equivalent to
1

G(aθ x + bθ ) = G θ (x),

(9)

i.e. G is a max-stable distribution. If there is no need of the shift parameter
bθ , we say that X (or F ) is strictly max-geo-stable, and we get the max1
stability equation G(aθ x) = G θ (x), first investigated by Lévy in the context of
stability of sums in the iid context (and so for characteristic functions, instead
of distribution functions), and adapted by Fréchet, [8], to establish the max1 
stability of the type G(x) = exp − x− γ I[0,∞) (x), γ > 0.
In fact, Fisher and Tippet, [7], have shown that distribution functions G of
the type
h
i
1
G(x) ≡ Gγ (x) = exp −(1 + γx)− γ I{x: 1+γx>0} (x), γ ∈ R,
(10)
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−x

with the Gumbel limiting form G0 (x) = exp−e , x ∈ R, when γ → 0, satisfy the functional equation (9), and Gnedenko, [9], has shown that this general extreme value (GEV) distribution (sometimes presented in three separate
branches, for γ > 0 (Fréchet), γ = 0 (Gumbel) and γ < 0 (max-Weibull), while
the general expression (10) is known as von Mises-Jenkinson GEV family of
distributions). This, together with the characterisation of the domains of attraction of the Fréchet and Weibull types by Gnedenko, [9], and of the Gumbel
type by de Haan, [11], form the core of classical EVT.
Hence, the max-geo-stable distribution functions, F (x) = 1−ln 1Gγ (x) , x > αF ,
are given by
F (x) ≡ Fγ (x) =

1
1
,
=
1 − ln Gγ (x)
1 + (1 + γx)−1/γ

1 + γx > 0,

(11)

The max-geo-stable distribution functions, in (11), can thus be written as one
of the following types:
1.
F (x) =

1
I[0,∞) , γ > 0,
1 + x−1/γ

a log-logistic distribution (i.e., the distribution of a random variable whose
natural logarithm follows the logistic distribution) tied to the classical maxstable Fréchet-γ distribution,
2.
F (x) =

1
IR ,
1 + e−x

the logistic distribution tied to the classical max-stable Gumbel extreme
value distribution,
3.
F (x) =

1
−1/γ

1 + (−x)

I(−∞,0) , γ < 0,

symmetric to the log-logistic, and tied to the classical max-stable Weibull-γ
extreme value distribution,
as first established by Rachev and Resnick [16].
From tail equivalence results obtained by Resnick, [18], and by Cline, [6],
it follows that the characterisation of the domains of attraction of max-geostable laws are similar to the characterisation of the domains of attraction of
the classical maxima extreme value laws.
It is obvious that for the same parent population, the maximum of a geometrically thinned sequence is necessarily stochastically smaller than the maximum
of the full sequence, and hence max-geo-stable laws are stochastically smaller
than the corresponding classical extreme value laws, as can be seen in Fig. 1.
From the fact that min{X1 , . . . , Xn } = − max{−X1 , . . . , −Xn }, similar results follow in what concerns min-geo-stability. In what regards stochastic
ordering, min-geo-stable laws are stochastically greater than the corresponding
classical minimum extreme value laws.

586

Brilhante et al.
0.1

0.6

g0 (x)

g1 (x)
f1 (x)
g!0.5 (x)

! (x)

0.4
0

2

! (x)

f0 (x)

g!0.5 (x)
3

4

0.2

g0 (x)

f0 (x)
f1 (x)

g1 (x)
x

0
-3

-2

5

-1

0

1

2

3

4

5

Fig. 1. Pdf’s gγ (x) = dGγ (x)/dx, for γ = −0.5, γ = 0 and γ = 1, together with the
normal pdf, ϕ(x), and the max-geo-stable pdf’s f0 (x) and f1 (x).

5

Population Dynamics, BeT aBoOp(p, q, P, Q) and
extreme value models

Brilhante et al., [3], used differential equations
d
1+γ
N (t) = r N (t) [− ln[N (t)]]
,
dt

(12)

obtaining as solutions the three extreme value models for maxima, max-Weibull
when γ < 0, Gumbel when γ = 0 and Fréchet when γ > 0. The result for γ = 0
has also been presented in Tsoularis [20] and in Waliszewski and Konarski [25],
where as usual in population growth context the Gumbel distribution is called
Gompertz function. Brilhante et al., [3], have also shown that the associated
difference equations
xn+1 = α xn [− ln xn ]1+γ
exhibit bifurcation and ultimate chaos, when numerical root finding using the
fixed point method, when α = α(γ) increases beyond values maintaining the
absolute value of the derivative limited by 1.
1+γ
On the other hand, if instead of the right hand side N (t) [− ln[N (t)]]
associated to the BeT aBoOp(2, 1, 1, 2 + γ) we use as right hand side
1+γ
[− ln[1 − N (t)]]
[1 − N (t)], associated to the BeT aBoOp(1, 2 + γ, 2, 1),
d
1+γ
N (t) = r [− ln[1 − N (t)]]
[1 − N (t)]
dt
the solutions obtained are the corresponding extreme value models for minima (and bifurcation and chaos appear when solving the associated difference
equations using the fixed point method). In view of the duality of extreme
order statistics for maxima and for minima, in the sequel we shall restrict our
observation to the case (12) and the associated BeT aBoOp(2, 1, 1, 2+γ) model.
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As
− ln N (t) =

∞
X
[1 − N (t)]k
k=1

k

> 1 − N (t),

for the same value of the malthusian instantaneous growth parameter r we
have r N (t) [1 − N (t)] < r N (t) (− ln[N (t))], and hence while Verhulst differential equation (1) models sustainable growth in view of the available resources,
extreme value differential equations (12) model extreme, arguably destructive
unsustained growth — for instance cell growth in tumours.
The connection to EVT suggests further observations:
Assume that U1 , U2 , U3 , U4 are iid standard uniform random variables.
1. The pdf of min(U1 , U2 ) is fmin(U1 ,U2 ) (x) = 2 (1 − x) I(0,1) (x) and the pdf
of max(U1 , U2 ) is fmax(U1 ,U2 ) (x) = 2 x I(0,1) (x). Hence the Beta(2, 2) ≡
BeT aBoOp(2, 2, 1, 1) tied to the Verhulst model (1) is proportional to the
product of the pdf of the maximum and the pdf of the minimum of independent standard uniforms.
2. The pdf of the product U3 U4 is fU3 U4 (x) = − ln x I(0,1) (x) — and more
generally, the pdf of n independent standard uniform random variables is a
BeT aBoOp(1, 1, 1, n) — and hence the pdf of the BeT aBoOp(2, 1, 1, n) tied
to (12) is proportional to the product of fmax(U1 ,U2 ) by fU3 U4 . Interpreting
fmax(U1 ,U2 ) fU3 U4 and fmax(U1 ,U2 ) fmin(U1 ,U2 ) as ‘likelihoods’, this shows that
the model (12) favors more extreme population growth than the model (1).
More explicitly, the pdfs f1,1,1,2 fU3 U4 (x) = − ln x I(0,1) (x) and
f1,2,1,1 fmin(U1 ,U2 ) (x) = 2 (1−x) I(0,1) (x) intersect each other at x ≈ 0.203188,
and scrutiny of the graph shows that the probability that U3 U4 takes on
very small values below that value is much higher than the probability of
min(U1 , U2 ) < 0.203188, and therefore the controlling retroaction tends to
be smaller, allowing for unsustainable growth.
For more on product of functions of powers of products of independent
standard uniform random variables, cf. Brilhante et al., [4], and Arnold et
al., [2].
3. The max-geo-stable laws are the logistic, the log-logistic and the symmetrised log-logistic (corresponding to the Gumbel, Fréchet and max-Weibull
when there is no geometric thinning, and with a similar characterisation
of domains of attraction). Hence, the classical Verhulst population growth
model, in (1), can also be looked at as an extreme value model, but in a
context where there exists a natural thinning that maintains sustainable
growth.
As shown in [3], non-stable extreme values (arising when the hypothesis of
identically distributed random variables is dropped out) may arise when
the retroaction factor is delayed.
More involved population dynamics growth differential equation models do
have explicit solution for special combinations of the shape parameters. For
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instance, the solution of
γ

d
N (t)
2−γ
, γ < 2,
N (t) = r [N (t)]
1−
dt
K

(13)

is
K

N (t) =

1 + (γ −

1) r K 1−γ t

+



K
N0

−1

1
1−γ  1+γ

as shown by Turner et al., [21], cf. also Tsoularis, [20].
As in the case of the Verhulst parabola, the difference equations corresponding to the differential equations with BeTaBoOp kernel describing other
population growth equilibria do exhibit bifurcation and ultimate chaos when
the corresponding unimodal curve slope brings in instability to the fixed point
algorithm, indicating that the reproduction rate and ensuing growth rate is too
high (and therefore resources and sustainability are endangered, and growth
rate of competing species rises concomitantly). In the figure below we show
the bifurcation graphs for some combinations of the parameters:

Betaboop(1, 1, 2, 2)

Betaboop(1, 1, 2, 3)

BetaBoop(1, 2, 3, 2)

BetaBoop(1, 3, 2, 2)
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Betaboop(2, 1, 2, 2)

Betaboop(2, 1, 2, 3)

Betaboop(2, 2, 1, 2)

Betaboop(2, 2, 1, 3)

Betaboop(2, 3, 2, 1)

Betaboop(3, 2, 2, 1)
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1956, P. Turán, editors, 622–279 Akadémiai Kiadó, Budapest, with a note by D.
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Abstract. Height fields provide efficient means for representing surface elevation
data which can be used for rendering 3D terrains or landscapes. In this paper, a
novel method for representing height fields using fractal interpolation techniques is
presented. The proposed methodology allows describing natural surfaces with an
intrinsic fractal structure in a more convenient manner. Specifically, fractal interpolation surfaces constructed on rectangular domains have been used. Results indicate
the feasibility and advantages of the proposed method in terms of quality of representation as well as compression ratios.
Keywords: Fractals, IFS, Interpolation, Surfaces.

1

Introduction

Height fields provide an efficient tool for representing surface elevation data
and are often used, among other applications, in 3D computer graphics for
rendering 3D terrains or landscapes. A height field is essentially a 2D array
of height values and is usually stored as a raster image; the pixel intensity
corresponds to the height at the location defined by the pixel coordinates. An
example of landscape rendering based on a height field is shown in Figure 1.
Fractal interpolation as defined by Barnsley[1] and other researchers is based
on the theory of iterated function systems. It provides an alternative to traditional interpolation techniques, aiming mainly at data which present detail at
different scales or possess some degree of self-similarity. These properties define
an irregular, non-smooth, structure which is inconvenient to be described by
using elementary functions such as polynomials. A fractal interpolation function is a continuous function whose graph is the attractor of an appropriately
chosen iterated function system. In case this graph, usually of non-integral
dimension, belongs to the three-dimensional space and has Hausdorff - Besicovitch dimension between 2 and 3, the resulting attractor is called fractal
interpolation surface.
Received: 10 April 2012 / Accepted: 12 October 2012
c 2012 CMSIM

ISSN 2241-0503
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Fig. 1. Rendering of a landscape defined by a height field.

In this paper, a novel methodology for representing height fields using fractal interpolation techniques is introduced. Our motivation stems from the fact
that natural surfaces, such as earth terrains, present an intrinsic fractal structure, i.e. detail at multiple scales and some degree of self-similarity. The most
important and non-trivial part for constructing fractal interpolation surfaces
on rectangular domains involves ensuring their continuity. We also present the
application of the proposed methodology to terrain data, indicating its feasibility and advantages in terms of quality of representation as well as compression
ratios.
The paper is structured as follows. In Section 2 we briefly review the theory
of iterated function systems. The necessary concepts of fractal interpolation
surfaces, focusing on the proposed construction on rectangular domains, are
introduced in Section 3. In Section 4, we present the proposed methodology for
height field representation and compression using the surfaces of the previous
section. Section 5 contains the result of the application of our method to terrain
data, in terms of quality of representation as well as compression ratios. Finally,
Section 6 summarizes our conclusions and indicates areas of further work.

2

Iterated function systems

Let X, Y ⊂ Rn . A function f : X → Y is called a Hölder function of exponent
a if
|f (x) − f (y)| ≤ c |x − y|a
for x, y ∈ X, a ≥ 0 and for some constant c. Note that, if a > 1, the functions
are constants. Obviously, c ≥ 0. The function f is called a Lipschitz function
if a may be taken to be equal to 1. A Lipschitz function is a contraction
with contractivity factor c, if c < 1. An iterated function system, or IFS for
short, is a collection of a complete metric space (X, ρ) together with a finite
set of continuous mappings wn : X → X, n = 1, 2, . . . , N , where ρ is a distance
between elements of X. It is often convenient to write an IFS formally as
{X; w1 , w2 , . . . , wN } or, somewhat more briefly, as {X; w1−N }.
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The associated map of subsets W : H(X) → H(X) is given by
W (E) =

N
[

wn (E) for all E ∈ H(X),

n=1

where H(X) is the metric space of all non-empty, compact subsets of X with
respect to some metric, e.g. the Hausdorff metric. The map W is called the
collage map to alert us to the fact that W (E) is formed as a union or ‘collage’
of sets. Sometimes H(X) is referred to as the “space of fractals in X” (but
note that not all members of H(X) are fractals).
If wn are contractions with corresponding contractivity factors sn for n =
1, 2, . . . , N , the IFS is termed hyperbolic and the map W itself is then a contraction with contractivity factor s = max{s1 , s2 , . . . , sN } (Barnsley[1], Theorem 7.1, p. 81). In what follows we abbreviate the k-fold composition
f ◦f ◦· · ·◦f as f k . The graph of f is the set of points G(f ) = {(x, f (x)) : x ∈ X}.
The attractor of a hyperbolic IFS is the unique set A∞ for which limk→∞
W k (E0 ) = A∞ for every starting set E0 . The term attractor is chosen to
suggest the movement of E0 towards A∞ under successive applications of W .
A∞ is also the unique set in H(X) which is not changed by W , so W (A∞ ) =
A∞ , and from this important perspective it is often called the invariant set of
the IFS.

3

Rectangular subdomain fractal interpolation surfaces

Fractal interpolation surfaces constructed as attractors of iterated function
systems were first proposed by Peter R. Massopust[4], where he considered the
case of a triangular domain with coplanar boundary data. A slightly more
general construction of such fractal surfaces was later presented by Jeffrey
S. Geronimo and Douglas Hardin[3], where the domain used was a polygonal
region with arbitrary interpolation points but same contractivity factors. Here,
we focus on fractal interpolation surfaces constructed on rectangular domains
with arbitrary boundary data and same contractivity factors.
Let D be a closed nondegenerate rectangular region in R2 and let S =
{q0 , q1 , . . . , qm−1 } be m, with m > 4, distinct points in D such that {q0 , q1 , q2 ,
q3 } are the vertices of D. Given real numbers z0 , z1 , . . . , zm−1 we wish to
construct a function f such that f (qj ) = zj , j = 0, 1, . . . , m − 1 and whose
graph is self-similar. Notice that the constructed FIS in the present work is
not self-affine since it is resulting from bivariate functions. Let us denote by
C(D) the linear space of all real-valued continuous functions defined on D, i.e.
C(D) = {f : D → R | f continuous}. The basic idea is to decompose D into
N subrectangles R1 , R2 , . . . , RN with vertices chosen from S and define affine
maps Li : D → Ri and contractions Fi : D × R → R, i = 1, 2, . . . , N such that
Φ defined by
−1
(Φf )(x, y) = Fi (L−1
i (x, y), f (Li (x, y)))

(1)

maps an appropriate subset of C(D) onto itself. If Li is invertible, G(f ) is
mapped onto G (Φ(f )|Ri ) by (Li (x, y), Fi (x, y, f (x))). Henceforth we assume
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that {Ri }N
i=1 consists of nondegenerate rectangles whose interiors are noninterN
secting, L−1
i (Ri ) = D and that the set of vertices of {Ri }i=1 equals S.
Let k: {1, 2, . . . , N }×{0, 1, 2, 3} → {0, 1, . . . , m−1} be such that {qk(i,j) }3j=0
gives the vertices of {Ri }N
i=1 . Let i ∈ {1, 2, . . . , N }. Since D and Ri are
nondegenerate, there is a unique invertible affine map Li : R2 → R2 satisfying
Li (qj ) = qk(i,j) ,

j = 0, 1, 2, 3.

(2)

Let si be given such that |si | < 1 and Fi : R3 → R be defined by
Fi (x, y, z) = ai x + bi y + gi xy + si z + ci ,

(3)

where ai , bi and ci are uniquely determined by
Fi (qj , zj ) = zk(i,j) ,

j = 0, 1, 2, 3.

(4)

With these definitions for Li and Fi we have Φ(f )|Ri ∈ C(Ri ) and (Φf )(qk(i,j) ) =
zk(i,j) , j = 0, 1, 2, 3, whenever f ∈ C(D) and f (qj ) = zj , j = 0, 1, 2, 3. If Ri
and Ri0 are adjacent rectangles with common edge qj qj 0 , it remains to be determined whether Φf is well-defined along qj qj 0 , i.e., whether Φf satisfies the
“join-up” condition
−1
−1
−1
Fi (L−1
i (x, y), f (Li (x, y))) = Fi0 (Li0 (x, y), f (Li0 (x, y))),

for all (x, y) ∈ qj qj 0 . We consider the case where the graph associated with the
tesselation {Ri }N
i=1 has chromatic number 4. The chromatic number of a graph
is the least number of symbols required to label the vertices of the graph so that
any two adjacent vertices (i.e., joined by an edge) have distinct labels. Since
m−1
each edge is part of some Ri this implies the vertices {qj }j=0
can be labelled
with l = l(j) ∈ {0, 1, 2, 3} such that the vertices of each Ri have distinct labels.
For i = 1, 2, . . . , N and j = 0, 1, 2, 3 let k(i, j) be determined by the condition
k(i, l(j 0 )) = j 0

for all vertices qj 0 of Ri .

Then, Eqs. (2) and (4) become
Li (ql(j) ) = qj ,

Fi (ql(j) , zl(j) ) = zj

(5)

for each of the vertices qj of Ri .
Let CB (D) denote the collection of continuous functions f such that f (qj ) =
zj , qj ∈ ∂D.
Theorem 1. Suppose the graph associated with {Ri }N
i=1 has chromatic number
4. Let Li and Fi , i = 1, 2, . . . , N , be determined by (3) and (5) with si = s(|s| <
1). Let Φ be defined by (1). Then Φ: CB (D) → CB (D) is well-defined and
contractive in the sup-norm with contractivity s. Furthermore (Φf )(qj ) = zj ,
j = 0, 1, . . . , m − 1 and f ∈ CB (D).
Proof. See Drakopoulos and Manousopoulos[2] t
u
Then the corresponding IFS is of the form {R3 ; w1−N }, where
wi (x, y, z) = (Li (x, y), Fi (x, y, z)).
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An illustration of this is shown in Fig. 2, where the left part indicates the
vertices and connecting edges of D and the middle and right parts of the figure
indicate where these vertices are mapped by the domain contractions. For
larger data sets, this pattern is repeated as necessary.
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Fig. 2. Rectangular domain contractions to satisfy join-up conditions.

4

Height fields

A height field or relief map (see e.g. Theoharis et al.[5], p. 505) is defined as a
2D array of height values:
H = {(xi , yj , zij : i = 0, 1, . . . , M and j = 0, 1, . . . , N },
where the x, y coordinates define a rectangular grid on the plane and the z
coordinate defines the height. The underlying grid is usually regular, i.e.
xi = x0 + i∆x ,

yj = y0 + j∆y ,

for every i = 0, 1, . . . , M and j = 0, 1, . . . , N , where ∆x = (xM − x0 )/M and
∆y = (yN − y0 )/N . From the above definition, it is clear that a height field can
be directly represented by a fractal interpolation surface of Section 3. The only
issue to be determined is whether all of the height field data will be used in
the construction of the surface or only a subset of them. This can be achieved
by regularly sampling the height field along the x, y dimensions. The sampling
frequency defines a trade-off between quality of representation and compression
ratio.
The proposed representation is expected to be especially fruitful for height
fields defining natural surfaces, such as terrains. These often possess an intrinsic fractal structure which is conveniently described by fractal interpolation
models. The idea of representing natural surfaces using fractal interpolation
has also been suggested in Xie et al.[6], where the generation of rock fracture
surfaces using fractal interpolation was examined.
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Results

A height field of resolution 257 × 257 is presented in Figures 3(a) and 3(b).
Specifically, the former figure depicts the height field as a 2D raster image where
brighter areas indicate greater height; the latter figure contains its 3D depiction.
This height field, which was created using TerragenTM Classic, contains a total
of 257 × 257 = 66049 points.

y
x

(a)

(b)

Fig. 3. The original height field depicted (a) as a 2D image and (b) as a 3D surface.

Figures 4(a) and 4(b) show the 2D and 3D representation of this height field,
respectively, using the proposed method. Specifically, it has been represented
by a fractal interpolation surface constructed on a subset of the original data
with s = 0.02; every 8th point along each dimension of the height field has been
chosen as interpolation point. This results in a rectangular grid of resolution
33 × 33, containing 1089 points in total, i.e. about 1.65% of the original points.
Despite the significant sparsity of the interpolation points, the quality of the
reconstructed height field is satisfactory.

y
x

(a)

(b)

Fig. 4. The reconstructed height field, using every 8th data point as interpolation
point, depicted (a) as a 2D image and (b) as a 3D surface.

Another example is given in Figures 5(a) and 5(b), where the same height
field has been represented by a fractal interpolation surface using even fewer
interpolation points. Specifically, every 16th point along each dimension has
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been chosen as interpolation point. This results in a rectangular grid of resolution 17 × 17, containing 289 points in total, i.e. about 0.44% of the original
points. Also in this case, the results are satisfactory despite the even smaller
number of interpolation points. These results indicate that fractal interpolation surfaces are indeed capable of describing natural surfaces, such as terrains,
with considerable quality even when high compression ratios are involved.

y
x

(a)

(b)

Fig. 5. The reconstructed height field, using every 16th data point as interpolation
point, depicted (a) as a 2D image and (b) as a 3D surface.

Figures 6–7 depict an artistic rendering of the original height field as well
as its two aforementioned reconstructions; these figures were created using
TerragenTM Classic. As shown in the figures, the reconstructed height fields
produce equivalent results compared to the original one, even though the significant sparsity of the interpolation points.

Fig. 6. Artistic rendering of the original height field.

6

Conclusions and future work

We have presented a novel method for the representation and compression
of height fields using fractal interpolation techniques. Specifically, we have
represented a height field as a fractal interpolation surface constructed on the
rectangular domain defined by a subset of the original data. The results indicate
that the proposed methodology is feasible, while achieving satisfactory results
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(a)

(b)

Fig. 7. Artistic rendering of the reconstructed height field, using as interpolation
point (a) every 8th data point and (b) every 16th data point.

in terms of quality of representation as well as compression ratios. Further work
will focus on the calculation of the optimal values of the vertical scaling factors
in order to achieve increased localized accuracy, as well as on the exploration
of alternative fractal interpolation surface models, affine or bivariate, including
recurrent fractal interpolation surfaces.
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Abstract. Introducing the Lamé operator in the telegraph equation, we obtain
theoretically a similar nonlinear system. In this work we are interested in the existence
and uniqueness of function u=u(x,t), x ∈Ω , t ∈(0,T) solution for the new system by the
elliptic regularization method.
Keywords: Lamé system, Elliptic regularization, Monotone operators,

1

Notations and position of the problem

Let Ω an open bounded domain of IRⁿ, with regular boundary Γ. We denote by
Q the cylinder
IRt: Q = Ω × ]0,T[, with boundary Σ. L designed Lamé
system define by μΔ + (λ+μ)∇div, λ and μ are constants Lamé with λ+ μ ≥0 and
h,f are functions. We look for the existence and uniqueness of a function
u = u(x,t), x ∈ Ω, t ∈]0,T[, solution of the problem (P)
| |
(P)

(1.1)
{

2

Existence of the solution

Theorem1. Assume that Ω is bounded open of IRⁿ are given f, with f
Then there exists a function u = w₀+w satisfying (P)
(

)

L(Q).
(1.2)
(1.3)
(1.4)

_________________
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Proof we use an approach due to G. Prodi [11] we have :

{

(1.5)

∫
We introduce the Prodi idea (1. 5) in (1.1.1) we having
| |
(1.6)
We consider the derivative of (1.6) we obtain
| |
(1.7)
And
∫
{

(1.8)

We deduce to (1.7)
| |
(1.9) For resolve (1.7) and (1.8) we denotes. L = -A; (
And we define the functional space V:
(
)
(
)
{
(
) ∫
(1.10)
The Banach structure of V is defined by
‖ ‖
‖ ‖ (
‖ ‖ (
‖ ‖
)
)
We define the bilinear form:
∫ [

| |

‖ ‖

]



The weak formulation of (1.7) and (1.8) is to find

(

)

(1.11)
such that

∫
But
not coercive.
Then we following some ideas of Lions for obtain the elliptic regularization,
given > 0 and
, we define
∫[
The application

]

∫



is continuous on so there exists an application
=(
(1.14)
The linear operator
: → ′satisfies the four properties:
is bounded in ′ for all bounded set in and is a hemi continuous and is a
strictly monotonous and is coercive.
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In view of these properties and as consequence of theorem of Lions [4], there
exist unique a function
∫

2.1 A priori estimates I
Explicitly the elliptic regularization (1.15) and setting
∫ [|

|

‖

‖ ]

∫[|

|

=

, we obtain:

]



∫

Or
‖ ‖

∫ 

‖ ‖
Then
is bounded in
∫ [|

|

|

‖ ‖

∫
(

(

)

)

when
|

‖

(1.17)

‖ ]

Or
∫

We have by (1.17) and (1.18) that:
is bounded in
And
∫‖

(1.19)

‖

2.2 A priori estimates II
Exchange in (1.15) v with:
∫

∫

We verify that:
∫
{

∈

Taking into account (1.21) in (1.15) we get
∫[

]

∫[

]
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∫ ‖

‖

∫

∫

By using periodicity of

we obtain:

∫

∫
And
∫(

∫|

)

(

)

(

)

∫

|

By (1.24) and (1.17) we have
|∫ (

) |

Also, from (1.17) and (1.19) we obtain:
|∫

|

‖

‖

‖

‖

∫‖ ‖
2.3 Passage to the limit
From (1.17) and (1.28) that there exists a subsequence from
(
)

Passage to the limit in (1.15) we obtain
∫[

]

∫

Use the convolution technical in (1.32) we have

∈

, such that
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∈

When
∫

∫

∈

3 Uniqueness of solution:
Theorem

Under the hypotheses of the theorem of existence, we consider two solutions u₁
and u₂ of the problem (P) then u₁= u₂
Proof: We subtract the equations (1.9) corresponding to u₁ and u₂ and sitting
= u₁-u₂ we have:
₁
₂
Denoting by ( ) the regularizing sequence a similar argument by Brézis [2] we
obtain
Hence, by using (1.2) and (1.3), we have
(
∈
From (2.2) we get

)

Show that
∫
When
∫
∫

∫

Therefore
∫

∫
periodic then we have

∫

∫

From (2.1); (2.6) and (2.7) we obtain:

∫
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∫ 



Passage to the limit in (2.8) we have
∫ 



Where
⇒
This implies that
= - = θ, θ independent of t
∫

∈

We deduce from (1.2)
By (2.12) and (2.13) and using theorem of Green we have (Aθ,θ) = 0⇒ θ = 0.
Where the uniqueness of solution.
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The new musical style that Glass was evolving was eventually dubbed
minimalism. Glass himself never liked the term and preferred to speak
of himself as a composer of music with repetitive structures. Much of
his early work was based on the extended reiteration of brief, elegant
melodic fragments that wove in and out of an aural tapestry. Or, to
put it another way, it immersed a listener in a sort of sonic weather
that twists, turns, surrounds, develops.
in Biography, [5].
Abstract. Repetitive structures in the soprano saxophones, violas/synthesizer and
violoncelli in the full score of Philip Glass’ Façades [4] are investigated assimilating
similar music bars with the axial-diagonal self-affine cartoons as defined by Mandelbrot [7], [8] to construct very general multi-fractals.
Transition matrices of order 1 Markov chains are used to simulate surrogates of
phrases of the same piece, to investigate whether in this minimalist setting we obtain (i) an exact reproduction of the original, or (ii) something that though different
sounds a pleasant variation.
Keywords: superposition of fractals, multifractals, complexity, self-affine cartoons
and self-affine bars.

1

Introduction

Schröder [15], p. 109, boldly presents the key ideas of Birkhoff’s theory of aesthetic value: an aesthetic creation is pleasing and interesting when it is neither
too regular and predictable like a boring brown noise with a frequency dependence f −2 , nor a pack of too many surprises like an unpredictable white noise
with a frequency dependence f −0 .
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Multifractal measures — for an early overview of the field cf. Evertsz and Mandelbrot [2] — is a candidate tool to analyze the complexity of musical scores,
since a single similarity exponent characterizing a monofractal set is hardly
appropriate to render the rich complexity of even minimalist compositions.
The idea of achieving aesthetic value blending harmoniously repetition with
innovation and contrast — in Platzer’s [14] definition of the classical rondo, for
instance, a principal theme (sometimes called the “refrain”) alternates with one
or more contrasting themes, generally called “episodes,” but also occasionally
referred to as “digressions” or “couplets” — will be further discussed on an appendix, where Platzner’s specialist description of the rondo is contrasted to the
“amateur”1 , but eventually more eloquent, description in Sorti and Monaldi’s
Imprimatur. Proust’s lyrical description of the “petite phrase de Vinteul”, and
Poe’s The Philosophy of Composition where he expresses the essential structuring role of the refrain (limited to the word “nevermore” in his masterpiece
The Raven, that nevertheless has some dose of consonance with the name of
the dead Leonore, and whose component never is phonetically the reversion of
“raven”) are two famous examples of the “repetitive structures” used in literature, and indeed examples of the structuring role of repetition/variation can
be given in almost any art disicpline.
Philip Glass’ Façades, with interpertrations ranging from strings, piano,
flute/saxophone and oboe to piano and flute (or even an initial 42s section
fingerpicked in guitar) is used as a case study on the appropriateness of multifractal tools and of Markov chain transition matrices in the description and/or
analysis of musical complexity.
In a first attempt on using such tools, Pestana and Pestana [13] assimilated the musical notion of a generator bar (or measure) with the “cartoons”
construction of multifractals used by Mandelbrot [8], namely chapter N1, or
chapter E6 in [7], analyzing bars 19–39 on a Glass’ page score publicly available in the www. In this sequel we use the full score of Façades, p. 49–55 of
Glassworks [4], that unfortunately is not available in the world wide web and
that we cannot reproduce, since we do not intend copyright infringement. Observe however that the full score of the Opening of Glassworks can be found in
http://www.glasspages.org/score-opening.pdf, and the interested reader
can experiment our analysis, or develop alternative analises, using this online
bonus.

2

Façades

Although Façades first appeared on Philip Glass’ album Glassworks [4]2 , it
was conceived as part of the soundtrack to Godfrey Reggio’s Koyaanisqatsi, see
http://www.youtube.com/watch?v=vz_R2y1oAzw&feature=related or http:
1

Dr. Francesco Sorti has a background in musicology, so here please attach to the
word “amateur” the original meaning “the one who loves”.
2
The musical score is also available from www.ChesterNovello.com, that stores interesting information on Glass achievements and works at http://www.chesternovello.
com/default.aspx?TabId=2431&State_2905=2&composerId_2905=540.
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//www.youtube.com/watch?v=GQsoMIGuPD8 for the stream introducing a similar musical theme. Originally scored for an orchestral string section and two
saxophones, it is often performed using two flutes instead of saxophones, or
scored for 2 soprano sax, viola, cello and a synthesizer which doubles the viola
and cello3 . In fact, as Patrick Gary observed in MusicWeb International,
“Philip Glass is a composer whose body of work readily lends itself
to re-orchestration. In fact, many of his early works were written with
intentionally vague orchestrations to allow for greater ease in performance.”
On the appraisal published in Gramophone Magazine4 , the reviewer wrote
“the Glass works gathered together on Glassworks make an excellent introduction to the sharp, hard sonorities, densely packed, slowly
changing patterns and seemingly unstoppable linear flow of this important aspect of contemporary music.”
We cannot adhere to the expression “linear flow”, that certainly is written to
convey the more general idea of smoothness. In fact, Glass himself noted 23
“musical phrases”, with a variable number of bars each (something that we can
assimilate with the concepts of first and second articulation from linguistics),
as described in Table 1. Observe that the instruction Da Capo is marked after
the two initial bars of phrase 5, and hence only the bars 5.1-5.2 of music phrase
5 are repeated with only one soprano saxophone playing in 5b. In fact, this
unusual location of the Da Capo mark is done so that the first half of music
phrase 5 followed by the repetition of phrase 1 reconstructs a 4 bar structural
element (described in more detail below), and only in the repetition phrase 2b
does the soprano saxophone begin to play.
We shall also focus on the viola plus synthesizer part, since it illustrates
quite well some similarities to the self-affine cartoons Mandelbrot’s description of multifractals. To do so, we use sequential letters of the alphabet to tag
its bars:
3
In the full score [4] we used, stating copyright dated 1982, there is the precise
indication “synthesizer DX7”, although the Yamaha DX7 has been marketed since
the fall of 1983.
4
We also quote some comments by Philip Glass himself:

“Although I quite liked the way it turned out, it was not used for the film
and ended up on my 1982 album for CBS, Glassworks. It also has become
a staple of the live performances of the Philip Glass Ensemble and was included in Glasspieces, the production put on at the New York City Ballet in
the spring of 1990, choreograp hed by Jerome Robbins.”
...
“GLASSWORKS was intended to introduce my music to a more general audience than had been familiar with it up to then.”
...
“I’m very pleased with it, the way it’s received in performance. The pieces
seem to have an emotional quality that everyone responds to, and they work
very well as performance pieces.”
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Table 1. Musical phrases in the full score of Façades

phrase
1
2
3
4
5+1b
2b
3b
4b
5b
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23

# bars
2
2
4×2
4×2
4
2
4×2
4×2
4
2
4×2
4×2
4
2
4×2
4×2
4
2
4×2
4×2
4
2
4×2
4×2
4
4×2
2×4

a

b

c

d

e

f

soprano
soprano
soprano
soprano
soprano
soprano
soprano
soprano

instrumentation
viola, DX7 / violoncelli
viola, DX7 / violoncelli
viola, DX7 / violoncelli
viola, DX7 / violoncelli
viola, DX7 / violoncelli
soprano saxophone / viola, DX7 / violoncelli
soprano saxophone / viola, DX7 / violoncelli
soprano saxophone / viola, DX7 / violoncelli
soprano saxophone / viola, DX7 / violoncelli
soprano saxophone / viola, DX7 / violoncelli
soprano saxophone / viola, DX7 / violoncelli
soprano saxophone / viola, DX7 / violoncelli
soprano saxophone / viola, DX7 / violoncelli
saxophone 1 / soprano saxophone 2 / viola, DX7
saxophone 1 / soprano saxophone 2 / viola, DX7
saxophone 1 / soprano saxophone 2 / viola, DX7
saxophone 1 / soprano saxophone 2 / viola, DX7
saxophone 1 / soprano saxophone 2 / viola, DX7
saxophone 1 / soprano saxophone 2 / viola, DX7
saxophone 1 / soprano saxophone 2 / viola, DX7
saxophone 1 / soprano saxophone 2 / viola, DX7
soprano saxophone / viola, DX7 / violoncelli
soprano saxophone / viola, DX7 / violoncelli
soprano saxophone / viola, DX7 / violoncelli
soprano saxophone / viola, DX7 / violoncelli
soprano saxophone / viola, DX7 / violoncelli
soprano saxophone / viola, DX7 / violoncelli

/
/
/
/
/
/
/
/

violoncelli
violoncelli
violoncelli
violoncelli
violoncelli
violoncelli
violoncelli
violoncelli
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Table 2. Viola plus synthesizer part bar structure of Façades
phrase
1
2
3
4
5+1b
2b
3b
4b
5b
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23

bars
aa
aa
bcddbcdd
ef aaef aa
ef aa
aa
bcddbcdd
ef aaef aa
ef aa
aa
bcddbcdd
ef aaef aa
ef aa
aa
bcddbcdd
ef aaef aa
ef aa
aa
bcddbcdd
ef aaef aa
ef aa
aa
bcddbcdd
ef aaef aa
ef aa
aabcaabc
aaaaaaaa

From herein, we shall call an isolated bar (ex.: a, b,...) a gramma, a sequential pair of bars (ex.: aa, bc, dd,...) a digram, a sequential set of 4 bars
(ex.: bcdd, ef aa, ...) a tetragram. We shall consider only digrams and tetragrams inside each of the 23 music phrases, i.e. we shall not count the sequence
of digrams (aa) in phrases 1 and 2, or at the end of phrase 17 and in phrase
18, as a tetragram (aaaa). Moreover (contrarily to the use in Linguistics or
Encryption Theory, to identify digrams we advance in pairs inside each phrase
(something like the “genetic fork”, but advancing in pairs instead of triads),
i.e., for instance, in phrase 3 we consider digrams (bc),(dd), but we do not
consider cd or db digrams.
Observe that with the decision — justified by the location of the Da Capo
instruction — of merging the first half of phrase 5 with the repetition 1b, we
get the structural tetragram (ef aa), and preceded by the double tetragram
(ef aa)(ef aa) and followed by the digram (aa), the most frequently repeated
macro-structure in this score.
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The distribution of the 150 grammas and of the 75 digrams inside the music
phrases is recorded in Table 3.
Table 3. Distribution of grammas and of digrams inside music phrases (viola plus
synthesizer part) in Façades
a
b
c
d
e
f
(aa)
(bc)
(dd)
(ef )

62
14
14
24
18
18
31
14
12
18

With the conventions described above, the structure of the viola plus synthesizer score is indeed “minimalist”: 9 of the music phrases are digrams — 7
(aa), 6 are tetragrams (ef aa), and 14 are repeated tetragrams — 6 (bcdd), 6
(ef aa), 1 (aabc), 1 (aaaa). Or more precisely:
• opening: (aa) (phrases 1);
• main: 6 repetitions of the macro-structure (aa)–(bcdd)(bcdd)–(ef aa)(ef aa)–
(ef aa);
• closing: (aabc)(aabc)–(aaaa)(aaaa).
Hence, we can also claim that the finale (aaaa) mirrors the beggining (aa)–
(aa), and that in fact only phrases 22 and 23 depart slightly from the general
structure.

3

Self-Affine Cartoons, Self-Affine Bars, and an
Alternative Approach Using Markov Chains

One of the pathways described by Mandelbrot [7], [8] is via diagonal or diagonaland-axial self-affine cartoons, cf. for instance figures N1-6 and N1-7, pp. 33–34
in [7], repeated in Figures E6-4 and E6-5, pp. 179–180 of [8]. This inspired us
to assimilate the idea of self-affine cartoons and of self-affine bars.
In fact, considering the bar a the generator, in Mandelbrot’s sense, the bars
b, c, d, e and f are simply obtained from a via very moderate modifications:
• If the Low Note of a goes down a semi-tone (L ↓ 1), we obtain b.
• If the Low Note of a goes down one semi-tone (L ↓ 1) and the High Note
goes up one tone (H ↑ 2), we obtain c.
• If the Low Note of a goes up one semi-tone (L ↑ 1), we obtain d.
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• If the Low Note of a goes up one semi-tone (L ↑ 1) and the High Note goes
up one tone (H ↑ 2), we obtain e.
• If he Low Note of a goes up one semi-tone (L ↑ 1) and the High Note goes
up one semitone (H ↑ 1), we obtain f .
Hence, denoting L the Low Note and H the High Note of each bar, the
transition a − −bcdd is characterized, in number of semitones, by
L ↓ 1; H ↑ 2; L ↑ 2 and H ↓ 2; −,
while the “inner” the transition d − −b is characterized by
L ↓ 2,
the transition d − −ef aa is characterized by
H ↑ 2; H ↓ 1; L ↓ 1 and H ↓ 1; −,
and the “inner” transition a − −e is obtained by
L ↑ 1 and H ↑ 2.
Hence, the only extra complexity, when compared to Mandelbrot’s cartoon
construction, is that the generator must have a two-fold variation, one in what
concerns L and the other in what concerns H. A simple way of dealing with this
is to use different colors to represent the Low Note and High Note variation
(or dashed lines for the variation of L, and solid lines for the variation of H),
with slopes showing the variation of 1 or 2 semitones. Emulating Mandelbrot’s
cartoons generator style, Fig. 1 shows the variation of Low and High Notes for
the a − bcdd − b... sequence, and the d − ef aa − e... sequence Low and High
Notes variation is shown in Fig. 2.
An illustration of the “bivariate” repeated macro structure aa − bcdd −
bcdd − ef aa − ef aa − ef aa is shown, in an equivalent but eventually more
expressive form, in Fig. 3.
Observe however that in any practical human made artifact, or in other
practical applications, an important difference does exist: while in the construction of multifractals infinite iteration is conceived, in practical applications
a rather limited number of iterations is mandatory, and hence some stopping
rule has to be defined, see Pestana and Aleixo [11] and Aleixo et al. [1] on
stuttering Cantor sets. Mandelbrot’s illustration of the digonal or axial-and
-diagonal cartoons construction of multifractals, itself, is only taken up till a
very low order iteration.
Other sensible variations are under investigation, as well as a comparison
with more linear and iterative procedures to generate musical scores, as for
instance the Lindenmayer systems described in Pestana [12].
Markov chain transition matrices are an alternative way of investigating
this type of repetitive structures, important pathbreaking work in the field
being [10], [6]. In what regards Façades, we observe that the repeated macro
structure is aa − bcdd − bcdd − ef aa − ef aa − ef aa, and hence that the first
order transition matrix in this block is
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Fig. 1. Diagonal and axial chart for the Low and High Note variation of the a −
bcdd − b... sequence.
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Fig. 3. Diagonal and axial chart for the Low and High Note variation of the repeated
macro structure aa − bcdd − bcdd − ef aa − ef aa − ef aa from the viola plus synthesizer
part of Façades.

a
b
c d e f
a 4/7 1/7 0 0 3/7 0
b 0
0 1 0 0 0
c 0
0 0 1 0 0
d 0 1/2 0 0 1/2 0
e 0
0 0 0 0 1
f 1
0 0 0 0 0
We used this to compose random blocks of 22 bars to insert between the
opening (aa) and the finale (aabc)(aabc)–(aaaa)(aaaa), so generating
• 1000 variations where a single macro structureof 22 bars was produced using
the above transition matrix, and repeated 6 times between the opening and
the finale;
• 1000 variations where 6 independently generated blocks of 22 bars produced
using the transition matrix were sequentially inserted between the opening
and the finale — this, of course, largely increased the degrees of freedom,
augmenting the probability of obtaining much less structured pieces.

4

Conclusions

A random selection of the random music computationally produced using Façades
macro repeated structure as a basis via de use of the associated Markov chain
transition matrix has been evaluated as follows:
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• subjective and partial evaluation: we asked colleagues and students to listen
to Façades, and then to mark (marks ranging from 0 to 10) 10 randomly
generated pieces (5 produced by each of the methods described using the
Markov chain transition matrix) in what concerns
– pleasantness of the result;
– closeness to Façades.
Table 4 show the results.
Table 4. Pleasantness and closeness of the result to Façades
Markov chains,
Markov chain,
1 structure used six-fold 6 independent structures
pleasantness

9.2 ± 0.43

5.6 ± 0.76

closeness
to Façades

7.4 ± 0.68

4.4 ± 1.16

The free software MuseScore, [16], greatly simplified the evaluation tasks
in what regards this partial subjective evaluation.
This result is presented solely as a curiosity, since the validity of results
using convenience samples instead of random samples is arguable. On the
other hand, as this subjective appraisal has been just a matter of idle
curiosity, the number of subjects has been very low, and hence the number
of samples graded has been very small. There is however a strong indication
that the use of 6 independently generated structures to insert between
opening and finale — that almost certainly lowers “repeated structures”
— has a strong effect on the subjective evaluation of their pleasantness
and closeness to the original they are trying to recreate.
We also observe that a large proportion of the random scores produced
using the transition matrix so roughly defined is rather pleasing. Romanticism brought in a respect for the artist and the idea of inspiration that tends
to convince us that any modification of an inspired masterpiece cannot but
spoil it. On his authoritative Le Mythe de Rimbaud, Etiemble [3] reports
that in many occasions he recited Le Bateau Ivre purposely interchanging
lines and blocks of the poem — with no complains from none of the many
specialists that fiercely claim that not a single word can be changed in this
immortal “chef-d’oeuvre”...
• Objective evaluation: Matching degree of randomly produced scores to the
original score aa − bcdd − bcdd − ef aa − ef aa − ef aa has been evaluated.
The use of tags a, . . . , f to represented bars greatly simplified our work,
since the comparison of strings of text is a simple task.
In what concerns our case study — the viola plus synthesizer part of
Façades — the Markov chain transition matrix is a very stringent struc-
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turing element, since randomness only plays a role on the transition from
either bar a or bar d.
Hence, it is not surprising that in the crude simulation we made of 1000 +
1000 × 6 pieces, 4102 exactly matched the original score, a slightly higher
proportion (58.6%) than we expected, but within tolerance bounds for random fluctuation in this moderate scale simulation experiment.
As in the analysis of 21 bars of the Trilogy Sonata for Piano [13], imposing
less stringent conditions — for instance, using the Markov chain transition
matrix to produce phrases with a random number of bars, using as stoping
rule the first occurrence of the tetragram aaaa, that in the central development of Glass’ score is the transition from aa − bcdd − bcdd − ef aa − ef aa −
ef aa to another aa − bcdd − bcdd − ef aa − ef aa − ef aa — and evaluating the prevalence of such random phrases containing subsets matching the
model in at least 4 of the tetagrams (for instance aa − bcdd − bcdd − bcdd −
ef aa − ef aa, or aa − bcdd − bcdd − ef aa − bcdd − ef aa), the prevalence of
approximate matches rises up to 69.82%.
More detailed studies are indeed needed to reach more reliable conclusions.
So far, our opinion is that computationally generated music can match human
music when this is rigidly structured as in the case study we used, but that the
human intervention is arguably indispensable in the very crucial choices of the
basic structure, and also on the repetition stoping rule, and appropriate finale.
Observe also that we didn’t address matters such as instrumentation, playing instructions (the bar tagged c is different from all the others in other ways
than Low and High Notes), repeated structures composition rules of the different parts, just to enumerate a few matters. Computational composition has
arguably attained a stage where given a set of complex instructions and a starting structure, with a reasonable probability some simple pleasant samples can
result. But the balance complexity of instructions / simplicity of the product
in our opinion shows that the human factor in music composition is still a key
issue for quality. In this match, even taking for granted the provisory (and
4102
= 0.586 / Glass 1, Hurrah for Glass!
eventually optimistic) computer 7000

5

Appendix A: The IBM Glass Engine

The IBM Glass Engine enables deep navigation of the music of Philip Glass.
Personal interests, associations, and impulses guide the listener through an
expanding selection of over sixty Glass works.
The glass engine was developed at the IBM T.J. Watson Research Center in
2001. It can be downloaded from Phip Glass page http://www.philipglass.
com/music/compositions/facades.php.
The answers to two of the Frequently Asked Questions deserve to be recorded:
Q: Who decided how to assign the subjective values (such as JOY) to the
tracks? Was this done by a computer?
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Fig. 4. glassengine — locating the track Façades — slide to work year 1982.

Fig. 5. glassengine — assignement of Joy, Sorrow, Intensity, Density and Velocity to
the track Façades. The figure has been cut to enhance the low assignemnt of Joy,
Density and Velocity, and high assignement of Sorrow and Density.

A: These values were assigned by Philip Glass’s longtime producer and sound
designer, Kurt Munkacsi, while eating several pounds of chocolate chip
cookies.
Q: How is it possible for a track to have high amounts of both joy and sorrow?
A: Music can contain two conflicting emotions. Really.

6

Appendix B: Koyaanisqatsi

Koyaanisqatsi, Life Out Balance, 1982, directed by Godfrey Reggio, music by
Philip Glass, “is the first film of the QATSI trilogy. The title is a Hopi Indian
word meaning ‘life out of balance’. Created between 1975 and 1982, the film is
an apocalyptic vision of the collision of two different worlds — urban life and
technology versus the environment. [...] Koyaanisqatsi attempts to reveal the
beauty of the beast!”.
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Aside from the MGM release presented by Francis Ford Coppola, (Credits: Music: Philip Glass. Philip Glass Music: Produced & Recorded by
Kurt Munkacsi. Conducted by Michael Riesman), you may be interested
in KOYAANISQATSI — Godfrey Reggio — making of, retrieved in http:
//www.youtube.com/watch?v=_Mr26_m5rGQ.
http://www.youtube.com/watch?v=GQsoMIGuPD8 is Part 1/9 uploaded by
schipflingerfred in youtube (some other parts have been blocked on copyright
infringement rights). Other url addresses where parts of the movie can be
watched:
http://www.youtube.com/watch?v=Me7QaFMcQ9A&feature=relmfu,
http://www.youtube.com/watch?v=DlFg1MgATu4&feature=related,
http://www.youtube.com/watch?v=-iNJ8u4ewD8&feature=relmfu,
http://www.youtube.com/watch?v=M27874iHwpg&feature=relmfu.
For more information, cf. also the section http://www.philipglass.com/
music/films/koyaanisqatsi.php in Philip Glass’ webpage.

7

Appendix C: Repetition and Innovation in the
Philosophy of Music Composition

In the Introduction we mention Birkhoff’s theory of aesthetic value, and present
a formal description of the rondo — a musical form blending repetition and
innovation — by Platzer [14].
In a deservly successful book, Imprimatur, Monaldi and Sorti (who has musicology background) describe the emotions and aesthetic rapture caused by the
audition of a rondo, and they eloquently convey how the equilibrium of innovation and repetition enhance each other in the build up of beauty. Aside from
being a very appropriate framework to look at minimalism, or, as Glass prefers,
at repetitive structures, it may serve as an invitation to visit Monaldi and Sorti
world (their second novel, Secretum, in the edition we bought, contains a CD
with recording of period music described in the novel). The following excerpt
(translated to English from the Portuguese edition by P. Pestana) comes from
the beggining of the chapter Second Day, 12th September 1683, pp. 51-53 of
the Portuguese edition.

[...] Suddenly, from his fingers sprang, more than a song, a marvelous
architecture of sounds [. . . ]. Initially it was a simple and innocent motif, that,
like a dance, would skip from root to dominant [. . . ], and back again, followed
by a surprising leap avoiding a cadenza, before it started over again. But this
was just the first of a rich and astonishing collection of gems, [. . . ] called
a rondo and consisted of a first stanza that is repeated several times, and
embellished every so often by a new and precious bliss, completely unexpected
and shimmering in light.
As any other rondo, that one [. . . ] was crowned by the extreme and conclusive repetition of the first stanza, providing meaning, plenitude and rest to
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the whole set. But the innocence and simplicity of that first stanza, though
delightful, would amount to nothing if deprived of the sublime company of the
others, which, chorus after chorus. scaled the admirable construction, freer
and freer, unpredictable, refined and audacious. The final one dared wit and
ear with a sweet duel [. . . ]. The last arpeggio, after wandering with sobriety
and near timidity over the low register, would perform a sudden ascent to the
high notes, transforming their tortuous and shy pattern into a crystal clear torrent of beauty, flowing its harmonious abundance into an admirable downwards
spiraling progression. It would then stop, reveling in ineffable and mysterious
harmonies, [. . . ], finally slowing down to give way to the extreme repetition of
the initial cadenza.
[. . . ] the rondo was so pleasing because, while the chorus was written according to the sound and old rules of consonance, the alternating stanzas always
had new harmonic risk, which concluded unexpectedly, almost deviating from
good musical doctrine. And after reaching its apex, the rondo would move
briskly into the finale [. . . ]
R. Monaldi and F. Sorti, Imprimatur
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Abstract. Previous published researches on chaos, controlling and synchronization
in phased–locked loops focused only on integer–order phase–locked loops. In this
paper, we study control and synchronization of phase–locked loop systems based on
fractional–order differential equations. Stability analyses of commensurate fractional–
order linear system are utilized to control chaotic behaviour exhibited by fractional–
order differential equation–based phase–locked loop. Furthermore, chaos synchronization is obtained by employing the nonlinear state observer method. Finally, numerical
simulations verify the effectiveness and applicability of our approaches.
Keywords: Fractional–order equation, Phase–locked loop, Chaos control, Chaos
synchronization.

1

Introduction

Fractional calculus was introduced in the early 17th century and has been
applied to describe various real systems such as transmission lines, electrical
noises, dielectric polarization and heat transfer phenomena Arena et al.[1]. Recently, there are amount of efforts to discover the chaos of fractional–order systems. Specifically, chaotic features have been proofed in fractional–order Lorenz
system, fractional–order Chua’s system, fractional–order Duffing’s oscillator,
fractional–order Genesio–Tesi system and fractional–order Lotka–Volterra system Caponetto et al.[2]. Moreover, the synchronization and controlling fractional–
order chaotic systems are the topics which received more attention because of
their practical applications. Li et al. implemented synchronization of fractional Lorentz system, Chen system and Chua circuit by the aid of controller
and driving signals Li and Yan[3]. Matouk[4] proposed the feedback control
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c 2012 CMSIM
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and synchronization of a fractional–order modified Van der Pol–Duffing circuit
using fractional Routh–Hurwitz conditions.
Phase–locked loop (PLL) plays a vital role in communication and control
systems Gardner[5] where applications of PLL include clock synchronization,
carrier recovery, frequency or phase modulation and demodulation, frequency
synthesis, and PLL controlled motors. Generally, PLL works in the locked
range in which average frequency of the voltage controlled oscillator (VCO)
exactly equal to the average frequency of the input signal. However, chaotic
behaviours of PLLs have been observed and studied with second–order loop filter Endo and Chua[6] under certain conditions. In order to control undesirable
chaos effects in PLLs, Zhao et al.[7] represented the state observer to design a
non–linear feedback controller for second–order non–autonomous PLL. Experimental synchronization of two PLLs driven by a common chaotic signal derived
from a master PLL was also observed Endo and Chua[6] if the detuning of the
VCO free-running frequencies was not large. Even through, a fractional–order
differential equation–based phase–locked loop is still not considered. There is
an expectation that fractional–order differential equation–based phase–locked
loop (FOPLL), which processes key features of classical PLL, will have important potential applications in such areas as communications and control.
Motivated by this expectation, in this work, we introduce a new model of the
FOPLL and propose control and synchronization methods for it.
This paper is organized as follows. In the next Section, we review the
fractional calculus and the stability of the fractional–order systems. The model
of FOPLL will be given in Section 3. After explaining chaos controlling for
FOPLL in Section 4, the synchronization between two FOPLLs is described in
Section 5. Finally, Section 6 draws some concluding remarks.

2

Fractional calculus review

The fractional–order differentiator can be denoted by a general fundamental operator a Dtα as a generalization of the differential and integral operators
Caponetto et al.[2], which is defined as follows
 dα

dtα




α
1
a Dt =


Rt

−α

 (dτ )

R(α) > 0,
R(α) = 0,
R(α) < 0,

a

where a is the initial value, in addition, α is the fractional order which can also
be complex, and R(α) is the real part of the fractional order. The commonly
used definition of fractional derivative is Grunwald-Letnikov definition which
is described as the following form
α
a Dt f (t)

1
= lim α
h→0 h

[(t−a)/h]

X
j=0

 
α
(−1)
f (t − jh),
j
j
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where [.] means the integer part. Other way to study fractional–order function
is applied the Laplace transform of fractional derivative as
L {0 Dtα f (t)} = sα F (s) .
The commensurate fractional–order linear time–invariant system can be
presented by the state–space model
 α
0 Dt x (t) = Ax (t) + Bu (t) ,
y (t) = Cx (t) ,
where x ∈ Rn , u ∈ Rr and y ∈ Rp are the state, input and output vectors of
the system and A ∈ Rn×n , B ∈ Rn×r , C ∈ Rp×n . According to Matignon[8],
the system is stable if it satisfies the condition:
π
(1)
|arg (eig (A))| > α ,
2
where 0 < α < 1 and eig (A) is the eigenvalues of matrix A.
On the other hand, the commensurate fractional order nonlinear system
could be described by
α
0 Dt x = f (x) ,
where 0 < α < 1 and x ∈ Rn . The equilibrium points of system are asymptotically stable Tavazoei and Haeri[9] if the following condition is satisfied:
π
|arg (eig (J))| = |arg (λi )| > α ,
(2)
2
where λi are the eigenvalues of the Jacobian matrix J, which is evaluated at
the equilibrium points.

3

Mathematical model of fractional–order differential
equation–based phase–locked loop

The model of conventional phase–locked loop is considered firstly. The PLL
contains three main components: a phase detector (PD), a loop filter (LF) and
a VCO as shown in Fig. 1. PD compares the phase of input signal against
the phase of VCO and creates the control voltage which is applied to VCO
to change the VCO frequency. As the result, the average phase of the VCO
tracks the average phase of input. To analyse the dynamical features of PLL,
its model in term of phase is presented as in Fig. 2.
In Fig. 2, θi and θo denote the input and output phase, respectively; while
φ = θi − θo is the phase error. There, PD is a mixer and LF is a first order
filter with the transfer function
1
FLP F (s) =
,
1 + τs
where τ is time constant and s is an operator denoting
equation that characterizes the PLL can be written as

d
dt .

The differential

d2 φ
dφ
+β
+ sin φ = βσ + βM sin (Ωt) + M Ω cos (Ωt) ,
dt2
dt
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LF

PD

VCO

Fig. 1. Block diagram of the typical phase–locked loop.
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Fig. 2. Phase model of the typical phase–locked loop.
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Fig. 3. Largest Lyapunov exponents according to β and of the typical integer–order
phase–locked loop and the phase–locked loops based on fractional–order differential
equation when M = 0.8, Ω = 0.7.

where β, σ, Ω, M are normalized natural frequency, normalized frequency detuning, normalized modulation frequency and normalized maximum frequency
derivation, respectively. Let x1 = φ and x2 = φ̇, the previous equation has the
following form:

ẋ1 = x2
ẋ2 = −βx2 − sin x1 + βσ + βM sin (Ωt) + M Ω cos (Ωt) .
The variation of Lyapunov exponents Wolf et al.[10] when the parameter β
changes in the range [0.05, 0.4] is given in Fig. 3. For the parameter value β =
0.056, integer–order PLL is chaotic since the Lyapunov exponent is positive.
By replacing integer–order derivatives in above equation by fractional–order
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Fig. 4. Chaotic attractor in FOPLL with α = 0.98.
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Fig. 5. Chaotic time domain representations of FOPLL with α = 0.98: (a) x1 , (b)
x2 .

ones, the fractional–order differential equation–based PLL is introduced as
 α
0 Dt x1 = x2
(3)
α
0 Dt x2 = −βx2 − sin x1 + βσ + βM sin (Ωt) + M Ω cos (Ωt) ,
where α is the derivative order. We found the presence of chaos in fractional–
order PLL equation by observing the largest Lyapunov exponent (see Fig. 3).
When α = 0.98, β = 0.056, σ = 0.2, M = 0.8, Ω = 0.7 the fractional–order
differential equation–based phase–locked loop exhibits chaos behaviour. The
phase portrait and time response are illustrated in Figs. 4, 5. It is notable
that there are some similarities between two kinds of phase–locked loops in
dynamical behaviour (Fig. 3) as well as tracking range (Fig. 6).

4

Chaos control in fractional–order differential
equation–based phase–locked loop

Control chaos is a progress to manage the unexpected performances in diverse areas of research such as biology, physiology, fluid mechanics, electronics,
chemical engineering, and so on [11]. The study of chaos control in this Section
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Fig. 6. Tracking errors of the typical integer–order phase–locked loop and the phase–
locked loops based on fractional–order differential equation versus the derivative order
α.

provides the designer one tool to develop applications involving FOPLL without undesired chaos. Specifically, FOPLL (3) could be rewritten in the matrix
form as follows
α
0 Dt x = Ax + Bf (x) + u,






 
0 1
0 0
0
x1
where A =
, B =
, f (x) =
, x =
, and u =
0 −β
0 −1
sin x1
x2


0
. To control chaos, one addition control
βσ + βM sin (Ωt) + M Ω cos (Ωt)
term uc is applied in FOPLL. Hence, the controlled FOPLL system can be
obtained as
α
0 Dt x = Ax + Bf (x) + u + uc .
There, by combining the feedback control method Schöll and Schuster[11] and
condition (2), uc is selected as


0
uc =
.
k (x1 + x2 ) − βσ − βM sin (Ωt) − M Ω cos (Ωt)
Therefore, the controlled FOPLL system has the reduced form
α
0 Dt x

in which

= g (x) ,

(4)




x2
g (x) =
.
− sin x1 + kx1 + (k − β) x2

The Jacobian matrix of (4) is given by


0
1
J=
.
k − cos x1 k − β

(5)
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Fig. 7. Times series plots of the controlled FOPLL (a) x1 (t), (b) x2 (t). Controller is
turned on at t = 100.





Replacing equilibrium points of system (4) x∗ = x∗1 x∗2 = 0 0 into the
Jacobian matrix, we have


0
1
J |x=x∗ =
.
(6)
k−1 k−β
The eigenvalues λi of J |x=x∗ are the solutions to the equation
det (J |x=x∗ − λI) = 0.

(7)

By choosing the parameter k such that the condition (2) satisfies, equilibrium points of FOPLL (4) are asymptotically stable. To illustrate the effectiveness of the proposed controlling approach, numerical simulation is implemented
with the chosen parameter k = −16, which makes (7) has two separated negative real solutions. Simulation results of chaos control are displayed in Fig.
7. Obviously, after applying the controlling process, FOPLL works in locked
region where phase and frequency errors equal zeros.

5

Synchronization of chaos in fractional–order
differential equation–based phase–locked loops

Synchronization in chaotic systems has received amount of attention because
of practical application such as secure chaotic communication. As reporting
in Section 3, FOPLL can be chaotic; hence, the synchronization in two FOPLL systems can derive the secure communication systems. In this Section,
the synchronous scheme between two FOPLLs, named master and slave system Boccaletti[12] is demonstrated. This synchronous scheme is based on the
nonlinear state observer. Similar to the previous Section, the master is defined
as
α
0 Dt xm = Axm + Bf (xm ) + u,




x1m
0
where xm =
, f (xm ) =
. While the slave system is built as
x2m
sin x1m
follows
α
0 Dt xs = Axs + Bf (xm ) + u + Ke,
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Fig. 8. Synchronization behaviour of two FOPLLs (a) x1m − x1s , (b) x2m − x2s .



 
x1s
e1
where xs =
, K ∈ R2×2 is the feedback gain matrix and e =
=
x2s
e2


x1m − x1s
is the synchronization error. The dynamical synchronization error
x2m − x2s
of system could be written as
α
0 Dt e

= 0 Dtα xm − 0 Dtα xs = (A − K) e.

(8)

The synchronization occurs when K is chosen appropriately such that
lim kxm − xs k = lim kek = 0.

t→∞

t→∞

It is clear to see that (8) is the fractional–order linear time–invariant system;
hence, the condition (1) could be applied to find matrix K. There, K is achieved
as


1 1
K=
,
0 2−β


which makes |arg (eig (A − K))| > α π2 by the eigenvalues eig (A − K) = −1 −2 .
Simulation results in Fig. 8 show the feasibility of the proposed synchronization
scheme.

6

Conclusion

We have introduced a novel model of fractional–order differential equations of
phase–locked loops. Some principal characteristics of FOPLL, such as phase
tracking and chaos, are investigated. The control of chaotic behaviour in FOPLL is implemented in order to guarantee the precision on phase tracking in
practice. Moreover, synchronization scheme based on nonlinear state observer
is performed. We have also obtained the simulation results which fixed with
theoretical analyses. In our future researches on this subject, the discovery of
novel features and promising applications of the FOPLL will be estimated.
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Delay Factors and Chaotization of
Non-ideal Pendulum Systems
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(E-mail: alex.shvets@bigmir.net, makaseyev@ukr.net)

Abstract. The oscillations of a plane pendulum, the suspension point of which excites by electric motor of the limited power with taking into account various factors
delay are considered. Regular and chaotic attractors, phase-parametric characteristics and maps of dynamic regimes of this system are built and explored. Influence of
delay factors on the appearance of deterministic chaos is analysed in detail.
Keywords: delay, chaotic attractor, map of dynamic regimes.

1

Introduction

Pendulum mathematical models are widely used to describe the dynamics of
various oscillatory systems. Such models are used to study the oscillation of
free liquid surface, membranes, various technical constructions, in the study of
cardiovascular system of live organisms, financial markets, etc.
The problems of global energy saving require the highest minimization of
excitation source power of oscillatory systems. This leads to the fact that the
energy of excitation source is comparable to the energy consumed by the oscillating system. Such systems as ”source of excitation - oscillating subsystem”
are called nonideal by Zommerfeld-Kononenko [1]. In mathematical modeling
of such systems, the limitation of excitation source power must be always taken
into account.
Another important factor, that significantly have an influence on steadystate regimes of dynamical systems are different, by their physical nature, factors of delay. The delay factors are always present in rather extended systems due to the limitations of signal transmission speed: waves of compression,
stretching, bending, current strength, etc. The study of the influence of delay
factors on the dynamical stability of equilibrium positions of pendulum systems
was initiated by Yu. A. Mitropolsky and his scientific school in the 80s of the
last century [2], [3]. But only ideal pendulum models were initially considered.
Mathematical models of pendulum system with limited excitation, taking into
account the influence of different factors of delay, were first obtained in [4],
[5]. The influence of delay factors on existence and dynamic stabilization of
Received: 24 August 2012 / Accepted: 23 October 2012
c 2012 CMSIM
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pendulum equilibrium positions at limited excitation was studied. Later it was
discovered the existence of chaotic attractors in nonideal systems ”pendulum electric motor” and proved that the main cause of chaos is limited excitation
[4], [5], [7].
In this paper the oscillations of a flat pendulum, the suspension point of
which excites by electric motor of the limited power with taking into account
various factors delay are considered.

2

Mathematical model of the system

In [6] the equations of motion of the system ”pendulum - electric motor” in the
absence of any delay factors were obtained. They are

dy1
1


= Cy1 − y2 y3 − (y12 y2 + y23 );


dτ
8




dy2
1
(1)
= Cy2 + y1 y3 + (y13 + y1 y22 ) + 1;

dτ
8





 dy3

= Dy2 + Ey3 + F ;
dτ
where phase variables y1 y2 describe the pendulum deviation from the vertical
and phase variable y3 is proportional to the rotation speed of the motor shaft.
The system parameters are defined by
C = −δε−2/3 ω0−1 , D = −

2ml2
N0
, F = 2ε−2/3 (
+ E)
I
ω0

(2)

where m - the pendulum mass, l - the reduced pendulum length, ω0 - natural
frequency of the pendulum, a - the length of the electric motor crank, ε = al ,
δ - damping coefficient of the medium resistance force, I - the electric motor
moment of inertia, E, N0 - constants of the electric motor static characteristics.
Let us consider the following system of equations:

dy1 (τ )
1


= Cy1 (τ − δ) − y2 (τ )y3 (τ − γ) − (y12 (τ )y2 (τ ) + y23 (τ ));


dτ
8




dy2 (τ )
1
= Cy2 (τ − δ) + y1 (τ )y3 (τ − γ) + (y13 (τ ) + y1 (τ )y22 (τ )) + 1; (3)

dτ
8






 dy3 (τ ) = Dy2 (τ − γ) + Ey3 (τ ) + F ;
dτ
This system is a system of equations with constant delay. Positive constant parameter γ was introduced to account the delay effects of electric motor
impulse on the pendulum. We assume that the delay of the electric motor
response to the impact of the pendulum inertia force is also equal to γ. Taking
into account the delay γ conditioned by the fact that the wave velocity perturbations on the elements of the construction has a finite value that depends on
the properties of external fields, for instance, the temperature field. In turn,
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the constant positive parameter δ characterizes the delay of the medium reaction on the dynamical state of the pendulum. This delay is due to the limited
sound velocity in that medium.
Assuming a small delay, we can write
y2 (τ )
y1 (τ )
δ + ..., y2 (τ − δ) = y2 (τ ) −
δ + ...
y1 (τ − δ) = y1 (τ ) −
dτ
dτ
y2 (τ )
y3 (τ )
y2 (τ − γ) = y2 (τ ) −
γ + ..., y3 (τ − γ) = y3 (τ ) −
γ + ...
dτ
dτ
Then, if Cδ 6= −1, we get the following system of equations:



1
1 2

3
 y˙1 =
Cy
−
y
[y
−
γ
(Dy
+
Ey
+
F
)]
−
(y
y
+
y
)
;

1
2
3
2
3
2
2

1 + Cδ
8 1






1
1 3
2
(y
+
y
y
)
+
1
;
y
˙
=
Cy
+
y
y
−
y
γ(Dy
+
Ey
+
F
)
+
1 2
2
1 3
1
2
3
2

1 + Cδ
8 1






 y˙3 = (1 − Cγ)Dy2 − Dγ (y 3 + y1 y 2 + 8y1 y3 + 8) + Ey3 + F.
2
8 1
(4)
The obtained system of equations is already a system of ordinary differential
equations. Delays are included in this system as additional parameters.
The study of the influence of delay factors on existence and stability of
equilibrium positions of the system (4) was carried out. Also the effect of delay
on origin the deterministic chaos was studied. Since the system of equations
(4) is strongly nonlinear, the study of steady-state regimes has been carrying
out using numerical methods. A large set of computer experiments have been
held to determine the possibility of chaotic attractors’ occurrence in the system
(4). The methodology of these computer experiments is described in detail in
[6].

3

Dynamic regimes maps

A very clear picture of the dynamical system behavior can give us a map of
dynamic regimes. It is a diagram on the plane, where two parameters are
plotted on axes and the boundaries of different dynamical regimes areas are
shown. The construction of dynamical regimes maps is based on the analysis
and processing of spectrum of Lyapunov characteristic exponents, phase portraits, Poincare sections and maps, Fourier spectrums and distributions of the
invariant measure of attractors of the system. The atlas of maps of dynamic
regimes of nonideal system ”pendulum–electric” motor in the absence of delay
factors were obtained in [8].
Fig. 1a shows a map of dynamical regimes, when the parameters E and
D are changing, and the parameters C, D are equal to C = −0.1, F = 0.19
in the case of delay absence in the system. The dark-grey areas of the maps
correspond to equilibrium positions of the system. The light-grey areas of the
maps correspond to limit cycles of the system. And finally, the black areas of
the maps correspond to chaotic attractors.
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a

b

c

d
Fig. 1. Maps of dynamic regimes

Fig. 1b–d illustrate the influence of delays γ and δ on changing the type
of steady-state regime of the system. Thus Fig.1b was built at the values of
the parameters D = −0.8, E = −0.6 that correspond to the dark-grey area of
the map 1a. As can be seen from Fig.1b the type of steady-state regime does
not change at very small values of the delay. It is still an equilibrium position.
However, with an increase of delay values γ and δ the limit cycles appear in
the system (light-grey areas of the map) and then the chaotic attractors (black
areas of the map). And there is a quite complex and fanciful structure of
alternating regions of existence of periodic and chaotic regimes.
Fig.1c was built at the values of the parameters D = −0.58, E = −0.6 that
correspond to the light-grey area of the map 1a (periodic regimes). As can be
seen from this figure the attractor of the system is limit cycle at very small
values of the delays. With an increase of the delay values the chaos arises in
the system (black areas in the figure). Finally, fig.1d was built at the values of
the parameters D = −0.53, E = −0.6 that correspond to the black area of the
map 1a (chaotic regimes). In this case, with an increase of the delay values the
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region of chaos is replaced by the region of periodic regimes. Then again chaos
arises in the system.
Apparently from figures 1b–d when the delay of interaction between a pendulum and the electromotor γ greater than certain value, change of types of
steady-state regimes can be observed at very small value of delay of a medium
δ.

a

b

c
Fig. 2. Maps of dynamic regimes

In fig.2a the map of dynamical regimes at C = −0.1, D = −0.6 in the case
of delay absence is constructed. In fig.2b the change of steady-state regimes
types, which takes place in the system with an increase of the delay values
is shown. Thus the point (0, 0) of the map corresponds to the values of the
parameters E = −0.7, F = −0.4 at which the steady-state regime is a limit
cycle. With an increase of the delay values in the map there are narrow areas
in which the limit cycle is replaced by an equilibrium position, as well as by
a chaotic attractor. Further there is a rather wide area of periodic regimes,
which with further increase of the delay is replaced by chaos area. But, in this
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rather wide area of chaos narrow strips of periodic regimes ”are built in”. A
Fig.2c was built for parameters E = −0.67, F = 0.3 that corresponds to the
black area of the map 2a (chaotic regimes). Here, with an increase of values of
delay the changes of the steady-state regime such as ”chaos–cycle–chaos–cycle”
are observed. And, apparently from this figure, we see that change of type of
a steady-state regime can be observed and at very small values of the delays.
increase of the delay happens under the scenario of Pomeau-Manneville, in a
single bifurcation, through intermittency.
Similar changes of the dynamical regimes types of the system (4), which
are observed with the delay change, are shown in Fig.3. The initial map of
dynamical regimes was built at C = −0.1, E = −0.59 (fig.3a). The maps in
fig. 3b, c are constructed at D = −0.53, F = −0.4 and D = −0.5, F = −0.31
respectively. As can be seen from fig. 3b, c with an increase of the delay values
the change of the steady-state regime may take place such as ”equilibrium
position–cycle–chaos” or ”cycle–chaos” in different variations of the order of
these changes.

a

b

c
Fig. 3. Maps of dynamic regimes
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The study of steady-state regimes of interaction

Let us consider in detail the types of regular and chaotic attractors that exist in
the system (4). Let us consider the behavior of the system (4) when parameters
are C = −0.1, D = −0.8, E = −0.6, F = 0.19 and the delays γ = 0.29 and
0 ≤ δ ≤ 0.29. In fig. 4a,b the dependence of maximum non-zero Lyapunov’s
characteristic exponent and phase-parametric characteristic of the system are
shown respectively. These figures illustrate the influence of the delay of the
medium δ, in which the oscillations of the pendulum are, on chaotization of
the system (4).
So in Fig.4a we can clearly see the presence of intervals δ in which maximum
Lyapunov exponent of the system is positive. In these intervals in the system
there are chaotic attractors. The area of existence of chaos is clearly seen
in phase-parametric characteristic of the system. The areas of chaos in the
bifurcation tree are densely filled with points. A careful examination of the
obtained images allows not only to identify the origin of chaos in the system,

a

b

c

d

Fig. 4. The dependence of maximal non-zero Lyapunov’s characteristic exponent (a),
phase-parametric characteristic of the system (b), phase portrait of the limit cycle
(c) and the chaotic attractor (d)
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a

c

b

d

Fig. 5. Phase-parametric characteristics of the system (a)–(b), phase portraits of the
chaotic attractors (c)–(d)

but also to describe the scenario of transition to chaos. So with a decrease of
δ there are the transitions to chaos by Feigenbaum scenario (infinite cascade
of period-doubling bifurcations of a limit cycle). Bifurcation points for delay δ
are clearly visible in Fig.4a as well as in Fig.4b. These points are the points of
approaches of the Lyapunov’s exponent graph to the zero line (Fig.4a) and the
points of splitting the branches of the bifurcation tree (Fig.4b). In turn, the
transition to chaos with an increase of the delay happens under the scenario of
Pomeau-Manneville, in a single bifurcation, through intermittency.
In Fig.4c,d phase portrait of one of the limit cycles, at δ = 0.11, of the cascade of period-doubling bifurcations and phase portrait of the chaotic attractor
at δ = 0.07 that arises at the end of this stage are shown respectively.
Let us study the influence of the delay γ when parameters are C = −0.1,
D = −0.58, E = −0.6, F = 0.19 and in the absence of the delay of the medium
δ. In Fig.5a the phase-parametric characteristic of the system and in Fig.5b
an enlarged fragment of the central part of this characteristic are constructed.
Let us consider in more detail Fig.5b. Here there is situation, atypical for
dynamical systems, of transition to chaos. As it is known, the most typical
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b

c

d

Fig. 6. The distribution of the invariant measure of the limit cycle (a) and the chaotic
attractor (b), the Poincare section (c) and map (d) of the chaotic attractor

situation is when the transition to chaos happens with a decrease (increase) the
bifurcation parameter through a cascade of period-doubling bifurcations and
with an increase (decrease) the bifurcation parameter - through intermittency.
Here there is some symmetry of scenarios of transition to chaos. As can be seen
from Fig.5b, there is an interval of change the values γ in which the transition
to chaos under the Feigenbaum scenario can be observed both with a decrease
and with an increase of values γ. An analogous situation occurs in this interval
of changes γ for intermittency. In other words the transition to chaos through
intermittency can be observed both with a decrease and with an increase the
values γ. On the right part of the bifurcation tree the typical situation for
non-linear dynamics is observed.
In Fig.5c,d the typical in this case phase portraits of chaotic attractors of the
system are shown. The chaos shown in Fig.5c is characterized by a relatively
small volume of localization in phase space of the system (4). Conversely, in
Fig.5d the ”developed” chaos with a much larger volume of localization in phase
space is shown.

642

A. Yu. Shvets and A. M Makaseyev

Let the system (4) parameters be C = −0.1, D = −0.58, E = −0.6,
F = 0.19 and the delay δ = 0. The distributions of the invariant measure of
the limit cycle at γ = 0.165 (fig.6a) and the chaotic attractor at γ = 0.1652
(fig.6b) illustrate the transition to chaos through intermittency when changing
the delay γ. These distributions of the invariant measure on the phase portrait
of attractors allow us to identify the laminar and turbulent phase of chaotic
attractor that arises under the scenario of Pomeau-Manneville.
In fig. 6c,d, rather typical for this system, the Poincare section and the
Poincare map of the chaotic attractor at γ = 0.28 are constructed. Both of them
have ”quasiribbon” structure. This allows building an analytical approximation
of Poincare map that can be used for an approximate study the dynamics of
the three-dimensional system using one-dimensional discrete map [9].

5

Conclusions

Thus, various factors of delay make the considerable influence on dynamics
of system ”pendulum - electromotor”. Delay presence in such systems can
cause both origin, and vanishing of chaotic attractors. Besides, delay leads
to occurrence of atypical situations at transitions from the regular regimes to
deterministic chaos.
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(E-mail: florian.thiery@ltu.se,jan-olov.aidanpaa@ltu.se)

Abstract. The non-linear behaviour of rub-impact systems have been studied recently by approximating rotor-stator systems as rubbing cylinders. In reality, the
rotor shape is more complex, resulting in richer dynamics over smaller parameter
ranges. In this paper, a bladed turbine is modelled using a Jeffcott rotor with three
rigid beams attached to the mass center. The contact forces are described by a radial
restoring force induced by the massless outer ring, and a tangential Coulomb frictional force. The results are presented in bifurcation diagrams and compared with
a previous model described by three flexible beams entering in contact with a fixed
ring assuming large displacement beam theory. This paper shows that the two models described give similarities in the overall bifurcation diagram, only showing greater
differences in localized frequency ranges.
Keywords: Nonlinear, Rotor-dynamics, Jeffcott, Blade, Impact.

1

Introduction

In rotor dynamics, several types of configuration can lead to non-linear dynamics. One of them is the rub-impact systems having a high degree of nonlinearity, which may lead to unwanted vibration. Many studies have been performed on the Jeffcott rotor with rubbing cylinders. For instance, Karpenko
et al.[1] presented the effect of mass imbalance of a nonlinear rotor system
with bearing clearances, as well as the case of a preloaded snubber ring [2].
Popprath and Ecker[3] studied the effect of stator damping for a similar rotorstator system. In these types of models, complex dynamics always occur above
the natural frequency of the system [4].
On the contrary, fewer studies have been performed in the case of bladed
turbines which can be of interest in different industrial applications. Complex
FEM blade models have been studied by Legrand et al., but not over complete
parameter ranges due to the model sophistication. Nonetheless, a rubbing Jeffcott rotor with three blades has been developed by Aidanpää and Lindkvist[5],
showing that complex dynamics can occur below the natural frequency, especially at integer fractions of ωn /3. An accurate description of this model will be
Received: 4 April 2012 / Accepted: 10 October 2012
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made and compared with the simplified model assumed in this paper. As the
model described in [5] is rather complex due to solving equations for non-linear
beam deformations, it is of interest to evaluate if a simpler model could be used
and find its limitation.

2

Rotor Model

The model of the bladed Jeffcott rotor is given in Figure 1. The mass of the
rotor is m with external damping c and stiffness k for the massless shaft. The
three blades are assumed to be massless and rigid, equally spaced and of length
L. The blades are rotating in a rigid ring of radius R attached to two springs
of value k1 . The rotor is rotating with an angular velocity ω. When the blades
enter in contact with the outer ring, the contact forces are described by a force
P normal to the circle delimited by the ring, and a tangential force µP at the
contact point where µ is a friction coefficient (Coulomb friction). The mass
of the ring is neglected, as well as damping so that the outer ring returns to
its initial position instantaneously. The nonlinear behaviour of the system is
caused by the sudden change in stiffness when a blade gets in contact with the
outer ring.

Fig. 1. (a) Side view of the bladed Jeffcott rotor (b) Overview of the Jeffcott rotor.

For the first blade, the position of the tip is expressed by the following
vector
r = (x + L cos(ωt))i + (y + y0 + L sin(ωt))j

(1)

where (i, j) is a fixed base of the system in the x and y direction. For any
blade, the position vector can be written in a same way by replacing the phase
ωt by ωt + 2π(k − 1)/3 for k = {1, 2, 3}. The displacement y0 is the initial
eccentricity in the y direction. The condition for one of the k-th blade to be
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in contact is given by krk k = R. It is assumed that only one blade enter in
contact with the ring at the same time. The force generated by the contact can
be decomposed in a normal force acting towards the origin of the coordinates
system O and a force tangent to the ring with a direction depending on the
tangential contact velocity vck of the corresponding blade. For the first blade,
the normal contact force Fn is given by
Fn = −k1 ∆r

r
,
krk

(2)

while Ft is obtained by a rotation of π/2 of Fn and having a norm µkFn k,
with the direction depending on the sign of the velocity. As a result, the
equations of motion are
(

mẍ + cẋ + kx = (Fkn + Fkt ).i
mÿ + cẏ + ky = (Fkn + Fkt ).j

(3)

when the k-th blade is in contact with the rotor (krk k = R). For the no
contact case (∀k krk k < R), the right side term of equation (3) is null. By
writing them in a matrix form, using the Heaviside function H(.) and sign
function sgn(.) gives

       
m 0 ẍ
c 0 ẋ
k 0 ẋ
+
+
= −H(krk k − R) × k1 ×
0 m ÿ
0 c ẏ
0 k ẏ




R
x + L cos(ωt + 2π(k − 1)/3)
1
−µ sgn(vck )
)
(1 −
y + y0 + L sin(ωt + 2π(k − 1)/3)
1
krk k µ sgn(vck )

(4)

The equations of motion are now ready to be solved numerically after normalization.

3

Simulation Method

In this paper, the equations of motion have been solved using a 4-th order
Runge-Kutta integration with constant time step. An in-house code was implemented in C++. For bifurcation diagrams, 100 Poincare sections were collected
after simulating 100 periods for a given normalized frequency Ω = ω/ωn . In
this model, the state space dimension is 5 (R4 × S) with displacements x and y,
velocities ẋ and ẏ, and the phase ϕ = ωt. The Poincare sections are retrieved
at a constant phase θp = 2π in the state space. To plot the bifurcation diagrams, 5000 steps are used for the normalized frequency range. The final state
vector of a simulation at a given frequency is used as the initial condition for
the following one to find stable solutions over the whole studied range.
Concerning the maximum Lyapunov exponents, 100 periods were simulated
at first to be on the attractor. The initial perturbation between the two trajectories was taken smaller than  = 1.10−9 because of the strong non-linearities
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of the system and to avoid following other attractors for the perturbed trajectory, which could lead to erroneous exponents values. A rescaling has been
done for both positive and negative exponents. Threshold values were chosen
to optimize the accuracy of the results and the computer speed. A number
of 10000 periods were simulated to get a good convergence of the Lyapunov
exponent for any frequency.

Fig. 2. (a) Bifurcation diagram - zoom 1 (b) Bifurcation diagram - zoom 2 (c) Overall
bifurcation diagram (d) Maximum Lyapunov exponent

4

Numerical Results

The parameters of the system are R = 0.11, L = 0.1, δ = R − L = 0.01 m = 1,
k = 100, k1 = 15000, ωn = 10, µ = 0.1 [SI units]. These parameters are
kept constant and will constitute the reference case if values are not specified
explicitly. Figure 2 (c) shows that higher vibrations start to appear at Ω =
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0.33, with an apparent periodic motion below this frequency. Figure 2 (c)(d) correlates the bifurcation diagram together with the Lyapunov exponents,
which allows to identify chaotic motions not visible in region 1 (see Figure 3
for areas numeration). An interesting change in the diagram also appears at
Ω = 0.666 showing the route to chaotic motion by period doubling bifurcations
from 3 to 4 .

Fig. 3. Bifurcation diagram for the axially elastic blade model

Fig. 4. Axial stiffness modelling for different simulations

The model described by [5] differs in some details and complexity. In opposition to our model, the outer ring is rigid and fixed while the blade is elastic
and can be deformed axially and transversally when contacts occur by assuming large beam displacement theory. The relation between displacement and
stiffness was done by polynomial curve fitting. Though the models are sensitively different, global bifurcations, periodic and chaotic motions appear in the
same regions on Figure 3, with small differences becoming visible in localized
frequency ranges in regions 2 and 4 .
A model has been performed by changing the constant stiffness with an
exponential fit of the axial stiffness calculated in [5]. The force-displacement
fitting function is given by F (x) = a exp(bx) + c exp(dx), with a = 32.53,
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Fig. 5. Bifurcation diagram for different k1 : (a) 1.5 × 103 (b) 1.5 × 104 (c) 1.5 × 106
(d) exponential function

b = 10.36, c = −26.25 and d = −2012. A representation of this function
together with constant stiffness curves is displayed on Figure 4. It shows that
the contact stiffness is extremely high for small displacements. As a result,
bifurcation simulations are also performed for different constant stiffness values
k1 = [1.5 × 103 ; 1.5 × 104 ; 1.5 × 106 ]. On Figure 5, bifurcation diagrams show
similar behaviour regardless of the stiffness, excepted for the lowest stiffness (a)
only showing a periodic motion over the whole frequency range. A simulation
performed for a variable stiffness ratio k1 /k shows that chaotic motion appears
for a stiffness ratio of 39 (at a frequency Ω = 0.74). Therefore the general
dynamic behaviour of the system is similar for every k1 ≥ 3900, but it confirms
that weaker outer rings do not represent correctly the dynamics of the system
under a certain threshold value. Moreover, the contact forces shown on Figure 6
vary greatly for each different stiffness k1 by a ratio 1/100 from the smallest to
the biggest value, making it difficult to know the validity of the model to get
realistic contact forces as in the elastic beam model.
Regarding the influence of other parameters, tests have been performed
for damping at Ω = 0.74, showing that increasing damping has a stabilizing
effect. Morever, complex dynamics only occur for a minimum value of the
initial eccentricity y0,min = 0.010000019, so that a reasonable value must be
chosen for contacts to happen and get the system’s main dynamic properties.
For instance, a initial eccentricity within the range [0.0100000048-0.010000019]
will only show the first chaotic range 2 , while the chaotic range 4 disappears
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Fig. 6. Maximum force-frequency curves for different stiffness values

suddenly. Below this range, no significant dynamics occur at all (similar to a
non-contact case).

Fig. 7. Bifurcation diagram at Ω = 0.74 for: (a) varying stiffness ratio (b) varying
damping

5

Discussion and Conclusion

Though few studies have been performed concerning blade impacts in rotordynamics, it was shown that complex dynamics occur below the natural frequency
at integer fractions of ωn /3. The present study confirms the sub-cited results
by adopting a simpler model with different assumptions, only giving small differences in localized frequency ranges. Though the general dynamic behaviour
is similar, the drawback of the new model is that no insight is given concerning forces amplitude so that validity of the model cannot be totally identified.
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Nonetheless, the main advantage is to evaluate the influence of the design parameters (ξ, µ, y0 , δ, k1 /k) in a faster way due to the model simplicity. From
a numerical point of view, the Lyapunov exponents calculation showed sensitivity to the initial perturbation and threshold values, because of different
solutions that may coexist for a fixed parameter set. Hence, jumping from
one attractor to another may lead to erroneous exponents values. As a result,
extraction of multiple solutions in bifurcation diagrams would allow to have
better confidence in maximum Lyapunov exponents.
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Resolving of the 2 N - Lotka - Volterra system of
spliting logistical model for the competition problem
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Abstract: Procedure of spliting of logistic equation of population dynamics allowed to get the
hierarchical 2 N Lotka - Volterra system for competitive objects and reduce of this system to
the aggregate of independent equations of Bernoulli. This approach allows obtain the
analytical solution of Lotka-Volterra system and got asymptotic of solution at t → ∞ for the
particular cases - constant coefficients of the system.
Keywords: Logistic function, Method of spliting, 2 N Lotka - Volterra system,
Hierarchical competition model.

1. Introduction
The lifecycle of complex biological, economical, demographical objects in the
scientific and applied works is described by logistic models, that based on the
Cauchy problems for Bernoulli equation [1], [2], [3], [4], [5]. The wide class of
evolution models, described the behavior of complex objects and systems, deals
with simulation of competition process, interactions between their parts or
subsystems, included in them. Lifecycle of complex object with multilevel
internal structure of competitive objects is simulated by well known systems of
Lotka-Volterra equations [3] - [9]. Formally the model of competition is created
as a result of decomposition (one of the basic procedure of system analysis) of
logistic model, describing the lifecycle of all system - joint group of objects, on
the set of logistic models, where everyone describes the lifecycle of separate
competitive object by Lotka-Volterra nonlinear differential equations [10]. In this
article, using the approach of the successive hierarchical spliting of logistic
problem on two problems of Lotka-Volterra for competitive subsystems and
further spliting of every problem on two new, the binary tree – special graph is
created with the binary spliting on every node and with the final amount of 2 N
equations of Lotka-Volterra for N -level hierarchical system. It is well known
that the Lotka-Volterra system in common case doesn’t allow to get an analytical
solution for the system of three competitive objects and more. The particular case
of the binary decomposition of logistic problem considered in the article allows us
to get the analytical solution of

_________________
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the system of 2 N competitive objects and the asymptotical behavior of the
logistical functions for the system of equations with constant coefficients at the
t →∞.

2. The Scheme of Spliting of Logistic Problem
We will suppose, that in the concerning isolated system there is a resource
α 0 (t ) > 0 , as some non-decreasing function of time dα 0 / dt ≥ 0 for some complex
object, evolving in time and identified through scalar macroparameter Y (t ) . Lets
consider the Cauchy problem for equation of Bernoulli (logistic model) :

Yt = (α 0 (t ) − Y (t ))Y (t ) , t ∈ [0, T ] ,

(1)

Y (0) = Y0

(2)

Y0 is an initial value of macroparameter, satisfied condition
0 < Y (0) < α 0 (0) . Let the complex object at the first level of hierarchy ( N = 1 )

where

involves two competitive objects y (0) and y (1) , so that Y (t ) = ∑ y ( k ) , where
k∈D1

DN set of binary numbers with N digits. Let put this decomposition in
equation (1), initial condition (2) and input additional member from equation of
Lotka - Volterra, modelling the process of competitive activity :

( y (0) + y (1) ) t = (α 0 (t ) − ( y (0) + y (1) ))( y (0) + y (1) ) ± γ 0,1 (t ) y (0) y (1)

( y (0) (0) + y (1) (0)) = Y0 .
Break up this system on two, using the principle of symmetry and Lotka-Volterra
model for the competitive systems:

yt(0) = (α 0 − Y (t )) y (0) + γ 0,1 (t ) y (0) y (1) ,

(3)

yt(1) = (α 0 − Y (t )) y (1) − γ 1,0 (t ) y (1) y (0) ,

(4)

y (0) (0) = y0(0) , y (1) (0) = y0(1) .

(5)

where γ 0,1 (t ) = γ 1,0 (t ) is a coefficient of competition between objects y (0) and

y (1) ( γ k , s (t ) ∈ (−1;1) ,

s, k ∈ D1 ),

y0( k ) > 0 - initial values of objects macro-

parameters, thus 0 < Y (0) = ∑ y0( k ) < α 0 (0) . Let each of the objects at the first
k∈D1
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level of hierarchy contains two competitive objects at the second level ( N = 2 ) of
hierarchy y (0) = y ( 00) + y (01) , y (1) = y (10) + y (11) , so that Y (t ) = ∑ y ( k ) . Put
k∈D2

this decompositions in a problem (3), (4), (5) and, using the algorithm of spliting
with additional members, describing the competition process, we get the system
for competitive objects at second level of hierarchy :

yt(00) = (α 0 (t ) − Y (t )) y (00) + γ 0,1 (t )( y (10) + y (11) ) y (00) +
+ γ 00,01 (t ) y (00) y (01) ,

(6)

yt(01) = (α 0 (t ) − Y (t )) y (01) + γ 0,1 (t )( y (10) + y (11) ) y (01) −

− γ 00,01 (t ) y (00) y (01) ,

(7)

yt(10) = (α 0 (t ) − Y (t )) y (10) − γ 0,1 (t )( y (00) + y (01) ) y (11) +
+ γ 10,11 (t ) y (10) y (11) ,

(8)

yt(11) = (α 0 (t ) − Y (t )) y (11) − γ 0,1 (t )( y (00) + y (01) ) y (11) −
− γ 11,10 (t ) y (10) y (11) ,

(9)

y (00) (0) = y0(00) , y (01) (0) = y0(01) , y (10) (0) = y0(10) ,
y (11) (0) = y0(11) .
where

γ 00,01 (t ) ,

s, k ∈ D2 ),

y0( k )

0 < Y (0) = ∑

k∈D2

(10)
γ 10,11 (t )

>0

y0( k )

- competition coefficients ( γ s,k (t ) ∈ (−1;1) ,

- initial values of objects macroparameters, thus

< α 0 (0) . Repeating procedure of spliting for

N

levels,

we
get the hierarchical structure of interactions of 2 N objects of the system (1), (2)
in a binary graph, shown on Fig.1.
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3. Analytical Solution of the System (1) - (10)
Equation (1) over through replacement Z = Y −1 is reduced to the linear
equation Z t = 1 − α 0 (t ) Z . Then solution of problem (1), (2) has a view

Y (t ) =

t
t

Y0 Λ (t )
, Λ (t ) = exp ∫ α 0 (τ ) dτ  , Π (t ) = ∫ Λ ( x ) dx . (11)


1 + Y0 Π (t )
0
0


From (11) follows that Y = 0 is the special point of equation (1) and in the
vicinity of this point solution (11) remains limited during any limited interval of
time t ∈ [0, T ] at an initial value Y0 > 0 . If α 0 = const > 0 in (11), then solution
(1), (2) has a view:

Y (t ) =

Y0α 0
Y0 (1 − exp(−α 0t )) + α 0 exp(−α 0t )

(12)

From (12) follows, that Lim Y (t ) = α 0 (achievement of satiation by a logistic
t →∞

curve - complete consumption of resource by objects for the infinite interval of
time). System of equations (3), (4), (5), with (11), has a view :


Y Λ (t )  (0)
 y − γ 0,1 y (0) 2 ,
yt(0) =  α 0 (t ) − (1 − γ 0,1 ) 0
1 + Y0 Π (t ) 


(13)


Y Λ (t )  (1)
 y + γ 0,1 y (1) 2 ,
yt(1) =  α 0 (t ) − (1 + γ 0,1 ) 0
1
+
Y
Π
(
t
)
0



(14)

y (1) (0) = y0(1) , y ( 2) (0) = y0( 2) .

(15)

By analogy with equation (1), solution of problem (13), (14), (15) can be
obtained in an analytical view:

y (0) (t ) =

y0(0) Λ(0) (t )
1+

y0(0) Π (0) (t )

,

(16)

Fig. 1. A binary graph - decomposition of initial object Y on

competitive objects

.
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t
Y Λ (τ )  
dτ  ,
Λ(0) (t ) = exp ∫  α 0 (τ ) − (1 − γ 0,1 (τ )) 0

1
+
Π
(
)
Y
τ
0
 
 0
t

Π (0) (t ) = ∫ Λ(0) ( x)γ 0,1 ( x)dx ,
0

y

(1)

(t ) =

y0(1) Λ(1) (t )
1 − y0(1) Π (1) (t )

,

(17)

t
Y Λ (τ )  
dτ  ,
Λ(1) (t ) = exp ∫  α 0 (τ ) − (1 + γ 0,1 (τ )) 0

1
+
Y
Π
(
)
τ
0
 
 0
t

Π (0) (t ) = ∫ Λ(1) ( x)γ 0,1 ( x)dx .
0
At α 0 = const > 0 , γ 0,1 = const ∈ [−1;1] solution (16), (17) has a view:

y ( 0) =

y (1) =


1 +ν
y0(0)Y0 
1 +ν exp(−α


1−γ 0,1



t
)
0 



1 +ν

y0(1) exp(−α 0γ 0,1 t ) + y0(0) 
1
+
ν
exp(
−
α
t
)
0 


1 +ν
y0(1)Y0 
1 + ν exp(−α


− γ 0,1

(18)

1+ γ 0,1



0t ) 



1 +ν

y0(0) exp(α 0γ 0,1 t ) + y0(1) 
 1 + ν exp(−α 0t ) 

γ 0,1

(19)

where ν = α 0 / Y0 − 1 > 0 - positive constant. At the positive initial conditions
(15), solutions (18), (19) will be positive always at t > 0 . From the analytical
view of solutions (18), (19) follows, that type of its asymptotical behavior at
t → ∞ is determined only by the sign of coefficient γ 0,1 and has a view :
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α 0 , for γ 0,1 > 0
,
Lim y (0) (t ) = 
t →∞
0, for γ 0,1 < 0
0, for γ 0,1 > 0
,
Lim y (1) (t ) = 
t →∞
α 0 , for γ 0,1 < 0
that corresponds to asymptotical behavior of solution (12) and reflects basic
properties of behavior of competitive objects. From here follows also the
limitation of solutions of the system (3), (4), (5) at the previous limits of
initial data and coefficients of the system at t > 0 . Lets write the system (6),
(7), (8), (9), (10) in a view:

yt(00) = (α 0 (t ) − (1 − γ 0,1 (t ))Y (t ) + (γ 00,01 (t ) − γ 0,1 (t )) y (0) ) y (00) −
− γ 00,01 (t ) y (00) 2 ,

(20)

yt(01) = (α 0 (t ) − (1 − γ 0,1 (t ))Y (t ) − (γ 00,01 (t ) + γ 0,1 (t )) y (0) ) y (01) +
+ γ 00,01 (t ) y (01) 2 ,

(21)

yt(10) = (α 0 (t ) − (1 + γ 0,1 (t ))Y (t ) + (γ 10,11 (t ) + γ 0,1 (t )) y (1) ) y (10) − ,
− γ 10,11 (t ) y (10) 2

(22)

yt(11) = (α 0 (t ) − (1 + γ 0,1 (t ))Y (t ) − (γ 10,11 (t ) − γ 0,1 (t )) y (1) ) y (11) +
+ γ 10,11 (t ) y (11) 2 ,

(23)

y (00) (0) = y0(00) , y (01) (0) = y0(01) , y (10) (0) = y0(10) ,

(24)

y (11) (0) = y0(11) .
Then solution (20), (21), (22), (23), (24) can be written in an analytical view:
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(00)

(t ) =

y0(00) Λ(00) (t )

t

1 + y0(00) Π (00) (t )

,

Π(00) (t ) = ∫ Λ(00) ( x)γ 00,01( x)dx , (25)
0

t
Y Λ(τ )
Λ(00) (t ) = exp ∫ α 0 (τ ) − (1 − γ 0,1 (τ )) 0
+
1 + Y0 Π(τ )
 0
( 0)
y Λ(0) (τ )  
+ (γ 00,01 (τ ) − γ 0,1 (τ )) 0
dτ ,
 
( 0) ( 0)
1 + y 0 Π (τ )  

y

(01)

(t ) =

y0(01) Λ(01) (t )

t

1 − y0(01) Π (01) (t )

,

Π(01) (t ) = ∫ Λ(01) ( x)γ 00,01( x)dx , (26)
0

t
Y Λ(τ )
Λ(01) (t ) = exp ∫ α 0 (τ ) − (1 − γ 0,1 (τ )) 0
−
1
+
Y
Π
(
τ
)
0
 0
( 0)
y 0 Λ(0) (τ )  
− (γ 00,01 (τ ) + γ 0,1 (τ ))
dτ ,
 
(0)
1 + y 0 Π (0) (τ )  

y

(10)

(t ) =

y0(10) Λ(10) (t )

t

1 + y0(10) Π (10) (t )

, Π(10) (t ) = ∫ Λ(10) ( x)γ10,11( x)dx , (27)
0

t 
Y Λ(τ )
Λ(10) (t ) = exp ∫ α 0 (τ ) − (1 + γ 0,1 (τ )) 0
+
1 + Y0 Π(τ )
 0
(1)
y 0 Λ(1) (τ )  
+ (γ 10,11 (τ ) + γ 0,1 (τ ))
dτ ,
 
(1)
1 − y 0 Π (1) (τ )  

y

(11)

(t ) =

y0(11) Λ(11) (t )
1 − y0(11) Π (11) (t )

t

,

Π (11) (t ) = ∫ Λ(11) ( x)γ 10,11 ( x)dx , (28)
0
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t
Y Λ(τ )
Λ(11) (t ) = exp ∫ α 0 (τ ) − (1 + γ 0,1 (τ )) 0
−.
1 + Y0 Π(τ )
 0
(1)
y 0 Λ(1) (τ )  
dτ
− (γ 10,11 (τ ) − γ 0,1 (τ ))
 
(1)
1 − y0 Π (1) (τ )  
At α 0 = const > 0 , γ 0,1 = const ∈ [−1;1] the analytical solution (25), (26), (27),
(28) has a view:

γ

y

×

y

×

(00)

(t ) =

1−γ 0,1

Y0 0,1 α 0

ξ (t )

γ 0,1 −1

X ( 0)

×

(29)

1
γ

/ γ 0,1

γ

1−γ 0,1

( y0(0)−1 + Y0 00,01
(01)

(t ) =

exp(−γ 00,01α0t) X

Y0 0,1 α 0

ξ (t )

X ( 0)

( y0(00)−1 − y0(0)−1))

γ 0,1 −1

×

(30)

1
−γ
/γ
(0)γ
/γ
( y0(0)−1 + Y0 00,01 0,1 exp(γ 00,01α0t) X 00,01 0,1 ( y0(01)−1 − y0(0)−1))

X (0) = y0(1) exp(−γ 0,1α 0t ) + y0(0)ξ (t )

y

(0)−γ 00,01 / γ 0,1

(10)

(t ) =

γ 0,1 γ 0,1 −γ 0,1

−γ 0,1 1+ γ 0,1
−γ −1
α0
ξ (t ) 0,1
×
(1)

Y0

Y0

α0

,

(31)

X

×

y

1
−γ
/γ
(1)γ
/γ
( y0(1)−1 + Y0 10,11 0,1 exp(−γ10,11α0t) X 10,11 0,1 ( y0(10)−1 − y0(1)−1))

(11)

(t ) =

−γ 0,1 1+ γ 0,1
−γ −1
α0
ξ (t ) 0,1
(1)

Y0

X

×

(32)
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1
γ 10,11 / γ 0,1

( y0(1)−1 + Y0

exp(γ10,11α0t) X

X (1) = y0(0) exp(γ 0,1α 0t ) + y0(1)ξ (t )

(1)−γ10,11 / γ 0,1

−γ 0,1

( y0(11)−1 − y0(1)−1))

−γ 0,1 γ 0,1
α0 ,

Y0

ξ (t ) = 1 + (α 0 / Y0 − 1) exp(−α 0t ) .

,

(33)
(34)

At the positive initial conditions (24), solutions (29), (30), (31), (32), (33), (34)
are positive always at t > 0 . Taking into account that at 0 < Y0 < α 0 , limit

Lim ξ (t ) = 1 , the type of solutions (29), (30), (31), (32), (33), (34) asymptotical

t →∞

behavior at t → ∞ is determined only by the signs of coefficients γ s,k :

α 0 , for (γ 0,1 > 0 and γ 00,01 > 0);
Lim y (00) (t ) = 
t →∞
0, for (γ 0,1 > 0 and γ 00,01 < 0) or (γ 0,1 < 0);
α 0 , for (γ 0,1 > 0 and γ 00,01 < 0);
Lim y (01) (t ) = 
t →∞
0, for (γ 0,1 > 0 and γ 00,01 > 0) or (γ 0,1 < 0);
α 0 , for (γ 0,1 < 0 and γ 10,11 > 0);
Lim y (10) (t ) = 
t →∞
0, for (γ 0,1 < 0 and γ 10,11 < 0) or (γ 0,1 > 0);
α 0 , for (γ 0,1 < 0 and γ 10,11 < 0);
Lim y (11) (t ) = 
t →∞
0, for (γ 0,1 < 0 and γ 10,11 > 0) or (γ 0,1 > 0).
Continuing the process of decomposition by the scheme, shown on Fig.1, we get the
system of 2 N equations at the N -level of hierarchy. Each equation of system is
reduced to equation of Bernoulli like (13), (14), (20), (21), (21), (22), (23). A
common solution of this type equation is written in form:

y

(s)

(t ) =

y0( s ) Λ( s ) (t )
1 + y0( s ) Π ( s ) (t )

( s, k ∈ D N ),

t

,

Π ( s ) (t ) = ∫ Λ( s ) ( x)γ s, k ( x)dx ,
0

s − k =1,

where Λ( s ) depends from the known elementary functions, got on the previous
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levels of hierarchy model.

4. Conclusions
Thus, using the procedure of spliting (decomposition) for the logistic equation of
population dynamics we got the hierarchical 2 N system of Lotka-Volterra for
separate competitive objects and reduced this system to the set of independent
equations of Bernoulli. It allowed us to get analytical solution of the Lotka-Volterra
system for 2 N equations and to show asymptotical behavior of solution at t → ∞
for the particular cases - constant coefficients of the system. The analytical solutions
of the Lotka - Volterra system help to investigate behavior of competitive biological
objects for the age-structured models of living cells competition with viruses in the
problems of model identification and optimal control [11], [12].
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Abstract: LabVIEW software is used to decode step sequences generated by Irish light
and hard shoes and bare feet. To remove the low frequency reverberation of the floor a
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1. Introduction
In the last 5 years acoustic metrology [1, 2, 3 and 4] as a means of controlling an
atmospheric pressure plasma-surface manufacturing processes has been
developed. The origins of this metrology go back to W. Duddell’s [5] and V.
Paulson’s [6] ionised gas sound production experiments at the turn of 19th - 20th
century when radio technology was in its infancy. Today’s atmospheric plasma
metrology uses advanced digital time- and frequency-domain instrumentation
linked to principal component analysis techniques to capture the interaction
between the plasma and treated surface. This work extends this acoustic
metrology into the world of solo step dance, in particular the examination and
comparison of Irish hard shoe, Irish light shoe and bare feet. The percussion
plates on Irish hard shoes are constructed from fibreglass or fibreglass
composites. These are constructed in a solid piece and are fixed to the base of
the front of the shoe with glue and to the heels with nails/screws. American tap
shoes use plates constructed from a thin piece of steel and are loosely fixed to
the shoe using screws. This difference in material and shoe/plate bonding results
in a very different sound signature between the two shoe types. The Irish shoe
gives a deep 'woody' sound when struck, while the loosely fixed steel plates of
the American tap shoe has a hollow 'tinny' sound. The loose bonding of the
American percussive plates result in a distinctive double tap per strike while the
tightly adhered Irish plates result in a single tap per strike. These two distinctive
toe and heel tap styles are universally used in record attempts in speed dancing.
We use sound recording software that was developed to capture and analyse
_________________
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atmospheric pressure plasma acoustics. To evaluate the techniques we sample
and compare bare feet and Irish light shoes, and Irish hard shoes striking a
ceramic tiled floor and a wooden surface.

2. LabVIEW software
The sound recording and deconvolution analysis used in this study uses National
instrument LabVIEW 20011 software program running on a Dell laptop. The
recordings where made using a standard sampling rate of 44100 S/s and a 24 Bit
depth. Decoding of recorded time-series dance rhythms and an Irish traditional
dance sequence, danced to the tune of ‘Abe’s axe’, a reel from Gráda's Natural
Angle album (Compass Records), are used to demonstrate how a SavitzkyGolay (SG) moving window digital filter [3, 6] can be used to piece-by-piece
de-convolve the low frequency reverberation response of the floor surface
(wood and tile) as the dancers shoes (and bare feet) strike the floor surface. The
SG filter uses a least square minimisation operation with a polynomial function
(m = 1). The windowing operation is expressed in the following form, where k
is the ± sampled data points. The block diagram of the LabVIEW deconvolution
software is shown in Fig 1.
2k +1

(1)

Figure 1: Block diagram of LabVIEW de-convolution software

2.1 Dance shoes
The Irish dance shoes used in this study are manufactured by Hullachan Pro.
(Glasgow, Scotland). The Irish light shoes are the Hullachan H1 leather soled
pumps while the Irish hard shoes are Hullachan HIJ Jig shoes with fibreglass
composite percussion plates on the toes and polyurethane top on the heels.

3. Results
Three sets of dance recordings were made and the recordings analysed using the
NI software program. The first and second set of recordings where taken of two
subjects (one female and one male, having a European shoe size of 38 and 41,
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respectively) dancing to the rhythm of ‘Abe’s Axe’. In the first test the dancers
were in bare feet and then the female dancer with Irish light shoes. Finally both
wore the traditional Irish hard shoe. The floor surface was also changed from
wood to ceramic tile. The sound recordings were taken at distance of 1 meter for
the bare feet sequence and 3 meter for the shoe recordings. The third set of
sound recordings where taken with the dancers wearing the Irish hard shoe and
dancing to the rhythm of an Irish traditional step dance. Again a wooden floor
and ceramic tiled floor were used. The results of the sound measurements and
their de-convolution are set out in sections as follows: 3.1 surveys the four
percussive impacts to the bar using bare feet and Irish light shoes; section 3.2
looks at the traditional Irish step dance. And section 4 provides the conclusion.

3.1. Bare feet and Irish light shoes
In this section the LabVIEW software is employed to decode a sequence of 4
percussive impacts to the musical bar, which is repeated for 8 bars. The foot
timing is kept by the dancer listening (through an ear piece) to the tune of
‘Abe’s Axe’. The recording microphone is placed 1 meter in front of the dancer.
The 4 percussive impact sequence, which is repeated 8 times, is:
1 = Right Toe
2 = Right Heel
3 = Left Toe
4 = Left Heel

Figure 2: Bare foot recording and its de-convolution. Upper trace is the raw
recording, middle the sythenic floor and lower trace depicts the step sequence.
Figure 2 shows a triplet of time-base traces, for clarity each trace is offset
from each other. The upper trace is the raw sound recording of a male dancer
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performing the percussive sequence on a wooden floor surface; the middle trace
is the synthetic floor that is produced by the SG window of ±10 samples; and
the lower trace is the recovered (raw - synthetic floor) step sequence. A
comparison of the three traces reveals that the recovered step sequence has the
same amplitude as the raw data with an alternating high-low impulse sequence
with a timing interval of 0.2 seconds. Given that human perception of loudness
[8] is subjective, an objective measure would be the bandwidth of the impulse
caused by the foot striking the floor. For this reason the acoustic signature are
measured and used as a comparison with the hard shoe in section 3.2 Typically
high impulses have an attack rise time of ~micro seconds, a sustain period of
~0.01seconds and decay a time of ~0.2 seconds to the zero-crossing point
reference line. Figure 3 shows the dance percussion analysis (decoding) of the
recovered step sequence discussed in Figure 2. The step sequence starts with the
strike of the right toe (1) followed by the strike of the right heel (2) which has a
reduced applied weight signature. The sequence continues with the toe (3) and
heel (4) of the left foot and the completion of the first bar. From here the beats
repeat to the end of the 8 bars and then repeat for second 8 bar sequence. The
complete double sequence reveals 2 details of the male dancer. First, the dancer
appears to reduce his applied weight in the beats of bars: 6, 7, and 8 bar of the
first beats sequence. Second the dancer appears to be cognisant of the upping
and coming end of the 8th bar: this is illustrated by the added etherise (weight) to
the start of second 8 bar sequence.

Figure 3: Decoding of the recovered male percussive impact sequence.
The required SG windowing to achieve minimum noise at the zero crossing
point and linear time progression has been performed. The results of this
analysis as a function floor type, male and female dancer and change to Irish
light shoe for the female dancer is tabulated in table 1. The result shows that the
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necessary window is a constant ±10 samples across the matrix. Within these
datasets the impulses amplitudes and beat timing are also constant, apart from
were a momentary change in the dancer’s balance generate an increase noise
around the beats, see figure 4. In this example the dancer establishes balance in
the first few bars of the dance sequence. However the recaptured composure is
not sufficient to match the rhythm displayed in figure 3.
Table 1. SG window matrix for floor, sex with bare feet and soft shoe
Dancer
Wooden floor
Title floor
Wooden floors
Tile floor
bare feet
Bare feet
Soft shoes
Soft shoes
Male dancer
±10
±10
Female dancer
±10
±10
±10
±10

Figure 4: An example of dancer momentary weight imbalance.

3.2. Irish traditional step dance using a hard shoe
In this section a traditional step dance sequence is examined, again for two
sequences. The acoustic signal is from the shoe impact on the floor producing a
louder noise than that of the bare feet and Irish light shoe measurements, for this
reason the microphone was placed some 3 meters away from the dancer and
muffled. The tempo is set to produce a sequence of 8 bars two times over a 16
bar recording period. The sequence can be broken into 64 "beats" of equal
duration. This 64 beats can be further broken into an 8 x 8 matrix. The dance
sequence has 6 different types of percussive impacts and therefore 6 repeating
sounds, the letters A, B, C, D, E & F (F being a heavy strike of the foot, and the
silent gaps are represented with the letter P. In addition, letters that are
underscored denote the left foot and the non-underscored letters denote the right
foot. The full step sequence is shown in table 2. In table 2 the 2 letters F and F
in the last line represents a double strike at the end of the first sequence. This is
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followed by a pause of duration 3 beats before the sequence is repeated. The
repeat sequence leads with the “A” sound, which is made with the ball of the
left foot. The foot movements of the letters are listed as follows:
Table 2.
Line Step 1
A
1
A
2
A
3
A
4
A
5
A
6
A
7
E
8

Step 2
B
B
B
B
B
B
B
P

Step 3
C
C
C
C
C
C
C
F

Step 4
D
D
D
D
D
D
D
P

Step 5
E
E
A
E
E
E
A
F

Step 6
P
P
B
P
P
P
B
P

Step 7
F
F
C
F
F
F
C
P

Step 8
P
P
D
P
P
P
D
P

A = Ball of foot
B = Forward stroke
C = Backwards stroke
D = Hop (landing on ball of foot)
E = Ball of foot (similar to A but with less weight)
F = Strike with whole foot

Figure 5: Comparison between male and female dancer performing the
traditional Irish step dance on ceramic tile and wooden surface.
Four deconvolved acoustic time-series trace (synthetic floor removed: ±10
samples for the wooden floor and ± 22 sample points for the ceramic tile floor)
of the traditional Irish step dance using the heavy shoes are shown in figure 5.
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The traces are for both the female and male dancer on the ceramic tile and
wooden floor, respectively. Each trace has been aligned to the double strike (F,
F) and offset from each other to provide clear viewing. The traces provide an
illustrative view of the individual step beats and their beat timing for both the
wooden and ceramic tile floor. Note also the silent beats, in particular the triple
silent gap at the end step sequence which allow the final F beat to exponentially
decay before the start of the repeat step sequence. It is clear that there is a
difference in emphasis on particular impacts for the two dancers. The female
applies more weight to the F parts of the dance sequence when compared to the
A, B, C, D & E sections of her sequence. The male dancer on the other hand
delivers less variation in applied weight throughout his sequence. The result of
this gives the female dancer the appearance of being lighter on her feet than the
male, while the male appears louder overall. Figure 6 gives an analysis for the
female dancer steps. In this sequence the F beats are stronger than the A beats as
because of the area of the foot being used. However the A beats are stronger
than the A beats, thus revealing a slight tendency to prefer the left foot. The
figure also provides a qualitative comparison of loudness with the bare feet
measurements. For example the sustain periods and decay periods are: typically
0.1 seconds and 0.5 seconds, respectively.

Figure 6: Percussive impact analysis of the female dancer performing the
traditional Irish step on the wooden floor.

4. Conclusion
Acoustic recordings of two solo dancers performing the dance sequence and a
traditional Irish step dance has been performed to the rhythm of ‘Abe’s Axe’.
Shoe type (bare feet, Irish light shoes and Irish hard shoe) and floor type
(ceramic tile and wooden floor) have been analysed. The analytical approach
taken here has been to alter plasma diagnostic software that looks for periodic
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signals in stochastic noise, to that of one that subtracts low frequency
reverberations from high frequency quasi-periodic impulses synchronised to the
dancer’s feet impacting on a dance floor. The deconvolution of these processes
is performed using a SG digital filter with a moving window, k = ±10 for soft
impact (bare feet and Irish light shoes) and k = ±10 to ±22 for hard shoes.
The deconvolution process reveals that for bare feet and Irish light shoes the
floor type does not have significant effect in the separation of the synthetic
floor. A SG windowing of ±10 samples provides a clear deconvolution of the
floor. For the hard shoe the ceramic tile and wooden floor respond differently to
the foot impact: with wooden floor reverberating like an acoustic sounding
board. Once the deconvolution process has been performed individual dance
sequences within a rhythm can be identified and studied, including the
recognition of left and right individual floor impacts. These software analysis
attributes will make it possible to determine flaws during the performance of a
dance piece. Discrepancies on dancers timing, applied weight, and overall dance
sequence structure will be easily determined. It will also be possible to
determine how a dancer performs using different equipment, for example a
different pair of dance shoes and whether one shoe type suits a dancer over
another. The software may help manufacturers of shoes to optimise the sound
characteristics of different materials used in the making of the percussive plates
as well as bench marking those currently on the market. In addition to Irish step
dance, the step sequences in other distinctive percussive dances may be
decoded, for example, but not exclusive to: the America Tap dance, Spanish
Flamenco and the South America Tango.
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Abstract: Previous work on a reaction-diffusion model of a 4-gene regulatory network
governing insect segmentation characterized the dynamical basis of robustness to
perturbations in this system [1,2]. Here, we computationally study system behavior near
bifurcation points corresponding to weak-allele mutant embryos (i.e. with altered gene
regulation). Our computations suggest that the variable expressivity and incomplete
penetrance observed in some gene mutations may stem from response of the dynamical
system to variable input (regulatory genes) near such bifurcation points.
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1. Introduction
Fruit flies (Drosophila) are model organisms for studying spatial pattern
formation in animals. In the first few hours of development, a network of
interacting genes forms expression patterns which determine the body plan.
Data shows that wild-type (WT) development is remarkably robust, with various
initial trajectories canalizing to an attracting state [3]. Dynamical systems
analysis of a core nonlinear model of the anterior-posterior (AP) segmentation
gene network has shown how this WT stability can arise as a trajectory through
phase space [1,2]. The WT is stable only to a certain point, however. As CH
Waddington and his colleagues showed, once an embryo’s buffering capacity is
overwhelmed by a sufficiently severe perturbation, altered phenotypes can arise
in diverse organisms [4-6].
Strong gene mutations (deletions, insertions) can cause major (lethal)
disruptions in the body plan. Our work focuses on using weaker perturbations of
genes (weak alleles) to more continuously move the gene network from the WT
trajectory. These gene variations can produce variable expressivity, in which the
_________________
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outcomes of a sample of embryos is not deterministic, but scatters between a
selection of pathological outcomes (from nearly WT to strongly altered). Mutant
patterns can be understood as bifurcations to pathological, non-WT, basins of
attraction in a multi-stable phase space. Weak alleles bring the system to a
bifurcation point, intrinsic variability in the developmental system can then
produce the variable outcomes. In this way, weak alleles can provide a tool for
mapping the fine structure of the underlying phase space.
A chief focus in recent years has been to use Drosophila to test the positional
information hypothesis [7,8], that the local concentration of a spatiallydistributed gradient can specify the differentiation of cell types in the correct
positions. The Bicoid (Bcd) gradient is a classic case of such a ‘morphogen’, but
it has been discovered that Bcd gradients, compared between embryos, show
much greater variability than do the patterns of one of its primary downstream
targets, the zygotically expressed hunchback (hb) gap gene [9-13]. This points
to error correction at the level of the initial zygotic interpretation of the maternal
signal. Using ‘coarse-grained’ reaction-diffusion modeling, in which gene-gene
interactions are simplified to single signed connections, we can study the
robustness in the zygotic segmentation network via dynamical systems analysis
and computations. Understanding the model components and parameters which
produce the experimental pattern perturbations allows us to map the ‘near-WT’
phase space, and by so doing, to create a detailed understanding of the
biological regulatory dynamics used in body formation.

2. Methods and Approaches
Modeling the segmentation gene network: Four gap genes, Krüppel (Kr), giant
(gt), knirps (kni) and hb, are the core elements of our segmentation model. In
Drosophila, these are transcriptionally activated by the maternal Bcd protein
gradient in a concentration dependent manner. Three other gradients, Hbmaternal (Hbmat), Caudal (Cad), and Tailless (Tll), help determine the positions
of the gap genes. The combination of this upstream specification and gap-gap
cross-regulation results in sharp and precise gap patterns.
Protein expression for the 4 gap genes is modeled using the gene circuit
framework [1,2], producing AP concentration patterns (such as Fig. 1A). The
model is computed for a one-dimensional row of nuclei, between 30 and 94%
AP position (percent Egg Length, or %EL, where 0% is the anterior pole) during
nuclear cleavage cycles 13 and 14A. Modeling each gene product a (Kr, Hb,
kni, Gt) in each nucleus i defines a system of number of proteins times number
of nuclei ODEs (Ordinary Differential Equations) given by

dvia

 Ra g  u a  
dt
a
a
a
a
a
Da 
( vi 1  vi )  ( vi 1  vi ) 
  a vi .

(1)
Ra represents protein synthesis, Da represents diffusion, and λa represents decay.
g(ua) is a sigmoidal regulation-expression function; for ua below -1.5 and above
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1.5 g(ua) rapidly approaches zero. ua is given by

ua 

T
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i
i

.

b

Parameters Tab constitute a gene interconnectivity matrix, representing
activation of gene a by the product of gene b (with concentration  ib ) if
positive, repression if negative, and no interaction if close to zero.  iBcd
represents the concentration of Bcd in nucleus i, which is constant in time. ma
describes the regulatory input of Bcd to each gene; Bcd is a general activator for
all four gap genes considered. ha represents regulatory input from ubiquitous
factors. Our model includes Hbmat, Cad, and Tll in a similar manner to Bcd, as
time-independent parameters.
Stability Analysis of the Gap Gene System: The dynamics of an N variable gene
circuit can be represented by behavior in an N-dimensional concentration or
phase space. Time-varying solutions follow trajectories in the phase space;
stable solutions are given by fixed points. In [1,2], the phase space was mapped
numerically (Newton-Raphson method) and fixed points classified according to
their stability ([2] Protocol S3). The positions of the fixed points and their
stability properties determine the stability of a general time varying solution of
the gene circuit, including bifurcation points between neighboring basins of
attraction. In the present work, we computed a number of trajectories with
different initial conditions to test stability and the reduction of variability. Eq.
(1) was integrated for very long times in order to characterize the asymptotic
behavior.

3. Results and Discussion
Non-robust patterning under perturbed parameters: Coarse-grained modeling
allows us to investigate disturbances in gene-gene interaction strengths.
Specifically, in [1,2] we found a set of gap network solutions (T interaction
matrices, Eq. 1) which are robust to natural Bcd variability (shown in Fig. 1C).
In the present work, we have used this solution set and systematically altered (in
small steps) each of the 24 Tij values in the solution matrices. We find cases
where small parameter changes cause abrupt changes in patterning, producing
severe defects from the WT-like initial solutions (Fig. 1A vs. Fig. 1B). At the
borders between WT and pathological cases, we found parametric points where
the Bcd variability (Fig. 1C) produces a whole range of outcomes, from nearly
normal to severely defective patterns (Fig. 1B). For example, changing TKr←cad
(the Cad protein effect on the Kr gene) from 0.021 to 0.035 shifts the system to
the mathematical bifurcation between nearly-WT and pathological solutions
(see Fig. 2). Combined with natural Bcd variability, this produces both WT and
pathological patterns, as in biological variable expressivity. Our computations
allow us to quantify variable expressivity as the combination of maternal (Bcd)
variability and particular alterations in regulator interactions.
Visual inspection and simple statistics show the splitting between WT-like and
severely defective patterns. As an illustration, Fig. 1D shows the bi-modal
distribution of the Hb gap protein concentration at AP coordinate 72.5 %EL
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Intensity

(from the data in Fig. 1B) compared to the uni-modal Bcd distribution (Fig. 1E;
drawn from the data in Fig. 1C). That is, in such cases with altered T ij, the
natural variability in Bcd causes a subset of simulated embryos to be nearly WT,
while another subset can be strongly disturbed. This behavior suggests a
dynamical bifurcation.

Fig. 1. Bcd-robust WT solutions vs non-robust patterning with perturbed
parameters. A) From [1,2] we have a set of gap network solutions (T interaction
matrices) which are robust to natural Bcd variability. B) Changing TKr←cad (Cad
protein effect on Kr gene) from 0.021 to 0.035 shifts the system to the
mathematical bifurcation between WT and pathological solutions. C) The
natural variability of the Bcd profiles used to test solution robustness. D,E)
Comparison of the bi-modal distribution of the Hb gap protein with the unimodal Bcd distribution, at AP coordinate 72.5 %EL.
Bifurcation analysis of the incomplete penetrance solution in comparison with
the published results [1,2] shows that this new behavior does corresponds to a
bifurcation. For the example of changing (mutating) TKr←cad, the system is
shifted to the border between the old robust WT-like region of phase space and
the new pathological one. Fig. 2 compares the two phase portraits at 72.5%EL
in Gt, Hb, Kr coordinates, for the robust WT solution of [1,2] and for the mutant
solution described here. The robust WT dynamics are characterized by a saddlenode combination (Fig. 2A; c.f. Fig. 4BE, [2]). For the mutant case, at the same
AP position (72.5%EL), a second saddle-node combination appears by
bifurcation (Fig. 2B). The particular attractor (node) the model reaches depends
on the particular shape of the Bcd gradient. The two attractors correspond to the
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bi-modal distributions for Hb & Kr (both, very low vs. very high; c.f. Fig. 1D
and Fig. 2B), while Gt does not show such drastic differences (see Fig. 1B).

Fig. 2. Phase portraits at 72.5% EL (in Gt, Hb, Kr coordinates). A) Robust WT
dynamics. The dynamics here are controlled by a saddle-node combination. B)
Mutant behavior. A second saddle-node combination has appeared by
bifurcation. The particular attractor (node) the model reaches depends on the
particular shape of the Bcd gradient. Other nodes non-essential for this behavior
have been omitted. The red bent arrows show the movements of all solutions
tested, from initial points to final steady states (at the purple nodes).

676

A.V. Spirov and D.M. Holloway

4. Conclusions
Building on our previous work, we have shown here how mutation of gene-gene
interactions can lead the Drosophila segmentation gene network to a bifurcation
point, at which natural maternal variability can push embryos into neighboring
basins of attraction. Such variable expressivity or incomplete penetrance is
observed in nature, but the causes have been elusive. Our work suggests a
dynamical basis, in which a weak mutation takes the system to a bifurcation
point, and the variable outcomes are a manifestation of natural variability in
upstream control; i.e. the mutation removes the robustness of the gene network
to maternal variability.
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Abstract: Community Earth System Model (CESM) is a coupled climate model that
consist of five separate components with additional central coupler which controls time,
exchanging data, domains, grids and other model data. Here CESM was adopted for the
Baltic Sea and called 3D-CEMBS. This is not fully coupled configuration. In our case we
have been taken into account ocean (POP model, version 2.1) and ice (CICE model,
varsion 4.0) models which are forced by atmospheric data model (datm7). Other models
are turned off in our configuration. However the main task of the datm7 is to interpolate
data on model domain, we have interpolated data outside of the models. As an external
forces daily-averaged forty-years reanalysis data derived from European Centre for
Medium-range Weather Forecasts (ECMWF, ERA-40 reanalisys) has beed used.
Currently in pre-operational state 3D-CEMBS is using 48-hour atmospheric forcing data
from ICM-UM model (University of Warsaw). 3D-CEMBS model has also ecosystem
part (currently work in progress).
The study was financially supported by the Polish State Committee of Scientific
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1. Introduction
In 2011, the operational ecohydrodynamic model (3D CEMBSv2 - new version)
was launched at the Institute of Oceanology PAS in the parallel version on the 2
km grid with rivers and the open boundary for the hydrodynamic module
http://deep.iopan.gda.pl/CEMBaltic/new_lay/index.php).
Therefore, the following works were completed:
- a new version of the model was launched (3D CEMBSv2), which includes the
ocean-ice module POP-CICE (POP, version 2.1, the ice module CICE, version
4.0) and the ecosystem module (Fig.1):
 compilation of the 2 km bathymetric grid,
 adaptation of the model to meteorological data UM (ICM UW),
 compilation of a data set with meteorological forecasts (UM) from 2010 and
2011 in the required format, preparation of the initial fields for the Baltic area in
the 2 km grid,
- development of the operational system for data retrieval necessary for the
model 3D CEMBSv2,

_________________
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- development of the operational ecohydrodynamic model (3D CEMBSv2) in
the parallel version on the 2 km grid with rivers and the open boundary:
 compilation of climatic river discharge ,
 compilation of climatic conditions along the open boundary.
This paper presents an integrated, operational model of the Baltic ecosystem –
the hydrodynamic part, the ocean-ice module POPCICE (version 2.1 and 4.0)
and the initial verification, the comparison of the obtained results with data from
other models and measurements in situ.

Fig. 1. Schematic presentation of the Baltic model

2. 3D-CEMBSv2 MODEL
CCSM4.0/CESM1.0 (the Community Climate System Model/Community Earth
System Model) consists of five separate elements with an additional coupler
(CPL7), which monitors the time, exciting forces, domains, grids and exchange
of information between models. The central part of the model is based on MCT
(The Model Coupling Toolkit) – which is a parallel tool providing a number of
services, such as a register of particular components of the model, descriptors of
the domain distribution into processes, communication, redistribution of data
and other very helpful tools. For our purposes, CESM was adapted for the Baltic
Sea and was called 3D-CEMBS. However, it is not an entirely active
configuration. The ocean model (POP, version 2.1) and the ice model (CICE,
version 4.0) work in the active mode, and they are imposed by the model o f
atmospheric data (datm7). Other models are excluded from this configuration
(the stub mode). The main task of datm7 is interpolation of atmospheric data
into the domain of the model. External forces are daily-averaged for the period
of forty years, which come from the ECMWF re-analysis (ERA-40). At present,
in the operational mode, 48-hour atmospheric forecasts are used, which are
supplied by the UM model of the Interdisciplinary Centre for Mathematical and
Computational Modelling of the Warsaw University. 3D-CEMBS Model is also
equipped with the ecosystem module, on which works are being currently
carried out in order to incorporate it into the operational mode.
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POP
The ocean model is based on the Parallel Ocean Program (POP, [7]) from the
National Laboratory in Los Alamos (LANL), which is derived from the global
ocean model ([6]) with additional conditions for free surface. This is a model of
‘z’ type (identical thickness of layers for every cell); the three-dimensional
equations describing the behaviour of the stratified ocean are solved by
parametrization. Numerically the model defines spatial derivatives in the
spherical coordinates using the method of finite elements. Physical quantities of
the model are embedded in the spherical grid of Arakaw B ([1]). The barotropic
equation is solved by ’preconditioned conjugate gradient solver’ (PCG), and
advection is determined by a centred differential. Parametrization of horizontal
mixing is accomplished by a biharmonic operator, and vertical turbulence is
determined by KPP parametrization. The equation of state, introduced by
McDougall et al. ([5]), is also used.
POP is a three-dimensional hydrodynamic model derived from the ocean model
created in the late 1960s by Kirk Bryan ([3]) and Michael Cox from the NOAA
Geophysical Fluid Dynamics Laboratory in Princeton. The model was later
modified and adapted by Semtner ([6]) for vector processors. The whole class of
models from which POP is derived are of Brayan-Cox-Semtner type (B-C-S).
The code of the model is adapted inter alia for supercomputers, but is well
adaptable (porting) also for machines of different architecture, such as cluster
types. The code of the POP model is characterised by good numerical
performance and is well scalable on a large number of O(1000) processors. A
special feature of the POP code (written in Fortranie 90) is orientation to parallel
machines and the use of MPI (Message Passing Interface) or SHMEM (Shared
Memory) libraries to communicate between processors. And therefore, the most
technologically advanced machines can be used to perform calculations and to
solve major computational problems.
CICE
CICE (Community Ice CodE) is based on elastic-visco-plastic (EVP) rheology
([4]). It is designed to work in accordance with the POP ocean model using the
parallel computing machines. It consists of several interactive elements: the
thermodynamic model, which computes local growth rates of snow and ice
owing to vertical conduction of energy and momentum fluxes. It also defines
velocity of each ice cell based on wind and ocean velocity. It has a few vertical
categories, so that the stress distribution is much closer to the real one.
CICE was applied worldwide in different configurations. It was used to study
the variability and the impact of ice on the processes occurring in the
atmosphere and the ocean in time scales ranging from decades to hundreds of
years ([2]). It is used in regional models and global applications. Incorporation
of the CICE model (version 4.0) into the regional POP model (version 2.1),
completed within the scope of the research grant (No NN305111636 − the
Polish State Committee for Scientific Research), is the first application of such
an advanced ice model for the Baltic Sea.
Ecosystem
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The ecosystem model consists of 11 main components: zooplankton, small
phytoplankton, diatoms, cyanobacteria, two types of detritus deposits (fraction
of dissolved DOM and molecular POM detritus), dissolved oxygen, and
components of nutrients, such as: nitrates, ammonia, phosphates and silicates.
The class of small phytoplankton should reflect nano- and picophytoplankton,
and can be limited by nitrates and phosphates. The class of larger phytoplankton
is represented by diatoms and can be limited by the aforementioned factors, as
well as by silicates. The growth rate of cyanobacteria may depend on
phosphates and the available light. Many biotic and detrital compartments
contain multiple elemental pools as we track carbon, nitrogen, phosphorus and
silicon through the ecosystem.
3D-CEMBS model is currently configured at two horizontal resolutions of 9 km
and approximately 2km (1/12° and 1/48° respectively). The model bathymetry
is represented by 21 vertical levels and the thickness of the first four surface
layers was five metres. The bottom topography is based on ETOPO1 1 arcminute global relief model
(http://www.ngdc.noaa.gov/mgg/global/global.html, National Geophysical Data
Center). The bathymetric data were interpolated to the model grid using the
kriging method. The initial state of the ocean model was prepared using
temperature and salinity climatic data. The ocean surface level (5m deep) is
restored based on the monthly timescale to the monthly average T and S
climatology, as a correction term to the explicitly calculated fluxes and
overlying atmosphere or sea ice. The restoring time was set to 30 days at the
surface and 10 days at the domain boundary. 3D-CEMBS model domain is
based on stereographic coordinates, but the equator of these coordinates is in the
centre of the Baltic Sea (so we actually use rotated stereographic coordinates)
and we can assume that shape of the cells is square and they are identical.
The current calculations are performed on supercomputers of cluster type,
Galera, which is located at TASK (the Academic Computer Centre in Gdańsk).
The time needed for computing 1 model year, for the ecohydrodynamic model,
for resolution of 9km, is 30 h on 16 processors, and for resolution 2km – 120 h
on 256 processors.

3.

Results

In the first half of 2011, the new CESM model (Community Earth System
Model - UCAR/NCAR USA) was adapted for the Baltic domain.
Models have been adapted and work properly (see the website). The results of
simulations for 48-hour forecast are presented for the model with resolution of
9 km and 2 km.
Select 2km forecast for the area or the point (Fig. 2).
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Fig. 2. Select 2km forecast for the area.
Simulations for 48-hour forecast for 2 km:
Forecast for the area:
 select the time of forecast (48-hour forecast) (Fig. 3a),
 select a required variable (temperature, salinity, currents, sea surface height,
ice cover area) (Fig. 3b),
 select the depth, one of the ten layers for which you would like to see the
model results (Fig. 3c),
 optionally you may provide boundaries to narrow the area of your query by
selecting two random points (corners of a rectangle) on the map (Fig. 3d),
 to change coordinates x and y of selected points, press: Reset Coordinates
(Fig. 3e),
 after all parameters are selected, press: Submit (Fig. 3f).
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Fig. 3. Forecast for the area. Choose parameters of forecast for 05.03.2012.
The example is presented below for the following situations:
1. Forecast start: 2012.03.05, 18:00 UTC (Fig. 4)
Select forecast parameters: hour: +6 (forecast is for 2012.03.06, 00:00 UTC),
variable: currents (cm s-1); depth: 20-26 m (5th layer), coordinate X: 187 to 425,
coordinate Y: 32 to 168. After selection of parameters, press: Submit and the
screen will show a drawing with results of the model.
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Fig. 4. Forecast for the area.
Forecast for the point :
 select the depth,
 select a point on the map to get 48 h time series,
 to change coordinates x and y of selected points, press: Reset Coordinates,
 after selection of all parameters, press: Submit
The example is presented for the following situation: forecast start: 2012.03.05,
12:00 UTC (Fig. 5).

4. Conclusion
The work presents the idea of a three-dimensional Coupled Ecosystem Model
Baltic Sea version 2 (3D CEMBSv2) – a hydrodynamic part, which determines
the main physical parameters of the environment: horizontal components of the
velocity u,v and the vertical component of velocity w, pressure p, density  ,
temperature T and salinity S of water. Variables presented on the website for 48hour forecast are as follows: temperature, salinity, currents, sea surface height
and ice area cover.
The 3D CEMBSv2 model (at present – the hydrodynamic module) is a suitable
tool for studying the annual, seasonal, monthly and daily variability of
environmental parameters in the southern Baltic Sea. It can therefore be applied
in the forecasting of ecological changes in the Baltic.
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Fig. 5. Forecast for the point..
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Abstract: The non-linear behaviour of rubbing cylindrical rotors have been studied in
several papers. In such systems rich dynamics have been found for frequencies above the
natural frequency. Below natural frequency the solution was found to be stationary. In
this paper the influence of blades is studied. A Jeffcott rotor with three, five, ten and fifty
blades is used and the contacts are described by large displacement beam theory. The
model shows that bladed turbines have a similar dynamic behaviour if scaled properly.
This imply that general conclusions for a simple system can be extracted to a more
complex one. However it is also shown that the forces and amplitudes are not easily
scaled and therefore if the values are wanted one have to simulate the actual system.
Keywords: rotor, dynamic, impact, rubbing, beam, blade.

1. Introduction
In rotor dynamics there are several situations when non-linear problems can
occur. One such example is rub-impact which is a highly non-linear
phenomenon. The problem is of industrial interest since there are several
applications where rub-impact is the main cause for unwanted vibrations e. g.
gas turbines, centrifuges, compressors and generators. It has been reported that
10.2% of 275 reported jet engine failures during 1962 to 1975 were caused was
rubbing between rotating and stationary parts [1]. Several studies have been
performed on the Jeffcott rotor with this kind of rubbing impacts. Some of them
are described below, with focus on findings and development of methods.
The jump phenomenon and the influence of radial clearance were studied
analytically in [2]. A modified Harmonic Balance method has been used to
predict the occurrence and analyse the stability of quasi-periodic motion [3]. In
[4] Fourier series and Floquet theory was used for analysis of global bifurcation
and stability. They also reported three routes to chaos; from stable periodic
through period doubling bifurcations, grazing bifurcation and a sudden
transition from periodic motion to chaos. The stability for the case of full
annular rub and cross coupling stiffness was analysed in [5]. Chaos has been
reported to exist over large parameter ranges and different solutions can coexist
[6]. In [7] approximate analytical solutions was developed for non-linear
dynamical responses and in [8] the harmonic balance method was used to
_________________
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calculate periodic responses of the non-linear system. In most cases the contact
was modelled with an increased stiffness and Coulomb friction. However, other
frictional models has also been considered [9]. In all models with annular rub,
the system reaches a stationary point below the natural frequency of the rotor. It
is only above the natural frequency where complex dynamics and multiple
solutions are found [10]. In these models the rotor and stator was assumed to be
circular. Bladed rotors in aero engines have also been studied with complex
FEM models [12]. Due to the complexity of these models only short time
sequences has been analysed and therefore the dynamics on parameter ranges is
still unknown.
In a recent paper an attempt was made to model a rubbing Jeffcott rotor with
three blades where the displacements were described by large displacement
beam theory [13]. The model showed that when blades are included rich
dynamics was found below the natural frequency of the rotor. Simulation time
was also short which made the model suitable for numerical analysis. In this
paper the same model is used but the dynamic influence of the number of blades
is studied. The target is to evaluate similarities and differences in the dynamic
when the number of blades are changed.

2. The Model
The model of the Jeffcott rotor is shown in Figure 1 for a case with three blades.
The mass of the rotor, m, is supported by the shaft with stiffness k and damping
c. The rotor is amplitude limited by the stator which has a radius R. The rotor is
described by a point mass m in the centre and n mass less beams of length L,
Young’s modulus E and area moment of inertia I. The rotor is rotating with the
angular velocity . In Figure (C) the geometry of the contact is shown. When a
blade is in contact the beam will be deformed transversally  and axially . Both
deformations are necessary in order to keep the beam inside the limit radius R.
The contact force is described by a radial force P normal to the circle pointing
from the contact point towards o and a tangential force P, where  is a
coefficient of friction. To simplify the analysis it is assumed that t- is small
which imply that P is an axial force and P a tangential force on the beam.
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Fig. 1. Rub impact model of the Jeffcott rotor. View of the whole system (A),
side view (B) and geometry of the contact (C).
If o is the centre of the stator, the vector to the contact point of the beam can be
described as
r  x  ( L   ) cos( t )   sin( t )i   y  y0  ( L   ) sin( t )   cos( t ) j
where i and j are unit vectors in x and y direction respectively. The
displacement y0 is an initial misalignment of the rotor. When the rotor is in
contact, the rotor is limited by the stator so that
r R

The contact force is described by the radial force P pointing toward o and a
tangential component given by a coefficient of friction P. As noted above, it is
assumed that the contact angle t and therefore the forces on the beam are
given by an axial compression force P and a transversal force P. From beam
theory the deformation of cantilevered beam is given by the equation
w  



P
2
1  w
EI



3/ 2

  w   PL     

where “ ´ ” denotes derivation with respect to . The beam is assumed clamped
at =0 and subjected to the forces P and P on the free end (=L-). At the free
end, the beam will be displaced by the forces axially  and transversally . By
numerical integration the values of
 and  can be found which
satisfies r  R . When a blade is in contact the forces in x and y directions are;
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r i
r j
P
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R
r j
r i
Fy  P
P
R
R

Fx  P

,
.

For n blades there will be one set of such forces (Fxi, Fyi) for each blade i, hence
the equation of motion for the Jeffcott rotor then becomes
x  2  n x  n2 x  

n

 Fx m
i

i 1

y  2  n y  n2 y  

n

 Fy m
i

i 1

In this paper four cases will be studied with different number of blades. In
Figure 2 the four cases are shown where (a) is three blades, (b) five blades, (c)
ten blades and (d) fifty blades.

(a)

(b)

(c)

(d)

Fig. 2. Rub impact model for different number of blades. (a) three blades,
(b) five blades, (c) ten blades and (d) fifty blades.

3. Method
In this paper different bifurcation diagrams are used to evaluate the system. In
these simulations a fourth order Runge-Kutta integration with adjustable timestep is implemented in an in-house code written in Fortran. In the bifurcation
diagrams 100 Poincaré sections was collected after 500 periods of the excitation
frequency . For the suggested model there are 5 dimensions in the state space:
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displacements x, y , velocities x, y and the phase    t . Since the phase can be
restricted to the interval [0, 2] it can be described as a circle S1 with the
period 2 /  . Thus points in the 5 dimensional state space are given by

x, x, y, y ,  R 4  S 1 . The Poincaré section ∑ is chosen as the cross section of
this state space for a constant value of the phase  p . In this paper this constant
value is chosen to 2. Therefore the Poincaré section is defined as
  x, x , y, y , p  p  2 .





Points in this Poincaré sections are the intersections of a trajectory with the
plane ∑ positioned at the constant phase  p  2 . If a root finding routine was
applied at each contact, the time for finding P,  and  would make the
simulation time consuming. Analysis of bifurcation diagrams and any global
dynamics would be difficult. With the assumption = t, there will be an
unique relation between the forces acting on the beam and the forces in the
contact point. By curve fitting of the results from large displacement beam
theory, a simple model can be made of the displacements and forces in contact.
An effective simulation program can thereby be made to analyse the system.

3. Results
(a)

(b)

(c)

(d)

Fig. 3. Bifurcation diagrams for w=0-1 for different number of blades. (a) three
blades, (b) five blades, (c) ten blades and (d) fifty blade.
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A rubbing system is selected with R=0.11, L=0.1, ζ=0.1, y0=0.010001, E=2.06
×1011, I=0.01×0.0013/12, m=1 and n=10 [SI units]. The values for EI
corresponds to a blade in the shape of a rectangular steel beam with height
0.001[m] and width 0.01[m]. In Figure 3 the bifurcation diagrams are shown for
the four cases with three, five, ten and fifty blades. The displacement in y is
scaled with the clearance (y/(R-L)). The figures shows rich dynamics below the
natural frequency with an increasing number of chaotic regions for increasing
number of blades.
Since the frequency of the impacts will increase with the number of blades, an
attempt is made to find similarities in the dynamics by scaling the excitation
frequency. In Figure 4 the same cases are shown for the case when the
frequency axis is scaled with n/3. This is done in order to find similar excitation
frequency as in (a) for the other cases. The gray dotted line indicates the
maximum displacement for each frequency. In Figure 5 the maximum contact
force is plotted for each case.

(a)

(b)

(c)

(d)

Fig. 4. Scaled bifurcation diagrams for w=0-1 for different number of blades. (a)
three blades, (b) five blades, (c) ten blades and (d) fifty blade.
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(a)

(b)

(c)

(d)

Fig. 5. Maximum contact force for different number of blades. (a) three blades,
(b) five blades, (c) ten blades and (d) fifty blade

4. Discussion and Conclusion
Rubbing rotors have been studied extensively but mainly with models
describing the rotor and the stator as cylinders. In several industrial applications
the rotor consists of blades which conditions at contact significantly differs from
the perfect circle. The target of this paper is to evaluate similarities and
differences for rubbing bladed rotors with different number of blades. Four
cases are compared namely three, five, ten and fifty blades. In the bifurcation
diagrams in Figure 3 it is shown that the amplitude decreases when the number
of blades is increased. It is also shown that the number of regions with long
periodic or chaotic behaviour increases for more blades. For three blades the
system becomes unstable for frequencies close to the natural frequency of the
system. For the other number of blades no such instability was found.
Since the excitation frequency increases with the number of blades, the
frequency axis is scaled with, n/3 (number of blades/3). Then, it was shown that
the dynamics for scaled frequency was similar for the systems with peak
amplitudes and chaotic regions in the same range. For low frequencies the
amplitude is low but for an excitation frequency larger then n/n the amplitude
starts to grow. At about 0.4 n/n a chaotic region is found and the vibration
reaches a peek at the end of the chaotic region at about 0.6n/n. Then a short
periodic interval of low amplitude appears followed by a new chaotic interval
with increased amplitudes. The forces of Figure 5 shows peaks at the same
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position as the maximum vibration amplitudes. The actual value of maximum
force or the maximum amplitude could not be scaled but it was shown that they
will decrease with the number of blades.
At low frequencies (<2.4 n/n), the simulations indicates that general dynamics
such as areas of high amplitudes and forces can be predicted together with
location of the two first regions of chaotic motion. But for higher frequencies
the dynamic will differ due to the number of blades.
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Abstract. We study similar statistical properties observed in distinct real world
data. In particular, we focus on the power law (PL) distribution. We find that some
data is well fitted by a single PL distribution whereas other phenomena force the
use of two distinct PLs. This behavior is similar in, a priori, unrelated phenomena,
such as catastrophes (terrorism, earthquakes) and variables associated to man-made
systems, such as distribution of the number of words in texts or of the number of hits
received by websites.
Keywords: power law, double power law, real world phenomena.

1

Introduction

Pareto [13] and Zipf [19] laws are examples of Power law (PL) distributions.
These distributions are characterized by heavy tails and were first studied in
1896 by Pareto [13]. Pareto observed that the relative number of individuals
with an annual income larger than a certain value x was proportional to a
power of x. The later can be expressed mathematically by the expression (1).
F (x) = P (X ≥ x) =

C
x−(α−1)
α−1

(1)

where α > 0, C > 0, and F (x) is the complementary cumulative distribution
function of the income x. In the text, we will consider α̃ = α − 1 and C̃ = C
α̃ .
Zipf law is a special case of the Pareto law with exponent α̃ = 1.
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Variable x in equation (1) has been used to describe quantities in a wide
variety of real data. Namely, x may represent the number of: (i) individuals in a
population of a city [2,19,6], (ii) articles’ citations [11], (iii) hits in webpages [1],
(iv) victims in wars, terrorist attacks, or earthquakes [7,16,4], (v) words in
texts [5,19], and several other phenomena [12,10]. In the literature interesting
reviews on on PL behavior and applications can be found [9,18,14].
Application of PL behavior in natural or human-made phenomena usually
comes with a log-log plot, where the axes represent the size of an event and
its frequency. The log-log plot is asymptotically a straight line with negative
slope.
The paper is organized as follows. In Section 2, we review literature concerning distinct phenomena where PL behavior has been fitted. In Section 3,
we present a numerical analysis of real data where PL and double PL behavior
is observed. Finally, in Section 4, we state the main conclusions and discuss
future research directions.

2

Real events

PL behavior has been used to model the number of casualties in natural and
human-made phenomena, such as earthquakes, tornados, terrorist attacks and
wars. Understanding patterns of the number of casualties in these events may
help to organize rescue operations. [7,16,4]. Other applications of PL behavior,
with less impact in terms of human lives, are city and forest fires, words’ frequency in texts, or the number of hits in webpages. In what concerns the study
of city and forest-fire distributions, results may help to take measures beforehand in view of possible hazards, thus saving natural resources and animal and
human lives.
We observe a common underneath behavior considering the number of casualties and the frequency of natural and human-made disasters. Large casualties
are less frequent and are associated with low frequency phenomena. Two world
wars are two examples of this type. Other wars, not so harmful in terms of
preserving human lives [15], are more frequent. Analogously for earthquakes,
the frequency of occurrence of terrific earthquakes, that cause a large number of
victims, is much lower than that of smaller earthquakes with few casualties [7].
Johnson et al [8] studied war and global terrorism patterns, and developed a
theory for explaining their similar dynamical evolution. The later was invariant
to underlying ideologies, motivations and the terrain in which they operated.
They considered each insurgent force as a generic, self-organizing system, which
evolved dynamically through the continual coalescence and fragmentation of
its constituent groups. Researchers have used wars in Iraq and Afghanistan,
and long-term guerrilla war in Colombia, as examples. On global terrorism,
attacks to London, Madrid, and New York (September 11) were main choices.
Results obtained showed a PL behavior for Iraq, Colombia and Afghanistan,
with coefficient value (close to) α̃ = 2.5. This value of the coefficient equalized
the coefficient value characterizing non-G7 terrorism. In 2007, Clauset et al [3]
plotted a log-log chart for the frequency versus the severity of terrorist attacks,
since 1968, and found a straight line, denoting PL behavior.
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In 2003, Song et al [17] studied fire distribution in Chinese and Swiss cities.
The authors computed the frequency loss and the rank-size plots and verified
validity of a PL in both cases. The frequency loss was the frequency of fires
with loss L, that is, fire loss L converted into Chinese Yuan. The rank was
computed by sorting city fires from large to small, and considering the largest
with rank 1. The PL distribution was invariant for scale and time, meaning
that fire distribution is common for different places and times.

3

Application to real data

PLs are present in many natural and man-made systems and, for certain cases,
a single PL distribution holds over the entire data range. As an example, Figure 1 represents the rank/frequency log-log plot of the largest private American
companies, with respect to their annual revenue, in the year 1997, according
to Forbes (http://www.forbes.com/). The data was collected, sorted and
ranked, and then the normalization of the values was carried out. That is, the
data (x-axis) was divided by the highest annual revenue, and the rank (y-axis)
was divided by the rank of the smallest company. A PL was adjusted to the
data using a least squares algorithm. As can be seen in Figure 1, a PL behavior distribution with parameters (C̃, α̃) = (0.0031, 1.3004) holds over the entire
range of the companies’ annual revenue.

100

rank/max rank

ln(y) = −1.30036 ln(x) − 5.76698

10−1

10−2

10−3
10−2

10−1

100

size/max size

Fig. 1. Rank/frequency log-log plot of the size of the largest American companies in
1997.
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In other real applications, different PLs, characterized by distinct parameters, may also be observed. In the sequel, several cases of such behavior are
illustrated.
Figure 2 shows the cumulative distribution function of the size of forest
fires in Portugal, over the year 2001. The adopted measure for size is the total
burned area. Only fires greater than 100 ha in total burned area are considered.
The data is available on the Portuguese National Forest Authority (AFN) website (http://www.afn.min-agricultura.pt/). For this case, two distinct PLs
with parameters (C̃1 , α̃1 ) = (0.0383, 0.9232) and (C̃2 , α̃2 ) = (0.0065, 2.4665) fit
the data. The change in the behavior occurs at the relative value of 0.35,
approximately.

100

rank/max rank

ln(y) = −0.923242 ln(x) − 3.26338
10−1

10−2

10−3
10−2

ln(y) = −2.46649 ln(x) − 5.04367

10−1

100

size/max size

Fig. 2. Rank/frequency log-log plot of a system presenting dual PL behaviour: size
of forest fires in Portugal, year 2001.

Figure 3 represents the severity of tornadoes in the USA, during 2003. The
total number of human victims (killed and injured) directly related to a given
occurrence is used to quantify its severity. The data is available at the U.S.
National Oceanic and Atmospheric Administration (http://www.noaa.gov/),
National Weather Service, Storm Prediction Center website (http://www.spc.
noaa.gov/). The chart reveals a dual PL behavior with parameters (C̃1 , α̃1 ) =
(0.0413, 0.5804), (C̃2 , α̃2 ) = (0.0100, 1.2374).
For the finale, we remark that several examples of real world phenomena,
where a double PL behavior is observed, were presented. Future work will
focus on possible explanation for this peculiarity seen in distinct phenomena,
that are described by PLs.
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Fig. 3. Rank/frequency log-log plot of a system presenting dual PL behaviour: severity of tornadoes in the USA in 2003.

4

Conclusion

In this paper, we focused on PL distributions as models of sets of real data.
We presented examples of data that was well fitted by a single straight line
and examples that were best described by two distinct PL distributions. The
reason behind this type of behavior in distinct and not related phenomena is
still to be found.
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Abstract. The benchmark of a chaotic Pattern Recognition (PR) system is the following: First of all, one must be able to train the system with a set of “training”
patterns. Subsequently, as long as there is no testing pattern, the system must be
chaotic. However, if the system is, thereafter, presented with an unknown testing
pattern, the behavior must ideally be as follows. If the testing pattern is not one of
the trained patterns, the system must continue to be chaotic. As opposed to this,
if the testing pattern is truly one of the trained patterns (or a noisy version of a
trained pattern), the system must switch to being periodic, with the specific trained
pattern appearing periodically at the output. This is truly an ambitious goal, with
the requirement of switching from chaos to periodicity being the most demanding.
The Adachi Neural Network (AdNN) [1–5] has properties which are pseudo-chaotic,
but it also possesses limited PR characteristics. As opposed to this, the Modified
Adachi Neural Network (M-AdNN) proposed by Calitoiu et al [7], is a fascinating
NN which has been shown to possess the required periodicity property desirable for
PR applications. In this paper, we shall tune the parameters of the M-AdNN for its
weights, steepness and external inputs, to yield a new NN, which we shall refer to as
the Ideal-M-AdNN. Using a rigorous Lyapunov analysis, we shall analyze the chaotic
properties of the Ideal-M-AdNN, and demonstrate its chaotic characteristics. Thereafter, we shall verify that the system is also truly chaotic for untrained patterns. But
most importantly, we demonstrate that it is able to switch to being periodic whenever
it encounters patterns with which it was trained. Apart from being quite fascinating, as far as we know, the theoretical and experimental results presented here are
both unreported and novel. Indeed, we are not aware of any NN that possesses these
properties!
Keywords: Chaotic Neural Networks, Chaotic Pattern Recognition.

1

Introduction

Pattern Recognition (PR) has numerous well-established sub-areas such as statistical, syntactic, structural and neural. The field of Chaotic PR is, however,
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relatively new and is founded on the principles of chaos theory. It is also based
on a distinct phenomenon, namely that of switching from chaos to periodicity.
Indeed, Freeman’s clinical work has clearly demonstrated that the brain, at the
individual neural level and at the global level, possesses chaotic properties. He
showed that the quiescent state of the brain is chaos. However, during perception, when attention is focused on any sensory stimulus, the brain activity
becomes more periodic [10].
If the brain is capable of displaying both chaotic and periodic behavior, the
premise of this paper is that it is expedient to devise artificial Neural Network
(NN) systems that can display these properties too. Thus, the primary goal of
chaotic PR is to develop a system which mimics the brain to achieve chaos and
PR, and to consequently develop a new PR paradigm.
Historically, the initial and pioneering results concerning these CNNs were
presented in [1–5]. Subsequently, the author of [11] proposed two methods of
controlling chaos by introducing a small perturbation in continuous time, i.e.,
by invoking a combined feedback with the use of a specially-designed external
oscillator or by a delayed self-controlling feedback without the use of any external force. The reason for the introduction of this perturbation was to stabilize
the unstable periodic orbit of the chaotic system. Thereafter, motivated by
the work of Adachi, Aihara and Pyragas, various types of CNNs have been
proposed to solve a number of optimization problems (such as the Traveling
Salesman Problem, (TSP)), or to obtain Associative Memory (AM) and/or PR
properties. An interesting step in this regard was the work in [15], where the
authors utilized the delayed feedback and the Ikeda map to design a CNN to
mimic the biological phenomena observed by Freeman [10].
More recently, based on the AdNN, Calitoiu and his co-authors made some
interesting modifications to the basic network connections so as to obtain PR
properties and “blurring”. In [8], they showed that by binding the state variables to those associated with certain states, one could obtain PR phenomena.
However, by modifying the manner in which the state variables were bound,
they designed a newly-created machine, the so-called Mb-AdNN, which was
also capable of justifying “blurring” from a NN perspective. While all of the
above are both novel and interesting, since most of these CNNs are completelyconnected graphs, the computational burden is rather intensive. Aiming to
reduce the computational cost, in our previous paper [12], we proposed a mechanism (the Linearized AdNN (L-AdNN)) to reduce the computational load of
the AdNN. To complete this historical overview, we mention that in [12], we
showed that the AdNN goes through a spectrum of characteristics (i.e., AM,
quasi-chaotic, and PR) as one of its crucial parameters, α, changes. It can even
recognize masked or occluded patterns!
Although it was initially claimed that the AdNN and M-AdNN possessed
“pure” (i.e., periodic) PR properties, in actuality, this claim is not as precise as
the authors claimed – the output can be periodic for both trained and untrained
input patterns – which is where our present paper is relevant. The primary aim
of this paper is to show that the M-AdNN, when tuned appropriately, is capable
of demonstrating ideal PR capabilities. Thus, the primary contributions of this
paper are:
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1. We formalize the requirements of a PR system which is founded on the
theory of chaotic NNs.
2. We enhance the M-AdNN to yield the Ideal-M-AdNN, so that it does,
indeed, possess Chaotic PR properties.
3. We show that the Ideal-M-AdNN does switch from chaos to periodicity
when it encounters a trained pattern, but that it is truly chaotic for all
other input patterns.
4. We present results concerning the stability of the network and its transient and dynamic retrieval characteristics. This analysis is achieved using
eigenvalue considerations, and the Lyapunov exponents.
5. We provide explicit experimental results to justify our claims.
In the interest of brevity and space, the details of the theoretical results reported here are not included. They are found in the unabridged version of the
paper [13].

2

The Ideal-M-AdNN

The goal of the field of Chaotic PR systems can be expressed as follows: We
do not intend a chaotic PR system to report the identity of a testing pattern
with a class “proclamation” as in a traditional PR system. Rather, what we
want to achieve for a the chaotic PR system are the following phenomena:
• The system must yield a strong periodic signal when a trained pattern,
which is to be recognized, is presented.
• Further, between two consecutive recognized patterns, none of the trained
patterns must be recalled.
• On the other hand, and most importantly, if an untrained pattern is presented, the system must give a chaotic signal.
Calitoiu et al were the first researchers who recorded the potential of chaotic
NNs to achieve PR. But unfortunately, their model, as presented in [7], named
the M-AdNN, was not capable of demonstrating all the PR properties mentioned above.
The topology of the Ideal-M-AdNN is exactly the same as that of the MAdNN. Structurally, it is also composed of N neurons, topologically arranged as
a completely connected graph. Each neuron has two internal states ηi (t) and
ξi (t), and an output xi (t). Just like the M-AdNN, the Present-State/NextState equations of the Ideal-M-AdNN are defined in terms of only a single
global neuron (and its corresponding two global states), which, in turn, is used
for the state updating criterion for all the neurons. Thus,
ηi (t + 1) = kf ηm (t) +

PN

j=1

wij xj (t),

ξi (t + 1) = kr ξm (t) − αxi (t) + ai ,
xi (t + 1) = f (ηi (t + 1) + ξi (t + 1)),
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where m is the index of this so-called “global” neuron.
We shall now concentrate on the differences between the two models, which
are the parameters: {wij }, ε and ai , which were previously set arbitrarily.
Rather, we shall address the issue of how these parameters must be assigned
their respective values so as to yield pure Chaotic PR properties.
2.1

The Weights of The Ideal-M-AdNN

The M-AdNN uses a form of the Hebbian Rule to determine the weights of the
connections in the network. This rule is defined by the following equation:
p

wij =

1X s s
P P ,
p s=1 i j

(1)

where {P } are the training patterns, Pis denotes the ith neuron of the sth
pattern P s , and where p is the number of known training patterns. This rule
is founded on two fundamental premises, namely:
1. Each element of the learning vectors should be either 1 or -1;
2. Any pair of learning vectors, P and Q, must be orthogonal.
In this regard, we note that:
1. In [7], the elements of the corresponding learning vectors are restricted
to be either 0 and 1, which implies that the connection between any two
neurons, say, A and B, will be increased only if they are both positive.
Further, the connection weights are not changed otherwise.
2. The formal rationale for orthogonality is explained in [13]. Although it
is not so stringent, when the number of neurons is much larger than the
number of patterns, and the learning vectors are randomly chosen from
a large sample set, the probability of having the learning vectors to be
orthogonal is very high. Consequently, generally speaking, the Hebbian
rule is true, albeit in a probabilistic sense.
Based on the above observations, we conclude that for the M-AdNN, we
should not use the Hebbian rule as dictated by the form given in Equation (1),
since the data sets used by both Adachi et al and Calitoiu et al are defined
on {0, 1}N , and the output is further restricted to be in [0, 1] by virtue of
the logistic function. In fact, this is why Adachi and Aihara computed the
weights by scaling all the patterns to be in −1 and 1 using the formula given
by Equation (2) instead of Equation (1):
p

wij =

1X
(2Pis − 1)(2Pjs − 1).
p s=1

(2)

By virtue of this argument, in this paper, we advocate the use of this formula,
i.e., Equation (2), to determine the connection weights of the network.
It is pertinent to mention that since the patterns {P } are scaled to be
in the range between -1 and 1, it does change the corresponding property of
orthogonality. This is clearly demonstrated in [13], but omitted here in the
interest of space.
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The Steepness, Refractory and Stimulus Parameters

Significance of ε for the AdNN: The next issue that we need to consider
concerns the value of the steepness parameter, ε, of the output function. As
explained earlier, we see that the output function is defined by the Logistic
function f (x) = 1+e1−x/ε , which is a typical sigmoid function.
One can see that ε controls the steepness of the output. If ε = 0.01, then
f (x) is a normal sigmoid function. If ε is two small, for example, 0.0001, the
Logistic function almost degrades to become a unit step function, as shown in
[13]. The question is one of knowing how to set the “optimal” value for ε.
To provide a rationale for determining the best value of ε, we concentrate
on the Adachi’s neural model [2] defined by:
y(t + 1) = ky(t) − αf (y(t)) + a,

(3)

where f (·) is a continuous differentiable function, which as per Adachi et al [2],
is the Logistic function.
The properties of Equation (3) greatly depend on the parameters k, α, a
and f (·). In order to obtain the full spectrum of the properties represented
by Equation (3), it is beneficial for us to first consider f (·) in terms of a unit
step function, and to work with a fixed point analysis. In [13] this analysis has
been in great detail for the case of: (a) a single fixed point, (b) period-2 fixed
points, and (c) period-n orbits. By a lengthy argument, we have explained how
the parameter ε should be set.
In our experiment, indeed, if the parameters are set to be α = 1 and k = 0.5,
the “tipping point” for ε is 1/6 ≈ 0.1667. As shown in [13] if ε = 0.18 > 0.1667,
all of the fixed points are stable. Otherwise, if ε = 0.15 < 0.1667, there exist
period-doubling bifurcations As ε is further decreased, one can observe chaotic
windows.
We conclude this section by emphasizing that ε cannot be too small, for if
it were, the Adachi neural model would degrade to the Nagumo-Sato model,
which does not demonstrate any chaotic behavior. This is also clearly demonstrated in the figures shown in [13].
Our arguments show that the value of ε as set in [8] to be ε = 0.00015, is
not appropriate. Rather, to develop the Ideal-M-AdNN, , we have opted to use
a value of ε which is two orders of magnitude larger, i.e., ε = 0.015.

3

Lyapunov Exponents Analysis of the Ideal-M-AdNN

We shall do a Lyapunov Exponents (LE) analysis of the Ideal-M-AdNN, both
from the perspective of a single neuron and of the network in its entirety.
As is well known, the LEs describe the behavior of a dynamical system.
There are many ways, both numerically and analytically, to compute the LEs
of a dynamical system. Generally, for systems with a small dimension, the best
way is to analytically compute it using its formal definition. As opposed to this,
for systems with a high dimension, it is usually not easy to obtain the entire LE
spectrum in an analytic manner. In this case, we have several other alternatives
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to judge whether a system is chaotic. One of these is to merely determine the
largest LE (instead of computing the entire spectrum) since the existence of a
single positive LE indicates chaotic behavior. Algorithmically, the basic idea is
to follow two orbits that are close to each other, and to calculate their average
logarithmic rate of separation [9,16].
In practice, this algorithm is both simple and convenient if we have the
right to access the equations that govern the system. Furthermore, if it is easy
to obtain the partial derivatives of the system, we can also calculate the LE
spectrum by QR decomposition [9,14,16].
The unabridged version of the paper [13] also contains a detailed analysis
for obtaining the LE spectrum using the QR decomposition. It is omitted here
due to the space limitations.
We have also, in [13], undertaken a Lyapunov Analysis of the Ideal-MAdNN. Indeed, it can be easily proven that a single neuron is chaotic when the
parameters are properly set.
Also, for the Ideal-M-AdNN (i.e., the entire network), we can show [13] that
the Lyapunov Exponents are: λ1 = · · · λN −1 = −∞, λN = log N + log kf > 0,
λN +1 = · · · λ2N −1 = −∞, λ2N = log N + log kr > 0. In conclusion, the IdealM-AdNN has two positive LEs, which indicates that the network is truly a
chaotic network!
It’s very interesting to compare this result with the one presented for the
AdNN. Indeed, as we can see from [6], the AdNN has two different LEs: log kf
and log kr . The difference is that by binding the states of all the neurons to a
single “global ” neuron, we force the Ideal-M-AdNN to have two positive LEs.
The LE spectrum of the two networks are compared in [13].

4

Chaotic and PR Properties of the Ideal-M-AdNN

We shall now report the properties of the Ideal-M-AdNN. These properties
have been gleaned as a result of examining the Hamming distance between the
input pattern and the patterns that appear at the output. In this regard, we
mention that the experiments were conducted using two data sets, namely the
figures used by Adachi et al given in Figure 1 (a), and the numeral data sets
used by Calitoiu et al [7,8] give in Figure 1 (b). In both the cases, the patterns
were described by 10×10 pixel images, and the networks thus had 100 neurons.
Before we proceed, we remark that although the experiments were conducted for a variety of scenarios, in the interest of brevity, we present here only
a few typical sets of results – essentially, to catalogue the overall conclusions
of the investigation.
We discuss the properties of the Ideal-M-AdNN in three different settings.
In all of the three cases, the parameters were set to be kf = 0.2, kr = 0.9, and
ε = 0.015, and all the internal states, ηi (0) and ξi (0), start from 0.
AM Properties: We now examine whether the Ideal-M-AdNN possesses
any AM-related properties for certain scenarios, i.e., if we fix the external input
ai = 2 for all neurons. The observation that we report is that during the first
1,000 iterations (due to the limitations of the file size, we present here only the
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Fig. 1. The 10 × 10 patterns used by Adachi et al (on the left) and Calitoiu et al
(on the right). In both figures (a) and (b), the first four patterns are used to train
the network. The fifth patterns are obtained from the corresponding fourth patterns
by including 15% noise in (a) and (b) respectively. In each case, the sixth patterns
are the untrained patterns.

first 36 images ), the network only repeats black and white images. This can
be seen in Figure 2. The reason for this phenomenon is explained in detail in
[13].

Fig. 2. The visualization of the output of the Ideal-M-AdNN under the external input
ai = 2. We see that the output switches between images which are entirely only black
or only white.

PR Properties: The PR properties of the Ideal-M-AdNN are the main concern of this paper. As illustrated in Section 2, the goal of a chaotic PR system
is the following: The system should respond periodically to trained input patterns, while it should respond chaotically (with chaotic outputs) to untrained
input patterns. We now confirm that the Ideal-M-AdNN does, indeed, possess
such phenomena. We present an in-depth report of the PR properties of the
Ideal-M-AdNN’s by using a Hamming distance-based analysis. The parameters that we used were: kf = 0.2, kr = 0.9, ε = 0.015 and ai = 2 + 6xi . The
PR-related results of the Ideal-M-AdNN are reported for the three scenarios,
i.e., for trained inputs, for noisy inputs, and for untrained (unknown) inputs
respectively.
1. The external input of the network corresponds to a known pattern, P4.
To report the results for this scenario, we request the reader to observe Figure 3 (a), where we can find that P4 is retrieved periodically as a response
to the input pattern. This occurs 391 times in the first 500 iterations.
On the other hand, the other three patterns never appear in the output
sequence. The phase diagrams of the internal states that correspond to
Figure 3 (a) are shown in [13], whence we verify that the periodicity is 14,
because all the phase plots have exactly 14 points.
2. The external input of the network corresponds to a noisy pattern, in this
case P5, which is a noisy version of P4.
Even when the external stimulus is a garbled version of a known pattern
(in this case P5 which contains 15% noise), it is interesting to see that
only the original pattern P4 is recalled periodically. In contrast, the others
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(c)

Fig. 3. PR properties: The Hamming distance between the output and the trained
patterns. The input was the pattern P4, P5 and P6 in (a), (b) and (c) respectively.
Note that P4 appears periodically in Case (a). Also, note that P4 (not P5) appears
periodically in Case (b). Finally, note that none of the trained patterns appear at
the output in Case (c).

three known patterns are never recalled. This phenomenon can be seen
from the Figure 3 (b). By comparing Figures 3 (a) and (b), we can draw
the conclusion that the Ideal-M-AdNN can achieve chaotic PR even in
the presence of noise and distortion. As in the previous case, the phase
diagrams of the internal states that correspond to Figure 3 (a) are shown
in [13], whence we again verify that the periodicity is 14, because all the
phase plots have exactly 14 points. Indeed, even if the external stimulus
contains some noise, the Ideal-M-AdNN is still able to recognize it correctly,
by resonating periodically!
3. The external input corresponds to an unknown pattern, P6.
In this case we investigate whether the Ideal-M-AdNN is capable of distinguishing between known and unknown patterns. Thus, we attempt to
stimulate the network with a completely unknown pattern. In our experiments, we used the pattern P6 of Figure 1 (a) initially used by Adachi et
al. From Figure 3 (c) we see that neither those known patterns nor the
presented unknown pattern appear at the output. As in the previous two
cases, the phase diagrams of the internal states that correspond to Figure 3
(c) are shown in [13], whence, the lack of periodicity can be observed since
the plots themselves are dense.
In other words, the Ideal-M-AdNN responds intelligently to the various
inputs with correspondingly different outputs, each resonating with the
input that excites it – which is the crucial golden hallmark characteristic of
a Chaotic PR system. Indeed, the switch between “order” (resonance) and
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“disorder” (chaos) seems to be consistent with Freeman’s biological results
– which, we believe, is quite fascinating!

5

Conclusions

In this paper we have concentrated on the field of Chaotic Pattern Recognition
(PR), which is a relatively new sub-field of PR. Such systems, which have
only recently been investigated, demonstrate chaotic behavior under normal
conditions, and “resonate” (i.e., by presenting at the output a specific pattern
frequently) when it is presented with a pattern that it is trained with. This
ambitious goal, with the requirement of switching from chaos to periodicity is,
indeed, most demanding, and has been achieved by the design of the so-called
Ideal-M-AdNN.
Using a rigorous Lyapunov analysis, we have shown the chaotic properties
of the Ideal-M-AdNN, and demonstrated its chaotic characteristics. We have
also verified that the system is truly chaotic for untrained patterns. But most
importantly, we have shown that it is able to switch to being periodic whenever
it encounters patterns with which it was trained (or noisy versions of the latter).
Apart from being quite fascinating, as far as we know, the theoretical and
experimental results presented here are both unreported and novel.

6

Acknowledgements

The work of this paper was supported by the Science Ministry of Sichuan
Province of China (2011HH0037), and NSERC, the Natural Sciences and Engineering Research Council of Canada.

References
1. K. Adachi, M. Aihara and M. Kotani. An analysis of associative dynamics in a
chaotic neural network with external stimulation. In Proceedings of the 1993
International Joint Conference on Neural Networks, Nagoya, Japan, volume 1,
pages 409–412, 1993.
2. M. Adachi and K. Aihara. Associative dynamics in a chaotic neural network.
Neural Networks, 10(1):83–98, 1997.
3. M. Adachi and K. Aihara. Characteristics of associative chaotic neural networks
with weighted pattern storage-a pattern is stored stronger than others. In Proceedings Of The 6th International Conference On Neural Information, Perth Australia, volume 3, pages 1028–1032, 1999.
4. M. Adachi, K. Aihara, and M. Kotani. Pattern dynamics of chaotic neural networks
with nearest-neighbor couplings. In Proceedings of the 1991 IEEE International
Sympoisum on Circuits and Systems, Westin Stanford and Westin Plaza, Singapore, volume 2, pages 1180–1183, 1991.
5. K. Aihara, T. Takabe, and M. Toyoda. Chaotic neural networks. Physics Letters
A, 144(6-7):333–340, 1990.
6. M. Adachi and K. Aihara. An analysis on instantaneous stability of an associative chaotic neural network. International Journal of Bifurcation and Chaos,
9(11):2157–2163, 1999.

710

K. Qin and B. J. Oommen

7. D. Calitoiu, B. J. Oommen, and D. Nussbaum. Periodicity and stability issues of a
chaotic pattern recognition neural network. Pattern Analysis and Applications,
10(3):175–188, 2007.
8. D. Calitoiu, B. J. Oommen, and D. Nussbaum. Desynchronzing of chaotic pattern
recognition neural network to model inaccurate parception. IEEE Transaction
on Systems, Man, and Cybernetics-part B:Cybernetics, 37(3):692–704, 2007.
9. J. P. Eckmann and D. Rulle. Ergodic theory of chaos and strange attractors.
Reviews of Modern Physics, 57(3):617–656, 1985.
10. W. J. Freeman. Tutorial on neurobiology: from single neurons to brain chaos.
International Journal of Bifurcation and Chaos in Applied Sciences and Engineering, 2:451–482, 1992.
11. K. Pyragas. Continuous control of chaos by self-controlling feedback. Physics
Letters A, 170(6):421–428, 1992.
12. K. Qin and B. J. Oommen. Chaotic pattern recognition: The spectrum of properties of the Adachi Neural Network. Lecuture Notes in Computer Science,
5342:540–550, 2008.
13. K. Qin and B. J. Oommen. Ideal Chaotic pattern recognition is achievable: The
Ideal-M-AdNN - Its design and properties. In Preparation.
14. M. Sandri. Numerical calculation of Lyapunov exponents. The Mathematica
Journal, pages 78–84, 1996.
15. A. P. Tsui and A. J. Jones. Periodic response to external stimulation of a chaotic
neural network with delayed feedback. International Journal of Bifurcation and
Chaos, 9(4):713–722, 1999.
16. A. Wolf, B. J. Swift, L. H. Swinney, and A. J. Vastano. Determining lyapunov
exponent from a time series. Physica, 16D:285–317, 1985.

Chaotic Modeling and Simulation (CMSIM) 4: 711–718, 2012

New aspects in approximation of a Markov
chain by a solution of a stochastic
differential equation
Gabriel V. Orman and Irinel Radomir
Transilvania University of Brasov, 500091 Braşov, Romania.
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Abstract. The usual class of Markov processes which we involve many times has
some restrictions that it does not cover many interesting processes. We shall refer, in
this paper, to some problems involving stochastic calculus, diffusion approximation
and Markov processes. In this context the problem of absorbing and reflecting barriers
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1

Introduction

When a stochastic differential equation is considered if it is allowed for some
randomness in some of its coefficients, it will be often obtained a so-called
stochastic differential equation which is a more realistic mathematical model of
the considered situation.
Many practical problems conduct us to the following notion: the equation
obtained by allowing randomness in the coefficients of a differential equation is
called a ”stochastic differential equation”.
Therefore, it is clear that any solution of a stochastic differential equation
must involve some randomness. In other words one can hope to be able to say
something about the probability distribution of the solutions.
In the sequel we shall refer to some aspects relating to the approximation
in the study of Markov processes and Brownian motion. Such problems were
developed particularly by Schuss[13], Kushner and Yin[5], Itô and McKean
Jr.[3], Wasan[14].
Results on almost sure convergence of stochastic approximation processes
are often proved by a separation of deterministic (pathwise) and stochastic
considerations. A key problem in effective applications concerns the amount of
noise in the observations, and this leads to variations that incorporate variance
reduction methods. With the use of these methods, the algorithm becomes
Received: 2 April 2012 / Accepted: 16 October 2012
c 2012 CMSIM
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more effective, but also more complex. Hence, it is desirable to have robust
algorithms, which are not overly sensitive to unusually large noise values.
More details and related topics can be found in Schuss[13], Kushner and
Yin[5], Itô and McKean Jr.[3], Itô[4], Øksendal[6], Øksendal and Sulem[7],
Stroock[12], Orman[9], [10], Wasan[14] which are also the basis in our development.

2

Preliminaries

Definition 1. The sample space Ω of a random experiment is the collection
of all possible outcomes. An event A is a subset of the sample space, that is, a
set of outcomes.
Definition 2. A probability measure on a sample space Ω of a random experiment is a function P[·] that maps events in Ω to real numbers such that:
(i)
P[Ω] = 1,
(ii) P[A]
≥ 0 for all events A,
[
X
(iii) P
Ai =
P [Ai ] where I is a finite or countable infinite set of
i∈I

i∈I

integers and any pair of the events A1 , A2 , A3 , · · · is disjoint.
Let us consider the triplet (Ω, K, P ) where
• Ω is the sample space. Its elements are referred to as sample points;
• K is a σ-field of subsets of Ω containing Ω itself. Its elements are events;
• P is a probability measure on the measurable space (Ω, K).
If an event A is of the type A = {ω ∈ Ω | R(ω)} for some property R(·), (of
the probability) we may write P (R) for P (A). An event is called a sure event
if P (A) = 1 and a null event if P (A) = 0. Alternatively, R(·) is said to hold
a.s. if P (R) = 1.
The triplet (Ω, K, P ) is referred to as a probability space.
Let now consider an experiment that is repeated n times and suppose that
m (m ≤ n) times the event B occurred. Also suppose that k times (k ≤ m) the
event A occurred, provided that B occurred. Then, the event A ∩ B occurred
k
k (k ≤ n) times, such that we have P (A ∩ B) = nk . Now nk = m
n · m =
P (B) · P (A | B). In this way the following relation is obtained P (A ∩ B) =
P (B) · P (A | B) or
P (A | B) =

P (A ∩ B)
,
P (B)

P (B) > 0.

(1)

P (A | B) in (1) is called a conditional probability whenever P (B) > 0. We retain
that the function
PB (A) = P (A | B)

(2)

is a probability measure in B, where B is now considered as a smaller sample
space.
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Hence, the measure P (A | B) is the probability of the event A provided that
B occurs.
A fundamental concept of probability is the notion of random variable. A
random variable is a function that gives a numerical value to each outcome
of a random experiment. The distinction between the random variable and
the experimental outcome itself can become blurry in this case, because if ω
denotes an outcome, then X(ω) = ω. But we retain that the random variable
is a function and the outcome is its input. The domain of the random variable
is the sample space and that its range is a set of numbers.
Definition 3. Let (Ω, K, P ) be a probability space and let us denote by E a
subset of Rn . A random variable X is a function from Ω into E. We refer to
E as being the state space of the random variable.
So, a random variable encodes an experimental outcome as a number, or a
vector of real numbers in the multidimensional case. When a random variable
has a multidimensional state space, we emphasize that fact by calling it a
random space.
Let (E, ξ) be a measurable space and X : (Ω, K, P ) → (E, ξ) a random
variable (i.e. a measurable map). The image µ of P under X is a probability
measure on (E, ξ), called the law of X and denoted by L(X). The events
{ω | X(ω) ∈ A} for A ∈ ξ form a sub-σ-field of K called the σ-field generated
by X and denoted by σ(X). More gneral, given a family Xα , α ∈ I, of random
variables on (Ω, K, P ) taking values in measurable spaces (Eα , ξα ), α ∈ I,
respectively, the σ-field generated by Xα , α ∈ I, denoted by σ(Xα , α ∈ I), is
the smallest sub-σ-field with respect to which they are all measurable. They
may be situations where it is preferable to view
Q {Xα , α ∈ I} as a single random
variableQtaking values in the product space
Eα endowed with the product
σ-field ξα . If so, this definition reduces to the preceding one.
Two (or more) random variables are said to agree in law if their laws coincides. They could be defined on different probability spaces. A random variable
X(ω) generates a field (σ-field) KX of events generated by events of the form
{ω | X(ω) = a} where a is any number. The field consists of events which are
unions of events of the form {ω | X(ω) = a}. The probability function P on the
events of this field KX generated by X(ω) is called the probability distribution
of X(ω).
Suppose we have n random variable X1 (ω), · · · , Xn (ω) defined on a probability space. The random variables X1 , · · · , Xn are said to be independent
if the fields (σ-fields) KX1 , · · · , KXn generated by them are independent.
Definition 4. A stochastic process is a parametrized collecion of random variables
{Xt }t∈T
defined on a probability space (Ω, K, P ) and assuming values in Rn .
The parameter space T may be the halfline [0, +∞), or it may also be an
interval [a, b], or the non-negative integers and even subsets of Rn , for n ≥ 1.

714

G. Orman and I. Radomir

Now, for each t ∈ T fixed, we have a random variable ω → Xt (ω), ω ∈ Ω.
On the other hand, fixing ω ∈ Ω, we can consider the function
t → Xt (ω),

t∈T

(3)

which is called a path of the random variable Xt . It is useful to think of t as
time and each ω as an individual particle or experiment. Thus, Xt (ω) would
represent the position (or the result) at time t of the particle (experiment) ω.
In some cases it is convenient to write X(t, ω) instead of Xt (ω), such that the
process can be regarded as a function of two variables (t, ω) → ψ(t, ω) from
T × Ω into Rn . In stochastic analysis this is often a natural point of view,
because there it is crucial to have X(t, ω) jointly measurable in (t, ω).
In this paper we shall denote a stochastic process by X(t).

3

Markov process and diffusion process

Definition 5. A stochastic process X(t) on [0, T ] is called a Markov process
if for n = 1, 2, 3, · · · and any sequences 0 ≤ t0 < t1 < · · · < tn ≤ T and
x0 , x1 , · · · , xn , the following equality is satisfied:
P (X(tn ) < xn | X(tn−1 ) = xn−1 , X(tn−2 ) = xn−2 , · · · , X(t0 ) = x0 ) =
= P (X(tn ) < xn | X(tn−1 ) = xn−1 ).

(4)

The equation (4) means the fact that the process f orget the past, provided
that tn−1 is regarded as the present.
Let ΩX be the state space of the random variables Xt . Take KX as the
σ-field of measurable subsets of ΩX . For convenience, assume that there is a
first point to the set T . The probability structure is specified in terms of an
initial probability measure and a transition probability function describing how
transitions take place from one time to another.
We denote by P (t0 , A) a probability measure on the sets A of KX . This
is the probability distribution at the initial time t0 . Further let the transition
probability function p(t, x; τ, A), t0 ≤ τ < t, x ∈ ΩX , A ∈ KX be a function
with the following properties:
i p(t, x; τ, A) is a probability measure in A ∈ KX for fixed t, x, τ ;
ii p(t, x; τ, A) is measurable in x with respect to KX for fixed t, τ, A;
iii p(t, x; τ, A) satisfies the integral equation (commonly called the ChapmanKolmogorov equation)
Z
p(t, x; τ, A) =
p(s, y; τ, A)p(t, x; s, dy)
(5)
ΩX

for any s with t < s < τ .
As it is shown in the theory of stochastic processes, the transition probability function p(t, x; τ, A) is the conditional probability
p(t, x; τ, A) = P [Xτ (ω) ∈ A | Xt (ω) = x].

(6)
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Now the transition distribution function
F (t, x; τ, y) = P (Xτ (ω) < y | Xt (ω) = x)

(7)

can be obtained, corresponding to the case when in p(t, x; τ, A) we take A of
the form (−∞, y). It verifies the following relation
Z
F (t, x; τ, y) =
F (s, z; τ, y)dz F (t, x; s, z).
R

Then, the transition density function with respect to y is as follows
f (t, x; τ, y) =

∂
F (t, x; τ, y),
∂y

(8)

and verifies the equalities
Zy
F (t, x; τ, y) =

Z
f (t, x; τ, z) dz,

f (t, x; τ, y) dy = 1.

(9)

R

−∞

Furthermore, the Markov property (4) implies that
Z
f (t, x; τ, y) =
f (s, z; τ, y)f (t, x; s, z)dz,

t<s<τ

(10)

R

that is, the probability that X(t) goes from x to y in the time interval [t, T ]
is that probability that X(·) goes to any point z at any time s and then,
independently of the way it reached z, it goes to y. The equality (10) is also
referred to as the Chapman-Kolmogorov equation for Markov processes.
In certain conditions of existence, the transition density function satisfies
the following two equations which are referred to as the backward Kolmogorov
equation and respective the forward Kolmogorov equation
∂f (t, x; τ, y) 1
∂ 2 f (t, x; τ, y)
∂f (t, x; τ, y)
= −a(t, x)
− b(t, x)
∂t
∂x
2
∂x2

(11)

and
∂f (t, x; τ, y)
∂
1 ∂2
=−
[a(τ, y)f (t, x; τ, y)] +
[b(τ, y)f (t, x; τ, y)] (12)
∂τ
∂y
2 ∂y 2
where a(t, x), b(t, x), a(τ, y), b(τ, y) are functions satisfying some conditions
to assure the existence and the uniqueness of the solution of the equations. The
forward Kolmogorov equation is also referred to as the Fokker-Planck equation.
Definition 6. A Markov process X(t) is called a diffusion process if the following conditions are satisfied:
i For every ε > 0, t and x,
lim

∆t→0

1
∆t

Z
F (t, x, t + ∆t, y)dy = 0.
|y−x|>ε

(13)
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ii There exist the functions a(t, x) and b(t, x) such that for all ε > 0, t and x,
Z
1
lim
(y − x) f (t, x, t + ∆t, y)dy = a(t, x),
(14)
∆t→0 ∆t |y−x|≤ε
1
lim
∆t→0 ∆t

Z

(y − x)2 f (t, x, t + ∆t, y)dy = b(t, x).

(15)

|y−x|≤ε

The function a(t, x) is called the (infinitesimal) drift coefficient of X(t) and
b(t, x) is called the (infinitesimal) diffusion coefficient. The intuitive meaning
of conditions (13) - (15) and of the coefficients a(t, x) and b(t, x) is the following. In a short time interval h, the displacement of X(·) from a point x at time
t is given by a(t, x)∆t + δx + 0(∆t), where a(t, x) is the velocity of the medium
in which a particle (whose motion is described by X(·)) drifts, δx is the random
fluctuation of the particle due to random collision or thermal fluctuation, a.s.o.
Furthermore, E δx = 0, V ar δx = b(t, x)∆t. That is to say b(t, x) is proportional to the average energy of the fluid molecules in the neighborhood of the
particle. One can observe that the following conditions imply the conditions i
and ii above:
(a) For any positive number δ, as ∆t → 0
1
Ex,t |X(t + ∆t) − X(t)|2+δ → 0
∆t
(b) and
1
Ex,t [X(t + ∆t) − X(t)] → a(t, x),
∆t
1
Ex,t [X(t + ∆t) − X(t)]2 → b(t, x).
∆t

4

Absorbing and reflecing barriers

Let us consider that a particle located on a straight line moves along the line
via random impacts occurring at times t1 , t2 , t3 , · · · . The particle can be at
points with integral coordinates a, a + 1, a + 2, · · · , b. At points a and b there
are absorbing barriers. Each impact displaces the particle to the right with
probability p and to the left with probability q = 1 − p so long as the particle
is not located at a barrier. If the particle is at a barrier then, it remains in the
states A1 and An−1 with probability 1.
A similar example can be considered for a particle being in a random walk,
when at points a and b there are reflecting barriers. The conditions remain
the same as in the former case, the only difference being that if the particle
is at a barrier, any impact will transfer it one unit inside the gap between the
barriers.
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1. Let now be the case of a Brownian motion with an absorbing barrier.
The forward Kolmogorov equation (12) for a Brownian motion on x > 0 with
an absorbing boundary at x = 0 is given by
1 ∂2p
∂p
in y > 0
=
∂t
2 ∂y 2
p(0, t, y) = 0, t > 0, y > 0
p(x, t, y) → δ(x − y)

as

t ↓ 0, x > 0, y > 0.

The solution of such an initial boundary value problem is as follows


(x−y)2
(x+y)2
1
− 2t2
− 2t2
p(x, t, y) = √
e
−e
.
t 2π
It can be seen that by symmetry, p(x, t, 0) = 0. Then, it can be shown that
Z +∞
(x+y)2
1
√
e− 2t2 ϕ(x)dx → ϕ(−y) = 0
t 2π −∞
as t ↓ 0 if y > 0. Therefore,
p(x, t, y) → δ(x − y) as t ↓ 0 for all x > 0, y > 0.
2. Now let us consider the Brownian motion on x > 0 but with a reflection
barrier at the origin.
The forward Kolmogorov equation for a Brownian motion on x > 0 with
an absorbing boundary at x = 0 is given by
∂p
1 ∂2p
=
, y>0
∂t
2 ∂y 2
∂p(x, t, y)
=0
∂y
y=0
p(x, t, y) → δ(x − y)

as

t ↓ 0, x > 0, y > 0.

In this case the following solution is found


(x+y)2
(x−y)2
1
p(x, t, y) = √
e− 2t2 + e− 2t2
t 2π
and the condition
∂p(x, t, y)
∂x

=0
x=0

holds too.
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