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Abstract. We study similar statistical properties observed in distinct real world
data. In particular, we focus on the power law (PL) distribution. We find that some
data is well fitted by a single PL distribution whereas other phenomena force the
use of two distinct PLs. This behavior is similar in, a priori, unrelated phenomena,
such as catastrophes (terrorism, earthquakes) and variables associated to man-made
systems, such as distribution of the number of words in texts or of the number of hits
received by websites.
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Introduction

Pareto [13] and Zipf [19] laws are examples of Power law (PL) distributions.
These distributions are characterized by heavy tails and were first studied in
1896 by Pareto [13]. Pareto observed that the relative number of individuals
with an annual income larger than a certain value x was proportional to a
power of x. The later can be expressed mathematically by the expression (1).
F (x) = P (X ≥ x) =

C
x−(α−1)
α−1

(1)

where α > 0, C > 0, and F (x) is the complementary cumulative distribution
function of the income x. In the text, we will consider α̃ = α − 1 and C̃ = C
α̃ .
Zipf law is a special case of the Pareto law with exponent α̃ = 1.
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Variable x in equation (1) has been used to describe quantities in a wide
variety of real data. Namely, x may represent the number of: (i) individuals in a
population of a city [2,19,6], (ii) articles’ citations [11], (iii) hits in webpages [1],
(iv) victims in wars, terrorist attacks, or earthquakes [7,16,4], (v) words in
texts [5,19], and several other phenomena [12,10]. In the literature interesting
reviews on on PL behavior and applications can be found [9,18,14].
Application of PL behavior in natural or human-made phenomena usually
comes with a log-log plot, where the axes represent the size of an event and
its frequency. The log-log plot is asymptotically a straight line with negative
slope.
The paper is organized as follows. In Section 2, we review literature concerning distinct phenomena where PL behavior has been fitted. In Section 3,
we present a numerical analysis of real data where PL and double PL behavior
is observed. Finally, in Section 4, we state the main conclusions and discuss
future research directions.

2

Real events

PL behavior has been used to model the number of casualties in natural and
human-made phenomena, such as earthquakes, tornados, terrorist attacks and
wars. Understanding patterns of the number of casualties in these events may
help to organize rescue operations. [7,16,4]. Other applications of PL behavior,
with less impact in terms of human lives, are city and forest fires, words’ frequency in texts, or the number of hits in webpages. In what concerns the study
of city and forest-fire distributions, results may help to take measures beforehand in view of possible hazards, thus saving natural resources and animal and
human lives.
We observe a common underneath behavior considering the number of casualties and the frequency of natural and human-made disasters. Large casualties
are less frequent and are associated with low frequency phenomena. Two world
wars are two examples of this type. Other wars, not so harmful in terms of
preserving human lives [15], are more frequent. Analogously for earthquakes,
the frequency of occurrence of terrific earthquakes, that cause a large number of
victims, is much lower than that of smaller earthquakes with few casualties [7].
Johnson et al [8] studied war and global terrorism patterns, and developed a
theory for explaining their similar dynamical evolution. The later was invariant
to underlying ideologies, motivations and the terrain in which they operated.
They considered each insurgent force as a generic, self-organizing system, which
evolved dynamically through the continual coalescence and fragmentation of
its constituent groups. Researchers have used wars in Iraq and Afghanistan,
and long-term guerrilla war in Colombia, as examples. On global terrorism,
attacks to London, Madrid, and New York (September 11) were main choices.
Results obtained showed a PL behavior for Iraq, Colombia and Afghanistan,
with coefficient value (close to) α̃ = 2.5. This value of the coefficient equalized
the coefficient value characterizing non-G7 terrorism. In 2007, Clauset et al [3]
plotted a log-log chart for the frequency versus the severity of terrorist attacks,
since 1968, and found a straight line, denoting PL behavior.
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In 2003, Song et al [17] studied fire distribution in Chinese and Swiss cities.
The authors computed the frequency loss and the rank-size plots and verified
validity of a PL in both cases. The frequency loss was the frequency of fires
with loss L, that is, fire loss L converted into Chinese Yuan. The rank was
computed by sorting city fires from large to small, and considering the largest
with rank 1. The PL distribution was invariant for scale and time, meaning
that fire distribution is common for different places and times.

3

Application to real data

PLs are present in many natural and man-made systems and, for certain cases,
a single PL distribution holds over the entire data range. As an example, Figure 1 represents the rank/frequency log-log plot of the largest private American
companies, with respect to their annual revenue, in the year 1997, according
to Forbes (http://www.forbes.com/). The data was collected, sorted and
ranked, and then the normalization of the values was carried out. That is, the
data (x-axis) was divided by the highest annual revenue, and the rank (y-axis)
was divided by the rank of the smallest company. A PL was adjusted to the
data using a least squares algorithm. As can be seen in Figure 1, a PL behavior distribution with parameters (C̃, α̃) = (0.0031, 1.3004) holds over the entire
range of the companies’ annual revenue.
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Fig. 1. Rank/frequency log-log plot of the size of the largest American companies in
1997.
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In other real applications, different PLs, characterized by distinct parameters, may also be observed. In the sequel, several cases of such behavior are
illustrated.
Figure 2 shows the cumulative distribution function of the size of forest
fires in Portugal, over the year 2001. The adopted measure for size is the total
burned area. Only fires greater than 100 ha in total burned area are considered.
The data is available on the Portuguese National Forest Authority (AFN) website (http://www.afn.min-agricultura.pt/). For this case, two distinct PLs
with parameters (C̃1 , α̃1 ) = (0.0383, 0.9232) and (C̃2 , α̃2 ) = (0.0065, 2.4665) fit
the data. The change in the behavior occurs at the relative value of 0.35,
approximately.
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Fig. 2. Rank/frequency log-log plot of a system presenting dual PL behaviour: size
of forest fires in Portugal, year 2001.

Figure 3 represents the severity of tornadoes in the USA, during 2003. The
total number of human victims (killed and injured) directly related to a given
occurrence is used to quantify its severity. The data is available at the U.S.
National Oceanic and Atmospheric Administration (http://www.noaa.gov/),
National Weather Service, Storm Prediction Center website (http://www.spc.
noaa.gov/). The chart reveals a dual PL behavior with parameters (C̃1 , α̃1 ) =
(0.0413, 0.5804), (C̃2 , α̃2 ) = (0.0100, 1.2374).
For the finale, we remark that several examples of real world phenomena,
where a double PL behavior is observed, were presented. Future work will
focus on possible explanation for this peculiarity seen in distinct phenomena,
that are described by PLs.
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Fig. 3. Rank/frequency log-log plot of a system presenting dual PL behaviour: severity of tornadoes in the USA in 2003.
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Conclusion

In this paper, we focused on PL distributions as models of sets of real data.
We presented examples of data that was well fitted by a single straight line
and examples that were best described by two distinct PL distributions. The
reason behind this type of behavior in distinct and not related phenomena is
still to be found.
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