Chaotic Modeling and Simulation (CMSIM) 4: 643–650, 2012

Dynamics of a Jeffcott Rotor with Rigid Blades
Rubbing against an Outer Ring
Florian Thiery and Jan-Olov Aidanpää
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Abstract. The non-linear behaviour of rub-impact systems have been studied recently by approximating rotor-stator systems as rubbing cylinders. In reality, the
rotor shape is more complex, resulting in richer dynamics over smaller parameter
ranges. In this paper, a bladed turbine is modelled using a Jeffcott rotor with three
rigid beams attached to the mass center. The contact forces are described by a radial
restoring force induced by the massless outer ring, and a tangential Coulomb frictional force. The results are presented in bifurcation diagrams and compared with
a previous model described by three flexible beams entering in contact with a fixed
ring assuming large displacement beam theory. This paper shows that the two models described give similarities in the overall bifurcation diagram, only showing greater
differences in localized frequency ranges.
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1

Introduction

In rotor dynamics, several types of configuration can lead to non-linear dynamics. One of them is the rub-impact systems having a high degree of nonlinearity, which may lead to unwanted vibration. Many studies have been performed on the Jeffcott rotor with rubbing cylinders. For instance, Karpenko
et al.[1] presented the effect of mass imbalance of a nonlinear rotor system
with bearing clearances, as well as the case of a preloaded snubber ring [2].
Popprath and Ecker[3] studied the effect of stator damping for a similar rotorstator system. In these types of models, complex dynamics always occur above
the natural frequency of the system [4].
On the contrary, fewer studies have been performed in the case of bladed
turbines which can be of interest in different industrial applications. Complex
FEM blade models have been studied by Legrand et al., but not over complete
parameter ranges due to the model sophistication. Nonetheless, a rubbing Jeffcott rotor with three blades has been developed by Aidanpää and Lindkvist[5],
showing that complex dynamics can occur below the natural frequency, especially at integer fractions of ωn /3. An accurate description of this model will be
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made and compared with the simplified model assumed in this paper. As the
model described in [5] is rather complex due to solving equations for non-linear
beam deformations, it is of interest to evaluate if a simpler model could be used
and find its limitation.

2

Rotor Model

The model of the bladed Jeffcott rotor is given in Figure 1. The mass of the
rotor is m with external damping c and stiffness k for the massless shaft. The
three blades are assumed to be massless and rigid, equally spaced and of length
L. The blades are rotating in a rigid ring of radius R attached to two springs
of value k1 . The rotor is rotating with an angular velocity ω. When the blades
enter in contact with the outer ring, the contact forces are described by a force
P normal to the circle delimited by the ring, and a tangential force µP at the
contact point where µ is a friction coefficient (Coulomb friction). The mass
of the ring is neglected, as well as damping so that the outer ring returns to
its initial position instantaneously. The nonlinear behaviour of the system is
caused by the sudden change in stiffness when a blade gets in contact with the
outer ring.

Fig. 1. (a) Side view of the bladed Jeffcott rotor (b) Overview of the Jeffcott rotor.

For the first blade, the position of the tip is expressed by the following
vector
r = (x + L cos(ωt))i + (y + y0 + L sin(ωt))j

(1)

where (i, j) is a fixed base of the system in the x and y direction. For any
blade, the position vector can be written in a same way by replacing the phase
ωt by ωt + 2π(k − 1)/3 for k = {1, 2, 3}. The displacement y0 is the initial
eccentricity in the y direction. The condition for one of the k-th blade to be
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in contact is given by krk k = R. It is assumed that only one blade enter in
contact with the ring at the same time. The force generated by the contact can
be decomposed in a normal force acting towards the origin of the coordinates
system O and a force tangent to the ring with a direction depending on the
tangential contact velocity vck of the corresponding blade. For the first blade,
the normal contact force Fn is given by
Fn = −k1 ∆r

r
,
krk

(2)

while Ft is obtained by a rotation of π/2 of Fn and having a norm µkFn k,
with the direction depending on the sign of the velocity. As a result, the
equations of motion are
(

mẍ + cẋ + kx = (Fkn + Fkt ).i
mÿ + cẏ + ky = (Fkn + Fkt ).j

(3)

when the k-th blade is in contact with the rotor (krk k = R). For the no
contact case (∀k krk k < R), the right side term of equation (3) is null. By
writing them in a matrix form, using the Heaviside function H(.) and sign
function sgn(.) gives

       
m 0 ẍ
c 0 ẋ
k 0 ẋ
+
+
= −H(krk k − R) × k1 ×
0 m ÿ
0 c ẏ
0 k ẏ




R
x + L cos(ωt + 2π(k − 1)/3)
1
−µ sgn(vck )
)
(1 −
y + y0 + L sin(ωt + 2π(k − 1)/3)
1
krk k µ sgn(vck )

(4)

The equations of motion are now ready to be solved numerically after normalization.

3

Simulation Method

In this paper, the equations of motion have been solved using a 4-th order
Runge-Kutta integration with constant time step. An in-house code was implemented in C++. For bifurcation diagrams, 100 Poincare sections were collected
after simulating 100 periods for a given normalized frequency Ω = ω/ωn . In
this model, the state space dimension is 5 (R4 × S) with displacements x and y,
velocities ẋ and ẏ, and the phase ϕ = ωt. The Poincare sections are retrieved
at a constant phase θp = 2π in the state space. To plot the bifurcation diagrams, 5000 steps are used for the normalized frequency range. The final state
vector of a simulation at a given frequency is used as the initial condition for
the following one to find stable solutions over the whole studied range.
Concerning the maximum Lyapunov exponents, 100 periods were simulated
at first to be on the attractor. The initial perturbation between the two trajectories was taken smaller than  = 1.10−9 because of the strong non-linearities
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of the system and to avoid following other attractors for the perturbed trajectory, which could lead to erroneous exponents values. A rescaling has been
done for both positive and negative exponents. Threshold values were chosen
to optimize the accuracy of the results and the computer speed. A number
of 10000 periods were simulated to get a good convergence of the Lyapunov
exponent for any frequency.

Fig. 2. (a) Bifurcation diagram - zoom 1 (b) Bifurcation diagram - zoom 2 (c) Overall
bifurcation diagram (d) Maximum Lyapunov exponent

4

Numerical Results

The parameters of the system are R = 0.11, L = 0.1, δ = R − L = 0.01 m = 1,
k = 100, k1 = 15000, ωn = 10, µ = 0.1 [SI units]. These parameters are
kept constant and will constitute the reference case if values are not specified
explicitly. Figure 2 (c) shows that higher vibrations start to appear at Ω =
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0.33, with an apparent periodic motion below this frequency. Figure 2 (c)(d) correlates the bifurcation diagram together with the Lyapunov exponents,
which allows to identify chaotic motions not visible in region 1 (see Figure 3
for areas numeration). An interesting change in the diagram also appears at
Ω = 0.666 showing the route to chaotic motion by period doubling bifurcations
from 3 to 4 .

Fig. 3. Bifurcation diagram for the axially elastic blade model

Fig. 4. Axial stiffness modelling for different simulations

The model described by [5] differs in some details and complexity. In opposition to our model, the outer ring is rigid and fixed while the blade is elastic
and can be deformed axially and transversally when contacts occur by assuming large beam displacement theory. The relation between displacement and
stiffness was done by polynomial curve fitting. Though the models are sensitively different, global bifurcations, periodic and chaotic motions appear in the
same regions on Figure 3, with small differences becoming visible in localized
frequency ranges in regions 2 and 4 .
A model has been performed by changing the constant stiffness with an
exponential fit of the axial stiffness calculated in [5]. The force-displacement
fitting function is given by F (x) = a exp(bx) + c exp(dx), with a = 32.53,
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Fig. 5. Bifurcation diagram for different k1 : (a) 1.5 × 103 (b) 1.5 × 104 (c) 1.5 × 106
(d) exponential function

b = 10.36, c = −26.25 and d = −2012. A representation of this function
together with constant stiffness curves is displayed on Figure 4. It shows that
the contact stiffness is extremely high for small displacements. As a result,
bifurcation simulations are also performed for different constant stiffness values
k1 = [1.5 × 103 ; 1.5 × 104 ; 1.5 × 106 ]. On Figure 5, bifurcation diagrams show
similar behaviour regardless of the stiffness, excepted for the lowest stiffness (a)
only showing a periodic motion over the whole frequency range. A simulation
performed for a variable stiffness ratio k1 /k shows that chaotic motion appears
for a stiffness ratio of 39 (at a frequency Ω = 0.74). Therefore the general
dynamic behaviour of the system is similar for every k1 ≥ 3900, but it confirms
that weaker outer rings do not represent correctly the dynamics of the system
under a certain threshold value. Moreover, the contact forces shown on Figure 6
vary greatly for each different stiffness k1 by a ratio 1/100 from the smallest to
the biggest value, making it difficult to know the validity of the model to get
realistic contact forces as in the elastic beam model.
Regarding the influence of other parameters, tests have been performed
for damping at Ω = 0.74, showing that increasing damping has a stabilizing
effect. Morever, complex dynamics only occur for a minimum value of the
initial eccentricity y0,min = 0.010000019, so that a reasonable value must be
chosen for contacts to happen and get the system’s main dynamic properties.
For instance, a initial eccentricity within the range [0.0100000048-0.010000019]
will only show the first chaotic range 2 , while the chaotic range 4 disappears
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Fig. 6. Maximum force-frequency curves for different stiffness values

suddenly. Below this range, no significant dynamics occur at all (similar to a
non-contact case).

Fig. 7. Bifurcation diagram at Ω = 0.74 for: (a) varying stiffness ratio (b) varying
damping

5

Discussion and Conclusion

Though few studies have been performed concerning blade impacts in rotordynamics, it was shown that complex dynamics occur below the natural frequency
at integer fractions of ωn /3. The present study confirms the sub-cited results
by adopting a simpler model with different assumptions, only giving small differences in localized frequency ranges. Though the general dynamic behaviour
is similar, the drawback of the new model is that no insight is given concerning forces amplitude so that validity of the model cannot be totally identified.
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Nonetheless, the main advantage is to evaluate the influence of the design parameters (ξ, µ, y0 , δ, k1 /k) in a faster way due to the model simplicity. From
a numerical point of view, the Lyapunov exponents calculation showed sensitivity to the initial perturbation and threshold values, because of different
solutions that may coexist for a fixed parameter set. Hence, jumping from
one attractor to another may lead to erroneous exponents values. As a result,
extraction of multiple solutions in bifurcation diagrams would allow to have
better confidence in maximum Lyapunov exponents.
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