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Abstract: Responses of the nonlinear resonant medium represented by set oscillators
with various types of nonlinearity are investigated. Solutions of the nonlinear equations
of oscillator in the form of final Volterra series in the time and frequency domains,
corresponding to anharmonicity are received. Integral transformation of input signals
responses’ character is displayed. Both the duality of mediums under consideration as
well as classical nonlinear circuits and the opportunity of realization of signals real time
processing in those mediums attention is paid to.
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1 Introduction

Due to the time-frequency dualism nonlinear resonant (NRM) medium makes
possible to calculate integral transformations of the convolution type in
frequency space with the same connectivity as multiplication in time space.

In this case nonlinear effects will lead not to frequency mixing resulting in
generation of oscillations with combinational frequencies, but to time mixing,
i.e. to generation of signals (pulses) at combinational instants of time [1, 3]. This
time-frequency dualism phenomenon is illustrated by fig. 1.

} } } } } Fig. 1. Responses of nonlinear
} } o systems to multisignal excitation:
0 f, 2f, f, 14, P f above — responses of the nonlinear
N‘w qc'qw circuit to a series of harmonic
} } I } excitations, below — responses of the
| | o nonlinear resonant medium to the
ot 2‘t " t‘t Ll ~+t excitation in the form of delta
2% st a2t functions.
& W

The time positions of responses are as rigidly connected to the time position of
excitation pulses in nonlinear frequency space as combinational frequencies
arising in a nonlinear circuit are connected to the excitation frequencies.
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Let us define the resonant medium as a set of high-Q oscillators, resonating in a
frequency band. Such representation depicts the medium’s local heterogeneity.
The term "oscillator" here covers such concepts as separate micro particles or
medium collective excitations — quasi-particles — under quantum-mechanical
consideration, and as molecules or even the macroscopical particles carrying all
properties of the substance - at the classical approach. In such a model the
nonlinear properties of the medium can be provided both by the interaction of
external excitation with a separate oscillator, and by the interaction between
separate excited oscillators and thus reduced to the following types

. Anharmonicity;

- Nonlinear excitation;

- Nonlinear attenuation;

. Nonlinear interaction between oscillators.

In the latter case it is required to resolve a problem of many particles for the
description of the model while solving one-partial problem is sufficient for the
first three kinds of nonlinearity. The medium’s response to the external
excitation will be calculated by summing the responses of separate oscillators
regarding with respect to their frequency distribution density g(w). It is
appropriate to mention here that the resonant medium represented by a set of
oscillators is a real frequency space and it is convenient to describe it in terms of
frequency representation.

The response of such nonlinear resonant medium - echo - signal — is a result of
in-phase summation of oscillations of the excited oscillators, therefore the term
«phased echoy is frequently used for this signal definition.

Specific physical and mathematical models distinguished by both the wide
variety, and significant complexity are used in various type echo researches. In
the applied perspective the theory of a spin echo [2] is most elaborated, still in
this field the analysis is limited to small-signal approximation. The statistical
analysis of the known physical and mathematical models of echo phenomenon
in various media, not limited by the small-signal approximation framework,
represents significant mathematical difficulties. The volume of such calculations
even more increases due to the wide variety of specific physical mechanisms of
echo — signals formation.

The purpose of the given article is to elaborate a unified description of the echo
phenomenon regardless of the specific physical mechanism of its formation,
suitable for the analysis of EP operation constituting a part of various radio
engineering systems affected by signals and interference of any intensity. The
mechanisms of nonlinearity mentioned above have the peculiarities related to
responses’ amplitude behavior and responses’ phase - exciting pulses’ phase
dependence. The dependence of responses’ shape on the shape of excitation
pulses is the same for all types of nonlinearity. Therefore one kind of
nonlinearity, that is anharmonicity, is considered in the given article.

2 NRM model with anharmonic oscillators.

Let us present the equation of the i-th anharmonic oscillator as follows
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Diyi @) + Fi[yi (] =x (1), (1
dZ
where x (7) - external excitation, D, —F+2O' " +a)0l - linear
t t
operator, o; and ay; - loss characteristic and resonant frequency of linear

approximation, correspondingly, v;?) — response of the i-th oscillator,
»

F [y(t)] = Z akyk (Z) is a polynomial of the p-th degree, a; - the constants
k=2

including power constants and geometrical values. Later, due to the equity of all
oscillators the index i will be omitted. To solve (1) let us pass to the integral
relation (2)

_[h t z'dz' _[h F[y(t—r):ldr )

)

where h(T)ZI[F{y}]_l e/ 2 3)

pulse function of the linear part of (1), [F {-}]" — inverse Fourier transform.
Substituting specific operator D in (3) we will have

| B
—e “simw,r, >0,
h(T) =<0, 4)
0, <0,

where @, =\|W; —0~ = @,.

The solution of (2) will be found by the iterative method that results in
the representation of y (?) in the form of Volterra finite series in case of weak
nonlinearity (a; <<1,k=2,3, ..., p):

h+ZJ.h TyyersT th r (5)

p=l gr

where E” - p-dimensional Euclidean space, in which Volterra kernels 4, (71, 7,
..., T), representing pulse functions of nonlinear transformation of the p-th
order are determined. So, for example,

hiz)h(z,—7t)h(z,—7)d >0
o (52,) = __[O (2)h(z,—7)h(z,—-7)dz, 7, 7,20,
0 for all other values 7.

Outside the framework of the simple model of the isotropic medium
without space nonlocal coupling considered above, y (?) and x (-¢;) in (4)
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should be vectors, and /,(7,...,7,) — tensor of the p + 1-th rank, having such
values as charges, masses, geometrical and power constants, as well as values
characterizing dissipation of energy as constants. This more general case which
doesn’t lead to any change of the final conclusions is not considered here.
However, transition to this case is quite obvious.

Find the explicit form of the third order Volterra kernel

h(7,,7,,7,) = J:h(r)h(rl —7)h(z,—7)h(7,—7)dr

The area of integration corresponding to a causal kernel, is shown as
shaded in fig. 2, according to which

min{z,,7,,73}

h3(rl,rz,r3): I h(r)h(rl—r)h(rz—r)h(r3—r)dr

h(t) Wt -7) - 17) - 7)

__\\________

4]

Fig. 2. The area of integration corresponding to a causal kernel.

Let a = min {7,,,53}. Taking (1.2.4) into account we have

_ - 1 - efa(rl+rz+r3) (eZUa —l)x
oW,

h3(rl,rz,r3):

[cosa)e(rl—rz—13)+cosa)e(rl+r2—r3)+cosa)e(rl —T2+T3)];

Under condition of w,>> o the terms having the factor 1/ 16@: are rejected
here.

Thus:
if min{t1,72,13} = tl then

1 I:e—a(rl+r2+r3) _e—a(—r,+r2+r3):|x

h (Tlsz’z’z}):m

(6)

[cosa)e(rl—rz—r3)+c0sa)e(r1+r2—13)+coscoe(rl—r2+r3)];
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2) if min{n, n, 5} = 3 then
5 1 o(ntry4y)  —o(nn-ty)
3(11,12,13)——160_603 e —e X
[cosa, (7, —7,—7y)+cos @, (1, + 7, — 7y ) +cos @, (7, -7, +7;) |;

3) if min { 7, 0, 2'3} ) then

— 70—(TI+TZ+TJ) 70-(T1712+T3)
hy(7,,7,,7;) = [e —e X

160w’
[cosa, (7, —7, ;) +cosw, (7, + 7, — 13 ) +cos @, (7, — 7, + ;) |;

Another way to write the third order kernel is following below:
t

hy(t,7,,7,,7,) = J. h(t—=7)h(t—7))h(t—7,)h(t—7,)dr =
max{rl Ty ,13}

16(;@: |:efo'(3t77]7r2773) _ goltrnns) ] 0.

if 77 =max{z,n,5};

1 —o(3t-1,-1,-13 —o(t-r+7,—13
h3(fa71a72,73):m[e (3t ) _ ol )}9,

if »=max{n,n,5};

1 -o(3t-1,-1,-t —o(t-7,—1,+1
h3(t,rl,rz,r3)=l6aw4 [e Grorinn) _ goolionn 3)]6’, 7)

if oz =max{7n,n,n};
Here 0= cosa)e(t—l—r1 -7, —1'3)+cosa)€(z‘—r1 -1-1'2—2'3)+cosa)e(z‘—r1 —1'2-1—1'3),

Find the oscillator respond to an excitation in the form of three S~functions (fig.
3,at¢; =0):

x(t) = Clé‘(l) + Czé‘(l—tz) +c3 5(t—t3)

Fig. 3. Three-pulse excitation.
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In the third approximation of the solution we have:
3

v;(1)= J.lh(t,r)x(r)dr—%J;hj(t,z'l,z-z,q)nx(rr)drr =

r=1

eh(t)+c,h(t—t,)+c;h(t—1,)—
ceyesiay |y (4,85,0,0,)+ hy (1,5,1,,0) | -

ry=max{r,,7,,73}

a; [ By (£,0,15,8, )+ by (£,1,1,,0) | +

7 :max{rl %) ,Z'3}

a;| by (£,0,8,,8,)+ by (£,1,,0,1,) | } -

Ty=max{7),7,,7;}

a,¢,c3[hy (1,0,1,,1,) +hy (1,1,,0,1,)

7, r3=max{7,7,,73}

hg (tatzﬁ t2’0)rl,12:max{fl ,12,13}]+

Here the first three terms correspond to the response of a linear circuit with
the pulse characteristic 4 () and are not of interest from the echo — phenomena
point of view. The expression in the first curly brackets defines the three-pulse

(123)

response , arising at the instant of time ¢ = ¢, + ¢; (the top index
p V3 4 p

7y, 3=max{7,1,,7;}

corresponds to the numbers of stimulating pulses):

(23) _ bascc,c; [ —o(3t—t,1;) —o'(t—t2+t3):|
Y3 o= | € —e cosaw, (t—1t,—1,)
l6ow,

At the instant of time ¢ = ¢, + ¢; all oscillators oscillate in the same phase and
produce the pulse with the amplitude

(123)

y3 (lz + t3 ) = %a3clczc3620(l‘3t2)620’t2 (1 _ efzo:rt2 )

The last terms in square brackets describe a two-pulse echo yglz) from the first
two pulses:

2
yglz) (l‘) _ 3;1301642 |:e—0't _ e—d(3l—2!z) :| CcOS a)e (t - 2t2 )
ow,

There are two more echoes of two-pulse type from the second and third pulses
y§23) (t ) and from the first and third pulses y§13) (t )

A distinctive feature of the echo - signals provided by anharmonicity is growth
of the echo amplitude as the delay #,, between the first and the second pulses of
excitation first rises up to maximum and then almost exponentially recesses [4],
fig. 4.
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0
Fig. 4. Amplitude dependences of responses

Research the response of the anharmonic oscillator system to the excitation of
three finite signals of the optional form within the framework of the third
approximation.

The distinctive features associated with the record of the transformation kernel
for various combinations of min {t;,7,,73} and max {t;,7,,73} will be shown in
this calculation, as well as rules of calculating Volterra functionals stated.

The solution of the basic equation to a third approximation contains the first and
third order functionals:

3

J.htr dz' a3J‘h trl,rz,r3)Hx(r,)dr,,(8)

r=1

among which only last one contains echo — responses .

As the all oscillators system response is of interest it should be specified that the
solution (8) corresponds to the oscillator with the resonant frequency ..
Omitting a linear functional, we have:

y3(t,a)g)=—a3jh3(t,rl,rz,r3)Hx(z'r)dTr, )

The total system response in view of a frequency distribution density is as

o0

follows 'y, (t) = J- g(a))y3 (t,a)e)da)e

—0
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First find the three-pulse echo expression provided by the product of all three
input pulses in (9). For this purpose we write of all terms resulting from the
opening the brackets in the product

fl[x(r,.): [x,(z))+ x,(z, = 1)+ x,(z, = T)[x,(z, )+ x,(z, = 7) + x,(z, = T)]x

[xl(r3)+x2(r3 _T)+x3(T3 —T)],

those which are of interest for us
3

Hx(fr): X (7)x, (71 - T)x3(71 - T)+ X (71 )xz (73 - T)xs(TZ - T)+

r=1

X (72 )xz (71 - 7)+ x3(2'3 - T)+ X (72 )xz (73 - T)x3 (71 - T)+ (10)

X (73 )x2 (71 - Z')x3(2'2 - T)+ X (73 )xz (72 - Z')x3 (71 - T)+
We notice that for the first term in (10) 13 = max{t;,T,,73}, and 1, =
min{t;,T,,7;}. Consequently, the kernel (7) should be used with the first term. In
this kernel we should take that one of the three cosines in whose argument

min{t;,7,,7;} has a sign "plus", i.e. cosw(t+1,-1,-73). Thus, the transformation
kernel for the first term (10) x;(t;)x2(T2-T)x3(T3-7) 1S

1
h t,7,,7,,T |ry=max(7),7,,73) = X
3 ( Pr22ns )\r?:min(rll,rzz,r;) 160(0: (1 1)

|:e—a(3t—rl—rz—r3) _ e—o‘(t—rl—rz+r3)j|cos(t + T -1, - T3)

The other terms’ kernels should be found in the same way. For example, in the
fourth term t; = max{t,,7,,73}, and T, = min{t,7,,73}. This term’s kernel is

1
h3 t, 15Ty, T3 Jin=max(r,,75,73) = X
( )|z'12:min(ri,2'2 \73) 160’60@4 (12)

[eia(%rﬂr%) — e trarna) } cos(t—17,+7, - 17,)

As for the physical model under consideration Volterra kernels are symmetric
the appropriate replacement of arguments in the terms (10) and in the
corresponding kernels will reduce both all the terms and kernels to one. Indeed,
the consequent change 1, <> 13, T, <> 1) reduces the kernel (12) to the kernel
(10). Such arguments replacement simultaneously reduces the fourth term to the
first one.
Thus, the property of kernels symmetry appears to be rather useful and should
be applied when possible in order to minimize rather bulky calculations of
Volterra functionals.

All the terms in expression (10) are reduced to the same type, therefore
(9) transforms in:
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Vs (t, a)) =—6a, Ih3 (t, T,,7,,T; )|r3 e (z1. 722_3)
3

S [r;=min(z;,z,
X (71 )xz (72 - T)xz (73 - T)drldrzdrz

In this case it appears simpler to calculate all oscillators system response than
that of one oscillator due to possibility of using spectral densities of the input
signals:
© 4
ot '[ Cg(wy)e]wtj.e(fpr/w)"l X, (2.1 )dTl %
—00

0

”, ([) —Re J'e(a—ja))rzxz (T2 )dz_2e—2aa , (13)
TT' ' r .
J‘e(a_J @)rs X, (r3 )d T, — J‘e(ﬁ]w)rsxg (73 )d 7, |do,
T T

c=6a, /160w
Internal integrals (13) represent spectral density of the input signals multiplied
by the exponents exp (£oT;). Introducing definitions

z'

+0't —ja)t toz —jot

S.oi( Ix dt Sm( ,)e" e,
z

Sioi(we)zjxi(t) tot jwtdt_S+o_l( ) +0'zeja)t

tot

where S o (a)e) - spectral density of the signal x;(f)e™° " whose rise-up portion

coincides with the time zero, we can write (13) as follows

3 < =k ~
y3(t) =Re gﬁ jgl(w)Sal(a))Saz(a))x
o —0

e A ) A N

where g1(w) = g(o) o'
As entrance signals duration is supposed to be neghglble with reference to the
decay time constant of the oscillators (#i <<I/s, i = 1, 2, 3), one can consider the

approximate equality S'm. ~ bim. valid. Then
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Vs (f) — Re{g a5 e—o‘(t—ﬁ-T)[l _ e—2z7(t—T):|X

o

fgl(w>§;(@s?ﬂ(w)ﬁﬂ(w)ew“>da>}.

It follows from the last expression that the three-pulse echo signal form is
defined by the product of spectral densities of the entrance signals, the spectrum
of the first signal should be taken in a complex conjugated form. Composed of
exponents factor at the integral sign determines the dependence of the three-
pulse echo- signal amplitude on the entrance signals time positions. The echo -
signal clusters about the moment of time t = T+ 7.

(14) can be written in the other form

y3 (t) = %% 876(17T+T)|:1 - eiza(riT)]gl (t)* xo‘l (t)® xGZ(t - T) * xo‘3 (t - T)’

where symbol * means convolution, and ® - correlation.
Introducing multidimensional Fourier transforms of Volterra kernels instead of
Volterra kernels themselves we can pass to the frequency representation for y(t)

(14)

K, (@, 0,)= I“'_[hn I L e T L 1)

y(t)—zzpj jK @, ) [ [ S(@,) ™ dav, - (16)
k=1

where S (@) - spectral den51ty of excitation x (#) which use is determined by the
assumed pulse character of x (f). The reduced form of the record used in [5] is
done in (16). In this record the total number of terms in the subintegral
expression is equal to (Cg +C]17 +___+C[1;) =27, where C]’j - number of

combinations of p elements over k, containing & "minus" signs in the arguments
of a gain. The first term in (16) describes signal x (¢) transmission through the
linear quadripole with the gain K;(w), the others depict nonlinear signal
transformation. The gain characteristics (16) are presented in [5].

If the frequencies in the gain arguments are not equal, i.e. ®; # ®, #...#my, the
ratio (16) describes occurrence of the new spectral components with frequencies
Tot.. . tad.. . taw, passing through filters with the gain K(a,..., a,..., @)
Assuming the Q-quality of oscillators to be high it is possible to consider
Ky(an,..., ..., @) = 0 at @ #...# o #...#a@, To exclude the highest
harmonics of the signal the number of "plus" and "minus" signs in argument K,
should differ by unit. Such integrated transformation kernel in (16) is called a
kernel with sum - differential argument in [5]. In this case

n Pl 0
y(’)‘z 25,’511 IKZ,, (@)S(o)|S(0)["” e"do+ci,  (7)
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where c.c. - is a complex conjugate part of the expression presented above. The
reduced form of the record is also applied here. Thus, for example, total
description (17) of the second term of the series looks like this:

%{i&(a),a),—a))S(a))S(a))S*(a))da)Jr

I K, (0,-0,0)S(0)S" (0)S(o)do+

The block diagram of the device providing transformation (17) with all
oscillators taken into account is shown in fig. 5. Filters ®i(w), i =1, 2, ..., m,
m=N, select spectral bands of a signal with a bandwidth Aw;; output oscillations
of these filters are subject to instantaneous nonlinear transformation in nonlinear
blocks with instantaneous characteristics a, H(Szk’l, k=1,2,...,n, linear filters

Kg?q (a)) select the first spectral bands of the transformed oscillations, adders

make linear summation of all output oscillations.

> (1)

Fig. 5. The block diagram of the device making transformation (17).
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The minimal order of nonlinearity in the equation (1) providing echo
phenomena equals to three. This is the cubic medium and it can be represented
by the radio engineering equivalent shown in Fig. 6. Putting aside thin
distinctions of higher order echo time relations we can substantially simplify the
block diagram transforming it as shown in Fig. 7.

¥

o)

Fig. 7
We find the explicit form of the third order gain Ki(-@ @ @) using the
appropriate Volterra functional kernel (6):

—o(ry+ry+r;) e—a(—rl+72 +75

h(t,7,,7,,73) = C[e )]COS(Tl —7,-1,),
T, = min{rl,rz,r3 }, r, =max{r,,7,,7, }
Then, letting ay = @,

K, (-o.0,0)= .[dq.[drz.fdrlhg (2,77, ) 1) =
0 0

=F(o-o,)+F(0+a,)=

B 1 +l 1 i 1 +F(o+o,).
_[U+j(a)—wo)]2{l 2{‘7—](0)—%) G+J(W—wo)}} Hora)

Considering only positive frequencies domain and taking into account, that >>
1, we write K; (-@ @ o) in the following form
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~ 1 +l 1 + 1
K (-0.0,0)~ [o-+j(a)—a)0)]2 {1 2|:O'+j(60—500) O'—J'(a’_%)}}

Correction resulted from the summation of the conjugated factors in the square
brackets, has the maximal value (1 + 1/s) at @ - ay = 0 and, thus,

1

[0+j(a)—a)0)]2

>

K, (-0,0,0)~

as shown in fig. 7.
Let us find the whole oscillator system response to the signal x (#):
1 & crt . . L NP2
0] :ZZazp_l 222;’_11 jg (]a))S(]a))|S(]a))| edw+ c.c., (18)
E

p=1

where g'(jw) = g(a’)ZKgp)—z (Jo) -

the total resonant characteristic of the oscillator system, function g(®) has the
meaning of the oscillator frequency distribution density. The first term of
expression (18) describes linear transmission of the signal x(#) through the filter

with the gain g'( ja)), the second one corresponds to the nonlinear

transformation of the third order and rather adequately characterizes the
processes occurring in the nonlinear resonant medium:

3a . ' . X 2 i
J’(f|P=2)=2§;Re{£g (]a))S(]a))‘S(]a))‘ e’ da)} (19)

The spectral density of the output signal corresponding to this transformation
defines possible responses of medium.

In time domain the medium response to the excitation x (t), determined by the
second approximation of the basic medium equation solution, can be presented

according to (20) in the form, where g'(t) - the pulse characteristic of the
system with the gain g’ ( J a)) .
5,(jol p=2)="2[s(jo)[s (jo)f |s'(jw), @)
8
The last expression determines functional capabilities of the devices which can

use NRM properties, i.e. producing convolution, signal correlation function and
Fourier transforms in real time.
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