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Abstract:  Rotation ï Expansion ï Translation ï Reflection chaotic models show despite 

of its simple generators complex structures that resemble in 2 dimensions - without 

referring to any material property - well known fluid/flux vortex flow patterns as recently 

shown by Skiadas. Here the model is generalized and extended to n > 2 dimensions with 

N = n(ͮnīͮͮ1)/2 rotational degrees of freedom and the maximum of L = n(ͮnīͮͮ1)(nīͮͮ2)/2 

singularity rotations on the sphere and hyper sphere with rotation matrix operations given 

by the orthogonal group O(n), special orthogonal group SO(n), or Lie spin group Spin(n) 

with hierarchical relations. The radial distance to the singularities located on the rotation 

axes leads to the Skiadas power law rotation parameterized by a power exponent and 

rotation strength. Patterns often show characteristic flux lines emitted from a chaotic core 

near to a singularity. The non-commutative permutations of the non-abelian rotation 

group elements are relevant for encryption purposes.  
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1. Introduction  

In quantum physics the spatial probability density and its symmetries are a basic 
concept to describe the evolution of observables obtained from stochastic 
(jump) processes in phase space. The Rotation ï Expansion ï Translation ï 
Reflection pattern generation approach of Skiadas provides also for spatial 
density structures but from iterative difference equations generating more or less 
chaotic jumps [1, 2, 3]. The first results of Skiadas are very similar to v. K§rm§n 
Streets, see fig. 1, or even elliptic galaxies formations. Since a translation is a 
special case of a rotation with the rotation centre located at very large distances, 
applying subsequent rotations repeatedly around different rotation centres 
should also provide for interesting patterns, especially if the rotations are a 
function of a spatial distance with respect to one or more singularities, where 
rotations grow infinite due to a power law with negative exponent. We will 
focus in this paper onto the rotation-rotation chaotic phase jump processes on 
hyper-spherical loops with larger or smaller chaotic core regions, which depend 
on characteristic numbers and symmetries. Since the signal tp  jumps in hyper 
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space or on hyper spheres, the resulting patterns could be relevant to physics 
and quantum spin groups in higher dimensions [4]. First we will introduce the 
rotation-translation approach in two dimensions (2-D) with one or more 
singularities and then replace the translation by another rotation and generalize 
to n dimensions on (hyper) spherical surfaces. After generating some new 
chaotic jump pattern by extending the Skiadas algorithm and relating it to 
proper physics attributes, some new input came from discussions during and 
shortly after the conference, especially from some authors of references [1]-[6]. 

2. The 3-D Expansion/Rotations/Translation Model 

In 3-D Euclidian space we can map the Skiadas model onto the sphere with 2 or 

3 rotations. A vector coordinate 
tp  will describe the signal location at a time t 

and after one jump time interval t at t t+p , where the signal starts at 
0p . First 

we apply a expansion/reflection matrix E , then apply N = 3 different rotation in 

planes 
iP , 0,1,.., 1i N= -, each containing 0,1,.., 1il m= - singularities 

,i ls  

defining the rotation centre. At this location the axes ,i lX  intersect 
iP  

orthogonally. The rotation angles ,i lJ  are given by the Skiadas power-law [1]  
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with distance between signal and singularity coordinates ,t i l-p s , power 

exponent value usually in the range 1-3, and coupling constants ic . We have 

chosen a form producing patterns linearly scaling with the jump distance tv  

while preserving shape. For one singularity per dimension 1im =  the three 

rotations with angles iJ are computed by the rotation matrices iR  applied in a 

given permutation sequence. We take a proper coordinate system diagonalizing 

E  with pure diagonal expansion/reflection components 0ije =  for i j̧  and  

0xx yy zze e e= = >. For this case we will use the short notation 

ED( , , )xx yy zze e e=E , a negative sign shows a so-called reflection in the 

corresponding coordinate. These components and boundary conditions provide 

for the basic 3-D recurrent algorithm and difference equation as a simple 

extension to [1, 2, 3] generating one jump with distance tv  after the 

intervalt. If we assume orthogonal rotation axes with rotation matrices iR  

elements of the SO(3) rotation group, we have a common rotation centre located 

at r  as the intersection of the rotation axes with one singularity from every 

dimension ( 1im = ) and orthogonal axes 0,0 1,0 2,0^ ^X X X ,  where the chaotic 

map given by  

 [ ]2 1 0t tt t+
è øè øè ø= + - +ê úê úê ú

p v R R R E p r r . (2) 
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To get pure rotations, the straight translation shift tv  in eqs. (2) and (1) could 

be approximated by constant orbital rotations in one dimension with label j and  

2j jJ p t=r v  leading to the Skiadas rotations coupling 
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, in 3-D we usually take 2jd = , (3) 

where the coupling factor 
ic  can be varied in a wide range. Spin is given by an 

orbital rotation with label i j=  that has one singularity at the centre 

,0 (0,0,0)j =s , where   

1

2

j
j

j

dd

jj

j d

t

c
J

p

-

å õ
=æ ö

ç ÷

r

p
, for 1jd =  simply t j jc=p r . (4) 

The iterative 3-D difference equation (2) for one start point or delta distribution 

0 0t==p p  with 3 singularities and 3 orthogonal rotations is now  

[ ]
2 1 0t tt J J J+
è øè øè ø= - +ê úê úê ú

p R R R E p r r . (5) 

To obtain interesting patterns on the spherical surface we set 3,1 q=R R  as the 

constant longitude or orbital advance, and 1,2 J=R R  for the altitude. Both 

rotations rotate around singularities given by  

¶ 3,1 1m = , one longitude rotation 3,1 q=R R  rotating around 3,1,1 (0,0,0)=s  

with power law exponent 3,1,1 0d =  and rotation/coupling strength 
1

3,1,1 2c jMp -= ,  

¶ 1,2 1m = , one latitude rotation 1,2 J=R R  rotating around 1,2,1 (0,0,1)=s  with 

power law exponent 1,2,1 2d =  and rotation/coupling strength 
2 2

1,2,1 2c k Mp - -= . 

As an example, a two-angle rotation and signal position tp  subject to rotation in 

3-D spherical coordinates ,j f and singularity rotations 0J J= ,  1J q= , is 

given by 
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With one singularity located at 0 (0,0,1)=s  with d = 2 and one at the centre 

1 (0,0,0)=s  with d = 0 we get the two scalar rotations in spherical coordinates 
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3. Hyper-Sphere Expansion-Reflection-Rotations Map   

The extension to the n-D signal map 
t t t+p p  with rotations embedded in n-D 

Euclidean space for 3n²  is straight forward. The matrix operations are based 

on the orthogonal group O(n), or the Lie spin group Spin(n) as the double cover 

of the special orthogonal group SO(n) defining the n n³  rotation matrices 
,a bR . 

The number of rotational degrees of freedom and number of orthogonal rotation 

planes 
,a bP   is 

       
( 1)
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, ( 2) 1, 3, 6,10,15, 21, 28, 36, 45, ...N n² = . (7) 

One plane can have orthogonal axes 
lX  intersecting the plane at the singularity 

locations 
, ,a b ls , l labels all orthogonal axes with ,l a l b¸ .̧ We rotate on this 

plane if the rotation plane has at least one orthogonal intersection , 0a bm >  at the 

singularity locations. The maximum number of singularities per dimension is 

, ( 2)a bm n= - , if , 0a bm =  there are no singularities and no rotations in ,a bP . So 

the total number of possible orthogonal axis intersections for all planes and the 

maximum number of singularities is ( 2) ( 1)( 2) / 2L n N n n n= - = - -. There is 

a set of N orthogonal matrices 1

, , ,

T

a b b a a b

-= =R R R  with ,det 1a b=R  defining 

the special orthogonal group SO(n) given according to [4] by  
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with trace , ,2 1 cos( )a b ln Jè ø- -ê ú and angles , ,a b lJ , ,l a l b¸ .̧ The signal is 

located on the hyper-spheres. The sequence of orthogonal matrices rotating a 

vector tx  in Euclidean space must be ordered   

[] [], ... , ...... ...A B t a b t
è øè øè øè ø= ê úê úé ùê úê ú

R x R R R x , (9) 

covering all possible rotations or a subset as a permutation. Building the chaotic 

map with an n-D expansion/reflection E  then applying the rotation sequence 

,A BR  we have  
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[ ],t A B tt+
è ø= - +ê úp R E p r r . (10) 

We are left to specify the generalized rotation angles 
, ,a b lJ , the matrix 

coefficients for a rotation 
, , ,( )a b a b lJR , the number of singularities per dimension 

,a bm , and the temporal order of rotations. The angles 
, ,a b lJ  corresponding to 

, ,a b ls  will have with strength 
, ,a b lc Í , metric distance 

, ,t a b l-p s , and power 

exponent 
, , 0a b ld ²  a form given by 
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To systematically generate meaningful setup values in higher dimensions 

providing for interesting patterns for n > 2 with physical relevance, we 

recommend for simplicity to take a Gauss-type classical coupling field gradient 

power exponent  

, , 1a b ld n= -,   (12) 

where the gradient power exponent is the Gaussô law field strength exponent 

plus 1 (for 3-D we have , , 2a b ld = , see below). But of course, as Skiadas has 

shown there are several exponents that can lead to nice patterns. The power law 

coupling strength is scaling with the field gradient power exponent and coupling 

number k 

, ,

, ,
a b ld

a b lc k
-

= .  (13) 

The temporal order of rotations ,a bR  part of the global sequence ,A BR as a 

permutation sequence must be given in order to setup the map and reproduce 

results. For the purposes of this paper we let run a in an outer loop from 0 to 

1n- , then b in the next inner loop from 1a+  to 1n-  covering the 

( 1) / 2N n n= -  orthogonal rotation planes ,a bP  with orthogonal matrices ,a bR , 

and finally l in the most inner loop from 0 to 1n-  with ,l a l b¸ ,̧ since every 

plane has 2n-  orthogonal axes intersecting at the singularities providing for 

the total number of singularities rotations ( 1)( 2) / 2L n n n= - - .   
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4. Results  

4.a Four basic 2-D rotation-translation types with radial power -3 

 

         
 

Fig. 1. Left (Skiadas [1]): EC = (1,-1). Right EC = (-1,1) , randomized starts. 

 

          
 

Fig. 2. Left (Skiadas [3]): EC = (1, 1). Right EC = (-1,-1), randomized starts. 

 

4.b Periodic boundary (at 0 16d t= )  in 2-D at power -3 

 

 
 

Fig. 3. EC = (1, 1), if distance x > d0  then x Ą x - 2-D0, y Ą y, slightly random. 

 

 
 

Fig. 4. The periodic Skiadas pattern, same parameter like fig.3 but EC = (1, -1). 

 

 
Fig. 5. Parity change for EC = (1, -1): if distance x > d0 , then x Ą -x  y Ą y. 



Chaotic Modeling and Simulation (CMSIM)  1:  89-106, 2013    95 
 

 

4.c Helical twist and 2-D rotation in 3-D  

 
Fig. 6. 3-D cyclic within 

0 16d t= , power -3, with extra double-helix rotation 

05 /x dy p=  proportional to distance x, EC = (1, -1), randomized starts. 

 

4.d. Multi -singularity and multi -expansion in 2-D, overlapping patterns 

  
Fig. 7. Two equal singularities: positive at (0,0) and negative located at (0, 2j),  j 

= 1,2,3,4,5, power -3, EC = (1, 1). Right: enlarged j = 1 with one positive (blue) 

and one negative (red) singularity.  

  

 

 
 

Fig. 8. Three singularities at different locations, power -3, multi expansion, 3 

different EC: (1, 1) and (1, -1) and (-1, -1), randomized starts. 


