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Abstract: This work investigates the different dynamical states of cosmogonical body
formation using the generalized nonlinear Schrddinger-like equation. In particular, the
cubic time-dependent Schrddinger-like equation describing of cosmogonical body
forming in the state of soliton disturbances is derived. The soliton solution of the cubic
generalized Schrddinger-like equation of a forming spheroidal body is considered. The
reduced model of dynamical system into state-space of the cubic nonlinear Schrédinger
equation is obtained.
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1 Introduction

This work investigates different dynamical states of cosmogonical body
formation using the generalized nonlinear Schrddinger-like equation obtained
within the framework of statistical theory of gravitating spheroidal bodies. The
statistical theory for a forming cosmogonical body (based on the model of so-
called spheroidal body) has been proposed in our previous works [1-7]. As
shown within the framework of this theory, interactions of oscillating particles
inside a spheroidal cloud lead to a gravitational condensation increasing with the
time. As a result, the generalized nonlinear time-dependent Schrddinger-like
equation describing a gravitational formation of a spheroidal body has been
derived [3, 4, 7]. As shown, this equation is found more general than analogous
equations obtained in Nelson’ stochastic mechanics [8] and Nottale’s scale
relativistic theory [9-11].

This work considers different dynamical states of a gravitating spheroidal body
and respective forms of the generalized nonlinear time-dependent Schrédinger-
like equation. In particular, the derived time-dependent generalized nonlinear
Schrédinger-like equation describes not only the state of virial mechanical
equilibrium and the quasi-equilibrium gravitational condensation state, but the
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initial equilibrium gravitational condensation state taking place in a forming
gas-dust protoplanetary cloud as well as the soliton disturbance state and other
gravitational instability states including the formation of the core of a
cosmogonical body. Besides, the last case involves the avalanche gravitational
compression increasing (when the parameter of gravitational condensation
grows exponentially with the time), i.e. the case of unlimited gravitational
compression leading to the collapse of a cosmogonical body.

In this paper, the cubic time-dependent Schrddinger-like equation describing
formation of a cosmogonical body in the state of soliton disturbances has been
derived. Then a reduced model into the state-space for the cubic Schrédinger-
like equation is obtained. We show that the proposed model is represented by
the system of four ordinary nonlinear differential equations with quadratic
nonlinearity. We also note that the obtained attractor can demonstrate the
complex dynamics into the state-space like the Lorenz one [12] or the similar
attractor describing flows with the curvature of streamlines [13].

2 Some particular cases of the generalized nonlinear Schrodinger-
like equation describing different dynamical states of a gravitating
spheroidal body and the characterizing number K as a control
parameter of these states

In the works [3, 4], the generalized nonlinear time-dependent Schrédinger-like

equation describing a gravitational formation of a cosmogonical body has been

derived:

dG(t)
dt

i 2G (1) %‘f ~ 2627 + 0, [+ 22 SO i) s argw]w . (@)

where ¥ is a wave function, ¢ is a gravitational field potential, G(t) isan

antidiffusion function, i.e. the generalized gravitational compression function
(GCF)

1 da
20° dt

and o = «/(t) is a parameter of gravitational condensation of a spheroid-like

G(t) = 2)

gaseous cloud or, simply say, spheroidal body [1-6], i=+/-1.

Let us consider different dynamical states of a gravitating spheroidal body as
well as the respective forms of the generalized nonlinear time-dependent
Schradinger-like equation (1). Indeed, this equation describes not only the state

of virial mechanical equilibrium [1-4] when GCF G(t) =G, =conste R (or
G,eC)and YR (or Y €C):
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and the quasi-equilibrium gravitational condensation state [3, 4] with a slowly
(periodically) varying GCF increment when G(t) = G[1+ecosat]e R (or

G(t)eC)and Y eC:

602 [ aroves Lo lor 990 g
iG(t) p _{ G*(t)V +2(pg}P+ " In\¥|- ¥, @

but also the initial equilibrium gravitational condensation state [1-4] occurring
in a forming gas-dust protoplanetary cloud:

o =-G V*¥ (5)
ot

as well as the soliton disturbances state arising in a spheroidal body under
formation [7]:

iﬁ_T:{—G(t)Vz ,1dInG(H |\P|2}P (6)
at 2 dt

and the gravitational instability states [4,7] when GCF G(t)€C and
Y= || eC:

. oY 1 d G(t
iG(t) = =| -G’ OV>+ =g, |¥+ ®) [In|®|+arg¥ ¥, @)
ot 2 dt
including the increase of gravitational compression of spheroidal body
providing the formation of a core of a cosmogonical body if 0 <argW¥ <2z

(the case of unlimited gravitational compression leading to a collapse occurs
when arg¥ — arg¥W+22n,ne Z).

Let us note that the generalized nonlinear time-dependent Schrédinger-like
equation (1) has been derived in [3, 4, 7] from the following equations:

aa—? =—G(t) grad(divV) — grad(v- T) + % i (8a)
%—\tl =& — (V- V) V+grad(i®/ 2) + G(t) grad(divi) — % 0 (8b)
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where U is a the antidiffusion velocity (unlike of the ordinary hydrodynamic
velocity V) for a rotating spheroidal body [2, 4]:

i=GH)Y2, ©
e,

where p(r) = p,e /2 is a mass density, p, =M (a/27)*?, M is a mass of
spheroidal body [1-5].
Since the generalized nonlinear Schrodinger-like equation (1) describes

different dynamical states of a gravitating spheroidal body then we can carry out
an analysis of dynamical states of a spheroidal body based on initial Eqgs. (8a),

(8b) introducing the scales of physical values T,L,V,U,F,G and the

respective dimensionless variables 7, £, V, U, T, g as follows:

t=Tr; F=LE V=VV; 0=Ud; a=Ff; G(t)=G,g(). (10)
By substituting Egs. (10) in Egs. (8a, b) we obtain:

%Z—uz—ng(r) grad(dlvv)——grad(“)+ d dne(r) U'(11a)

VO e Vi )v+—grad(u 12)+6, ()  rad(aiva) - 2 NG

i (11b)
T or L T dr

Similarly to [14], dividing Eq. (11a) by VU /L and Eq. (11b) by V*/L we
derive the following dimensionless equations [7]:

g __G. ()

aT_VK

grad(dwv) grad(Vd) +Sh Ir:jg(r) U ;(12a)

srﬂ:if—(v-V)V+Kzgrad(u2/2)+i(7).5g
or Fr v Re
where Sh=L/VTis the Strouhal number, Fr=V?/FL is the Froude
number, Re =VL /v is the Reynolds number (v is a kinematic coefficient of

viscosity of flow of particles [14]), K =U /V is a new number of similarity.

(r) grad(divai) —Sh- Kd'”g( ) (12b)

The new number of similarity is a measure of the values |U|versus |\7| prevailing

[7]:

cl

K= (13)

<l

When this similarity number exceeds unity (K>>1) then the antidiffusion
condensation of a spheroidal body occurs exclusively, so that the value of
hydrodynamic velocity is negligible (\\7\:0) because a gravitational field is
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absent practically. If the similarity number becomes close to unity (K ~1) then
the hydrodynamic velocity v of mass flow arises as a result of a gravitational
contraction of a spheroidal body on the field stage of its evolution. As noted in
[7], the value of antidiffusion velocity (9) becomes much less than the value of
hydrodynamic velocity || <<|v] when K<<1. This means that the growing

magnitude of powerful gravitational field strength @ induces the significant

value of hydrodynamic velocity V of mass flows moving into a spheroidal
body. Thus, like the Mach number M [14] the new number of similarity K isa
control parameter of dynamical states of a forming spheroidal body.

In particular, in the special case K >>1corresponding to the generalized
nonlinear Schrddinger-like equation for the initial equilibrium gravitational
condensation state (5) two dimensionless Egs. (12a, b) are reduced to one
dimensionless equation of the kind:

Kgrad(a?/2) + 5.1 g(t) grad(divai) = sh- 2L, (14)
v Re or
which corresponds the following equation [7]:
2 . .. Ol
grad(i?/ 2) + G(t) grad(divi) = o (15)
Except the antidiffusion solution, the equation (15) has a wave solution in the
vicinity of equilibrium state when G, =const and \a\ <1:

= DoeiiEF—EZGSI . (16a)
Moreover, if we determine G(t) =iG,, solution (16a) becomes a wave solution
of the kind :

= Uo eii(kr-fzast) ) (16b)
In the initial equilibrium gravitational condensation state, the wave solutions
(16a) and (16b) are generated respectively, moreover, they induce specific
additional periodic forces and spatial oscillations (like the radial and the axial
oscillations of Alfvén—Arrhenius [15, 16]) in the different domains of a forming
spheroidal body.

3 The investigation of wave solutions of the generalized nonlinear
Schrodinger-like equations of a forming cosmogonical body

Now let us consider some wave solutions of the generalized nonlinear
Schrddinger-like equation taking into account its important particular cases (5)
and (6).

The initial equilibrium gravitational condensation state is realized in a forming
gas-dust protoplanetary cloud when the initial gravitational field ?, is absent
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(p,=0) and G(t) =G, = const, so that the generalized nonlinear Schrodinger-

like equation (1) becomes the linearized Schrédinger equation (5). Like (16b)
we are seeking a wave solution in the vicinity of the equilibrium state when
G, =const:

P(F,t) = Woe ) o T
Indeed, let us calculate the derivatives of ¥ with respect to the spatial
coordinate I and the time t:
o*y

oy . (i ee? S it .
o ik \I] e—l(mstikr+g ) =Fi k\P : T ‘T’k Z\P e (o ttkr+e”) :_kZ\P’
p= (#k)¥, P (Fk)"¥,

b S ) .

CL ¥ = P

ot
Comparing the two last relations we can see that

i __o o’
ot Kk or?

The obtained equation coincides with Eq. (5), therefore o, =G, k?. So, the
wave solution of Eq. (5) can be rewritten in the following form:

lP(F,t) — Toe—i(GSthiEﬂ—go) . (17)

As mentioned relative to (16b), the analogous wave solution occurs for the
antidiffusion velocity T = @i, e ‘K Gstre

Now we are going to investigate nonlinear wave solutions of the generalized
nonlinear Schrodinger-like equation of a cosmogonical body formation. As
noted in [4], as a result of the formation of a core of cosmogonical body (based
on a model of a spheroidal body) from an initial weakly condensed molecular
cloud, a sharp increase in the antidiffusion velocity of particles inside the cloud
is highly likely leading to the gravitational field origin, subsequently. In this
connection, we consider a possible scenario of transition from solutions in the
form of plane waves (17) to nonlinear wave solutions of the generalized
nonlinear Schrodinger-like equation (1) in the case K >>1.

In other words, let us pass from equation (5) to a more general equation with a
time-varying function of gravitational compression G(t) under condition that the

P(t) <1. To this

end, we use the generalized nonlinear Schrédinger-like equation (1) of a
spheroidal body formation from a molecular cloud in a state of gravitational
instability but under the condition of smallness of the initial gravitational field

¢, and the absolute value \\P(t)\ respectively:

12G(1) %{' [ 262)v? + g, o+

absolute value of the wave function is small, in other words,

d gt(t) [In\‘P\z + 2arg‘P]‘P- (18q)
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In this case, the logarithmic function in the right-hand side of Eq. (18a) can be
decomposed into a Taylor series and restricted to the first term of smallness:

e[ =In(L+ [ ~1) =[] -1 -[¥ -1°/2+...~|¥ -1. (18b)
With regard to (18b), the equation (18a) takes the form:
i2G(t)%?:—2G2(t)V2‘P 460 \\P\ Yy { jt(t) (2arg\11—1)}p.(19)
Dividing both sides of Eqg.(19) by 2G(t) we obtain:
oY G(t) 2y 1
i—=-G(t)V> ¥+ A4 -G(t) +2G(t)arg¥|¥ - (20)
2 =GOV P S Pl — 600 + 260 argy]

According to Eq. (26) from [3]: W =/ ® -¢'>, the argument of the wave
function is the statistical action 3, so that the hydrodynamic velocity is to be its
gradient:

V=2G(t)grad 3. (1)

Since there is no practically hydrodynamic velocity for a motionless molecular
cloud (|| — 0), then the value of statistical action is also negligible:

=arg¥ —» 0. (22)

Taking into account the condition (22), Eq. (20) goes to the following:

iaa—ltP:—G(t)V et ; d'”G(t)\ Wwr I o —Goly. @3

2G(t)
When a spheroidal body is forming from an initial weakly condensed molecular
cloud, its initial gravitational potential Py is proportional to G(t), as noted in

[7]. So, taking this circumstance into account, Eq. (23) is noticeably simplified:

Py (24)

0¥ _ -GV ¥+ 1dInG(®)
ot 2 dt

We can note that the obtained equation (24) fully corresponds to the announced
nonlinear Schrédinger-like equation (6) of a spheroidal body forming in the
state of soliton disturbances. Indeed, denoting in Eq. (24) by £ =G(t),

1dInG(t)

5=7d7’ A=Y we obtain the well-known nonlinear (cubic)
t
Schrédinger equation (NSE) [17]:
A
|6—=—,6’V A+S|A”A, (25)

where A= A(F,t) is an amplitude of the envelope of wave packet and 43, & are
some values.
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NSE, a nonlinear second-order partial differential equation describing the wave
packet envelope in a medium with dispersion and cubic nonlinearity, is one of
the key equations playing an important role in the theory of nonlinear waves, in
particular, in nonlinear optics and plasma physics [17, 18]. Using the Maxwell
equations, as well as the equations of medium, in the case of a slowly varying

amplitude A= ‘E‘ of a linearly polarized wave

E(X,y,2,t) =%A(x, y, z,t)expli(kx — wyt)]€, (26)

in the reference system of a moving electromagnetic pulse
(z, t=t,—z/v,(w,) where vg(wo)saw/6k|w is the group velocity),

a scalar equation of the NSE-type (25) can be obtained within the framework of
the paraxial approximation [18]. In this case, the cubic term in the right-hand
side of Eq.(25) describes the optical effect of Kerr, i.e. a change of the refractive
index of optical material is proportional to the second power of strength of the
acting electric field.

Since the NSE (25) completely corresponds to the cubic generalized
Schrédinger-like equation (24) for the state of soliton perturbations, this means
that, just as NSE (25) describes an evolution of the envelope of a wave packet of
electromagnetic waves propagating in nonlinear dispersible media, the cubic
nonlinear Schrédinger-like equation (24) describes an evolution of the envelope
of a wave packet of Jeans’ substantial waves that propagate in a nonlinear and
dispersive medium of a forming cosmogonical body (in accordance with the
theory of gravitational instability of Jeans [19]).

Under a suitable choice of parameters in Eq. (24) (or NSE (25)), we can write a
one-dimensional version of the cubic generalized Schrédinger-like equation:

2
ia—\lj+a—?+x\‘}’\2q’=01 (27)
ot ox

where, in the general case Ww(x,t) is a complex-valued function. Solution of
Eq.(27) in the form of a traveling nonlinear wave satisfying the condition ¥ — 0
at |x| — oo is the following [17]:

\P(X t) _ a@ EXp{—i[ZUX+4(L)2 —az) t —¢0]}, (28)
' ch 2a(x+4ut —x,)
where @,v and ¢, X, are arbitrary constants. It is known [17, 18] that the

envelopes of the NSE solution in the form of a traveling nonlinear wave (28) are
also called solitons (see Fig. 1).
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Figure 1. Soliton solution of a one-dimensional cubic generalized
Schrédinger-like equation of a forming spheroidal body

Thus, this feature of the solution behaviour in Fig.1 has predetermined the title
of equation (6).

4 Derivation of reduced model in the state-space of a nonlinear
dynamical system describing behaviour of the cubic generalized
Schrodinger-like equation

Considering the one-dimensional partial differential equation (27) we would like
to obtain a system of ordinary differential equations (ODES) in state-space like
the well-known Lorenz system [12].
To this end, we intend to seek a solution (27) in the form:

W(x,t) =¥, (x,t)-e“ (29)
where, according to the mentioned formula (26) in the paper [3],
Y, (x,t) = ®(x,t) and d(x,t) is an one-dimensional probability density

function to locate a particle into a spheroidal body.
In this case, for the derivatives in Eq. (27), the following expressions are valid:

NN T, < TS iy ~ AT
v iPe' +iY,3e' o Pe't +iv,Te', (30a)
aZlP "3 H '~ 0T H "ig “ i3
Wz‘l’oe\nLZI‘POSe\H‘POSe\—‘I’OSZG\, (30b)

where the dot means differentiation with respect to the time while the dash is
differentiation with respect to the coordinate in (30a,b) (the arguments of
functions have been omitted for brevity).

Substitution of (30a) and (30b) into Eq. (27) leads to the following equation:

SW S, =, 2T i, WS e, (D)
so that after separation of the real and imaginary parts we obtain:
{— SR R SR 32)
Y, =-2¥,3 -¥,3.
Let us represent the system of two equations (32) in the form:
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7, o (33)

Relations (33) are a system of nonlinear equations leading to the reduced model
like the Lorenz model allowing chaotic dynamics in state-space [12]. With a
view to further transformation of the system (33) we assume that the amplitude

W, (x,t) depends on the coordinate rather weakly that initially takes place in the

molecular cloud (when ¢ — 0). This assumption permits us to neglect the term
P, /P, in the first equation of system (33). As a result, we obtain the following

system of equations:

S=_3° + KRV (34)
¥, = 29,3 - P,3.

In (34), two variables X and t still appear in explicit form. To use only one

variable (temporal) t we can apply the Galerkin’s method known in

aerohydrodynamics for flow stability problem solving [20]. According to this

method we are going to look for the functions ‘¥, and 3 in the form of

expansions in a set of orthogonal basic functions:
W, (x,t) = (A, (t)sin nkx+ B, (t) cosnkx);
n (35)
3(x,t) =Y (G, (t)sinnkx+ H_ (t)cosnkx).

Choosing the concrete expansions (35), then substituting them into (34) and
grouping the terms associated with the different components of these expansions
we obtain various ODE systems of the kind:

g4 = (0, d,,--0,) (36)
where Qj are the amplitudes in the expansions (35), i.e. Ay, Bpyetc., and the
function f (qq,q5,...q,) is apolynomial one in the case under consideration.

So, the nonlinearity in this reduced mathematical model is associated
respectively with the nonlinear terms in equations of system (34), and it is
clearly manifested when the multiplication of 2 trigonometric functions of the
series (35) gives the 3" one also presenting in the given decomposition. Later on
we consider expansions involving second order harmonics only.

With a view to simplification, we can additionally assume a weak

~

dependence of phase 3 on the time leading to the condition 3~ 0, that is
consonant with the above mentioned condition (22). This means that we can
pass from the system (34) to a single nonlinear equation relative to the function
¥, (x,t). In this case, we obtain the expression for the coordinate derivative of

¥, from the first equation of system (34):
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3 =JkY,, @7
which after substitution into the second equation of this system (34) leads to a
simple nonlinear differential equation with respect to ¥ :

¥, = 29, VxW, — ¥,k = -3k, W, . (38)
In order to eliminate the coordinate derivative from Eq. (38) and obtain the
model in a reduced form (just as it was done in the works [12], [13], [21]
concerning problems of Rayleigh—-Benard (convection in the heated layer [20]),
Couette-Taylor (flows between coaxial rotating cylinders [22], [23]), Gortler

(flows past a concave wall [24])) we suppose that the function W (x,t) is
periodic with respect to X, so that we can represent it in the form of a
decomposition in a trigonometric series leaving the first and second harmonics:
W, (x,t) = A(t)sin kx + B(t) cos kx + C(t) sin 2kx + D(t) cos 2kx.  (39)

Then for the derivative with respect to the coordinate we get the expression;

W, (x,t) = A(t)k cos kx — B(t)k sin kx + C (t)2k cos 2kx — D(t)2k sin 2kx. (40)
After substituting (39) and (40) into Eq. (38) we have:
A(t)sin kx + B(t) coskx + C(t)sin 2kx + D(t) cos 2kx =
= —3\/;(A2k sin kxcoskx — ABk sin kxsin kx + A2kC sin kxcos2kx — A2kDsin kxsin 2kx +
+ BAk coskxcoskx — B2k coskxsin kx + B2kC coskxcos 2kx — B2kD coskxsin 2kx +
+ CAk sin 2kxcoskx — CBksin 2kxsin kx + C? 2k sin 2kxcos 2kx — C 2kDsin 2kxsin 2kx +
+ DAK cos2kxcoskx — DBk cos2kxsin kx + D2kC cos2kx cos 2kx — D22k cos 2kxsin 2kx),

whence after separation of the terms associated with the various components of
the decomposition (39) we obtain the following system of ODEs:

3kx
2

A= (AC +BD);

3k
2

3k

2

B= (AD +BC); (41)

C= (B2 - A%),

D = —3k/k AB.

Renaming the coefficients A,B,C,D with the preceding notation
0,,9,,d5,0, in Eqg. (36) and introducing the control parametera:3k\/;/2 we
obtain the following reduced model:

0, = a(q1q3 + qu4);

d, = a(q1q4 + qzqs); (42)

4; = a(sz - qlz);

d, =-2aq,q,.
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The obtained system (42) is an ODE system with quadratic nonlinearity, so in
this sense it is similar to the logistic parabola model [20] as well as the Lorenz
model [12] and the model describing dynamical behaviour of flow with
curvature of streamlines [13]:

g, =ad, —q; —q,0s,
qZ =0,9; + bch +C0;; (43)

d; = 0,0, + dqs’
however, unlike the last it contains 4 instead of 3 equations.
As seen from a comparison of Eq. (24) with Eq. (27), the value x in Eq.(27) is
proportional to G(t) under consideration of one-dimensional version of the

cubic generalized Schrédinger-like equation (24) of a spheroidal body forming
in the state of soliton perturbations. This means that the control parameter of the
reduced model (42) in the state-space of the nonlinear dynamical system
(describing behaviour of the cubic generalized Schrddinger-like equation (24))

is determined by the value of \/G(t) .

5 Conclusion

When a cosmogonical body (being in the perturbation state) is formed, linear
and nonlinear waves of various types arise there including soliton-like waves. In
the section 3, the soliton solution of the cubic generalized Schrédinger-like
equation (24) of a forming spheroidal body is considered, i.e. the propagation of
soliton waves of Schrodinger type during the formation of the core of a
cosmogonical body is justified. In the section 4, the reduced model representing
the system (42) of four ordinary nonlinear differential equations with quadratic
nonlinearity for the cubic nonlinear Schroédinger-like equation is obtained.
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