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Abstract. Discrete dynamics is a significant instrument for chaos investigation, since
the results of the theory are rigorously approved. We provide extension of chaos by
implementing chaotic perturbations to exponentially stable difference equations with
arbitrarily high dimensions. Our analysis is based on the Li-Yorke definition of chaos.
The results are supported with the aid of simulations. Extension of intermittency is
also investigated in discussion form.
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1

Introduction

Discrete equations are popular systems to provide a wide range of chaos and
important to approve the existence rigorously [1]-[6]. The first mathematical
definition of chaos for one dimensional maps is introduced by Li and Yorke [1].
The concept of snap-back repellers for high dimensional discrete equations was
introduced by Marotto [2]. According to the results of the paper [2], if a multidimensional continuously differentiable map has a snap-back repeller, then it is
Li-Yorke chaotic. Li-Yorke sensitivity, which links the Li-Yorke chaos with the
notion of sensitivity, is studied in [5], and generalizations of Li-Yorke chaos to
mappings in Banach spaces and complete metric spaces are provided in [4]. The
Smale Horseshoe map, is first studied by Smale [7] and it is an example of a diffeomorphism which is structurally stable and possesses a chaotic invariant set
[6,8–10]. The horseshoe map is prominent due to its usage for the recognition
of chaotic dynamics, and can arise both in discrete and continuous cases, for
example in the Hénon map [11,12] and in the Duffing equation [13,14], whenever one has transverse homoclinic orbits. If one considers the famous Lorenz
[15] or Van der Pol equations [16,17], we do not have mathematically strictly
proven chaos of a certain type despite there have been considered significant
simplifications [18]. We propose in the present paper a rigorously confirmed
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method for chaos extension from known chaotic discrete equations to arbitrarily
high dimensional ones.
To explain the procedure of chaos extension that is mentioned in the present
study, let us consider the discrete equation un+1 = L[un ] + hn , where L is a
linear operator with spectra inside the unit circle in the complex plane. If the
sequence {hn } is considered as an input with a certain property such as boundedness, periodicity or almost periodicity, then the discrete equation produces a
solution, output, with a similar feature, boundedness/periodicity/almost periodicity [19,20]. Taking support from this fact, it is reasonable to consider the
problem that whether chaotic inputs generate chaotic outputs. In the solution
of this problem, one encounters with a difficulty such that chaotic sequences
are not defined clearly as in the case of former properties. In other words, the
chaoticity property can not be characterized through a single function. Instead,
whichever chaos type is considered, chaotic properties include interrelation of
functions. Exclusively, in the description of chaos through period-doubling
cascade, this is expressed implicitly. This is true for discrete as well as for
continuous-time chaos. Under the circumstances, we are forced to handle the
problem by means of a special unfamiliar way of “collection of sequences”.
However, formally, one can formulate the results of the paper in the old fashion
as the generation of a chaotic output from a chaotic input. It will be seen
better if we agree to call the chaotic sequence that one which belongs to the
chaotic set.
Throughout the paper, R and Z will denote the sets of real numbers and
integers, respectively.
The problem that is investigated in the present study is as follows. We
consider the discrete equations
xn+1 = F (xn ),

(1)

yn+1 = Ayn + f (yn ) + g(xn ),

(2)

and

where n ∈ Z, A is a nonsingular, constant q × q real valued matrix, and the
functions F : Rp → Rp , f : Rq → Rq and g : Rp → Rq are continuous in all
their arguments. We suppose that the map F admits the chaos and possesses
an invariant set Λ ⊂ Rp . Our main goal is to show that equation (2) exhibits
chaotic motions.
A concept which is related to our theory of chaos extension is the generalized synchronization [21]-[24]. According to the results of [23], generalized
synchronization occurs in system (1)+(2) if and only if there exist sets Bx ⊂ Rp ,
By ⊂ Rq such that the criterion
(A) lim kyn − y n k = 0,
n→∞

holds, for all (x0 , y0 ), (x0 , y 0 ) ∈ Bx × By , where {yn } and {y n } are solutions
of equation (2) with the same solution {xn } of (1). Taking advantage of the
criterion (A), in the next section, we will show that generalized synchronization
occurs in the dynamics of equation (1)+(2).
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In this paper, besides the presence of generalized synchronization, we show
that if equation (1) is chaotic in the sense of Li-Yorke then the same is true
for (2). In other words, equation (2) preserves the chaos type of equation (1).
This is the main difference between the papers [23,24] and the present one.
Moreover, we will show by examples, the convenience of our method to equations which possess intermittency and Neimark-Sacker bifurcation resulting in
a stable closed curve.

2

Preliminaries

Let us describe the ingredients of Li-Yorke chaos [1]-[4]. Consider a set of
uniformly bounded sequences


B = {ηn } : sup kηn k ≤ MB ,
n∈Z

where MB is a positive real number.


We say that a pair of sequences ηn1 , ηn2 ∈ B × B is proximal if for an
arbitrary small number  > 0 and an arbitrary large natural number E, there
exist an integer m0 and a natural number E0 ≥ E such that ηn1 − ηn2 <  for
m0 ≤ n ≤ m0 + E0 .



It is mentioned in [3,5] that a pair of sequences ηn1 , ηn2 is proximal if
lim inf n→∞ ηn1 − ηn2 = 0. It is worth saying that our definition for proximality,
which is adapted to the collection B and needed for our extension purposes, is,
in general, stronger than the one mentioned in the classical sense. Nevertheless,
one can achieve the equivalence of both definitions for equations of the form
(1), for example, by requesting a Lipschitz condition on the function F.
feature
of Li-Yorke chaos is the following one. A pair of sequences


 Another
ηn1 , ηn2 ∈ B × B is called not asymptotic if lim supn→∞ ηn1 − ηn2 > 0.



We call a pair of sequences ηn1 , ηn2
∈ B × B as a Li-Yorke pair, if
they are proximal and not asymptotic. On the other hand, a subset C ⊂ B is
called a scrambled set if it does not contain any
and for any
 periodic
 sequences

distinct sequences ηn1 , ηn2 ∈ C , the pair ηn1 , ηn2 is a Li-Yorke pair.
The collection B is called a Li−Yorke chaotic set if: (i) B admits a periodic
sequence of period k, for any natural number k; (ii) B possesses an uncountable
scrambled set C ; (iii) For any sequence {ηn } ∈ C and any periodic sequence
{ξn } ∈ B, we have lim supn→∞ kηn − ξn k > 0.
In the remaining parts, the uniform norm kΓ k = supkvk=1 kΓ vk for matrices
will be utilized.
The following assumptions will be needed:
(A1) There exist positive numbers L1 and L2 such that
L1 kx − xk ≤ kg(x) − g(x)k ≤ L2 kx − xk ,
for all x, x ∈ Rp ;
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(A2) There exists a positive number L3 such that
kf (y) − f (y)k ≤ L3 ky − yk ,
q

for all y, y ∈ R ;
(A3) There exist positive real numbers Mf and Mg such that supy∈Rq kf (y)k ≤
Mf and supx∈Rp kg(x)k ≤ Mg ;
(A4) kAk + L3 < 1.
For a given solution x = {xn } of equation (1), using the standard technique
for maps [20], one can verify that there exists a unique bounded solution {φxn }
of equation (2). In the notation {φxn } , the symbol “x” is devoted to indicate
the dependence of the bounded solution on the chosen solution x = {xn } of
equation (1). Moreover, the unique bounded solution {φxn } , satisfies the relation
n
X

φxn =

An−j [f (φxj−1 ) + g(xj−1 )], n ∈ Z.

(3)

j=−∞

Let us denote by Ax the set of all uniformly bounded solutions of equation
(1) with initial data from the set Λ. Set Ay = {{φxn } : x = {xn } ∈ Ax } . Equation (3) implies that for any {yn } ∈ Ay the inequality supn∈Z kyn k ≤ H holds,
M f + Mg
where H =
.
1 − kAk
We say that Ay is an attractor if for each solution {yn } of equation (2),
there exists a solution {e
yn } ∈ Ay such that kyn − yen k → 0 as n → ∞. We will
verify the attractiveness of the set Ay in the next assertion.
Lemma 1. Ay is an attractor.
Proof. Consider an arbitrary solution {yn } of equation (2) with a fixed solution
{xn } of equation (1). The relations
y n = An y 0 +

n
X

An−j [f (yj−1 ) + g(xj−1 )],

j=1

φxn = An φx0 +

n
X

An−j [f (φxj−1 ) + g(xj−1 )],

j=1

imply for each n ≥ 1 the inequality
kAk

−n

kyn −

φxn k

≤ ky0 −

φx0 k

n−1
L3 X
−j
+
kAk
yj − φxj .
kAk j=0

Applying Gronwall inequality, one can obtain that
kyn − φxn k ≤ ky0 − φx0 k (kAk + L3 )n .
According to condition (A4), we have kyn − φxn k → 0 as n → ∞. 
One can verify using Lemma 1 that any two solutions {yn } , {y n } of equation (2) with the same {xn } satisfy the criterion (A). Therefore, generalized
synchronization occurs in equation (1)+(2).
Extension of chaos in the sense of Li-Yorke will be handled in the next
section.
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Extension of Li-Yorke chaos

In Lemma 2 and Lemma 3, we will consider the replication of the ingredients
of Li-Yorke chaos, and the main result will be presented in Theorem 1.
Lemma 2. If apair of sequences ({xn } , {xn }) ∈ Ax × Ax is proximal, then
the pair {φxn } , φxn ∈ Ay × Ay is also proximal.
Proof. Fix an arbitrary
 small positive number and an arbitrary large natural
2(Mf +Mg )
L2
+ 1−kAk
.
number E. Let γ = 1/ 1−kAk−L
3
According to our assumption that the pair ({xn } , {xn }) ∈ Ax × Ax is
proximal, there exist an integer m0 and a natural number E0 ≥ E such that
kxn − xn k < γ for m0 ≤ n ≤ m0 + E0 . Throughout the proof, let us denote
yn = φxn and y n = φxn , n ∈ Z.
Making use of the equations
n
X

yn =

An−j [f (yj−1 ) + g(xj−1 )]

j=−∞

and
n
X

yn =



An−j f (y j−1 ) + g(xj−1 ) ,

j=−∞

we obtain for n ≥ m0 + 1 that
m0
X

yn − y n =



An−j f (yj−1 ) + g(xj−1 ) − f (y j−1 ) − g(xj−1 )

j=−∞

+

n
X



An−j f (yj−1 ) − f (y j−1 ) +

j=m0 +1

n
X

An−j [g(xj−1 ) − g(xj−1 )] .

j=m0 +1

Therefore, the inequality
kyn − y n k ≤

m0
X

2(Mf + Mg ) kAk

j=−∞

+

n
X

L3 kAk

n−j

n−j

+

n
X

L2 γ kAk

n−j

j=m0 +1

yj−1 − y j−1

j=m0 +1

=
+


2(Mf + Mg )
L2 γ 
n−m0
n−m0
kAk
+
1 − kAk
1 − kAk
1 − kAk
n−1
X

L3 kAk

n+1−j

yj − y j

j=m0

holds for m0 + 1 ≤ n ≤ m0 + E0 + 1. Multiplication of the both sides of the
−n
last inequality by the term kAk
gives us


2(Mf + Mg ) − L2 γ
L2 γ
−m
−n
−n
kAk kyn − y n k ≤
kAk 0 +
kAk
1 − kAk
1 − kAk
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+

n−1
X
j=m0

L3
−j
kAk
yj − y j .
kAk

By the help of the Gronwall inequality, one can attain that


L2 γ
2(Mf + Mg ) − L2 γ
−n
−m
−n
kAk kyn − y n k ≤
kAk 0 +
kAk
1 − kAk
1 − kAk
n−1
X L3 h  2(Mf + Mg ) − L2 γ 
−m
+
kAk 0
kAk
1
−
kAk
j=m0
n−1−j
i
L2 γ
L3
−j
+
kAk
1+
1 − kAk
kAk



m0 −n
2(Mf + Mg ) − L2 γ
kAk
L2 γ
−n
−m0
kAk +
kAk
=
1 − kAk
1 − kAk
kAk + L3


L2 L3 γ
−n
n−m0
kAk
1 − (kAk + L3 )
.
+
(1 − kAk) (1 − kAk − L3 )
Thus, we have


L2 γ
2(Mf + Mg ) − L2 γ
n−m0
+
(kAk + L3 )
1 − kAk
1 − kAk


L2 L3 γ
n−m0
+
1 − (kAk + L3 )
(1 − kAk) (1 − kAk − L3 )


2(Mf + Mg )
L2 γ
n−m0
n−m0
=
+
(kAk + L3 )
1 − (kAk + L3 )
1 − kAk
1 − kAk − L3
L2 γ
2(Mf + Mg )
n−m0
+
(kAk + L3 )
≤
.
1 − kAk
1 − kAk − L3
kyn − y n k ≤

Suppose that the natural number E is sufficiently large such that
 
E
ln(γ)
>
− 1,
2
ln (kAk + L3 )
 
where E2 denotes the greatest integer which is not larger than E/2.
 
Under the circumstances, if m0 + E2 + 1 ≤ n ≤ m0 + E0 + 1, then
n−m0

(kAk + L3 )

< γ,

and hence the inequality



L2
2(Mf + Mg )
+
γ = 
1 − kAk − L3
1 − kAk


is obtained. As a consequence, the pair {φxn } , φxn ∈ Ay × Ay is proximal.

kyn − y n k <

Lemma 3. If a pair of sequences ({xn } ,{xn }) ∈ Ax × Ax is not asymptotic,
then the same is true for the pair {φxn } , φxn ∈ Ay × Ay .
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Proof. By means of equation (2) one can show for a pair ({xn } , {xn }) ∈
Ax × Ax that
φxk+1 − φxk+1 ≥ kxk − xk k − (kAk + L3 ) φxk − φxk , k ∈ Z.
Therefore, we have
sup φxk+1 − φxk+1 ≥ sup kxn − xk k − (kAk + L3 ) sup φxk − φxk
k≥n

k≥n

k≥n

for any n ∈ Z. The last inequality implies that
sup φxk+1 − φxk+1 ≥

k≥n

1
sup kxk − xk k .
1 + kAk + L3 k≥n

(4)

Since ({xn } , {xn }) ∈ Ax × Ax is assumed to be not asymptotic, we have
that


lim sup kxn − xn k = lim sup kxk − xk k > 0.
n→∞

n→∞

k≥n

Thus, making use of inequality (4), one can verify that


lim sup φxn+1 − φxn+1 = lim sup φxk − φxk
> 0.
n→∞

n→∞

k≥n



Consequently, the pair {φxn } , φxn ∈ Ay × Ay is not asymptotic. 
The main theorem of the present paper is the following one.
Theorem 1. If Ax is a Li-Yorke chaotic set, then the same is true for Ay .
Proof. Assume that the set Ax is Li-Yorke chaotic. One can show that for any
natural number k, the sequence x = {xn } ∈ Px is k−periodic if and only if
{φxn } is k−periodic. Therefore, the set Ay admits a k−periodic sequence for
any natural number k. Denote by Px the set of periodic solutions of (1), and
let
Py = {{φxn } : x = {xn } ∈ Px } .
Suppose that the set Cx is an uncountable scrambled set inside Ax . Define
the set Cy = {{φxn } : x = {xn } ∈ Cx } . Condition (A1) implies that there is
a one-to-one correspondence between the elements of Cx and Cy . Therefore,
Cy is uncountable. Moreover, using the same condition one can show that no
periodic sequences exist inside Cy , since no such sequences take place inside
Cx .
Since the collection Ax is assumed to be chaotic in the sense of Li-Yorke,
each pair of sequences inside Cx × Cx is proximal. Lemma 2 implies that the
same feature is valid for each pair inside Cy × Cy . On the other hand, according
to Lemma 3, any couple ({yn } , {y n }) ∈ Cy × Cy satisfies the property that
lim supn→∞ kyn − y n k > 0. Hence, the set Cy is an uncountable scrambled set
inside Ay . Moreover, each pair inside Cy × Py is also not asymptotic, since
the same is true for each pair inside Cx × Px . Consequently, Ay is Li-Yorke
chaotic. 
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An example

In this part, as the source of chaotic perturbations, we will use the logistic map
xn+1 = µxn (1 − xn ),

(5)

where µ is a parameter and x0 ∈ Λ = [0, 1]. If 0 < µ ≤ 4 then the set Λ is
invariant under the iterations of equation (5) [14]. For the parameter value
µ = 3.9, Li-Yorke chaos takes place in the dynamics of the logistic map [1].
Let us consider the map
1
1
1
yn+1 = − yn + zn + yn3 ,
4
6
3
1
1
zn+1 = yn + zn .
5
10

(6)

Equation (6) possesses a stable equilibrium point, and does not admit chaos.
We perturb equation (6) by the solutions of (5) with the parameter value
µ = 3.9, and set up the equation
x 
1
1
1
n
yn+1 = − yn + zn + yn3 + tan
,
4
6
3
4
1
1
1
zn+1 = yn + zn + exn .
5
10
2
−1/4 1/6

(7)

!

Equation (7) is in the form of (2), where A =
. The conditions
1/5 1/10
√
(A1), (A2) are satisfied with L1 = 3 2/8, L2 = (e + 1)/2 and L3 = 0.16. One
can verify that condition (A4) holds for equation (7).
In compliance with Theorem 1, the chaos of the logistic map (5) is extended
through equation (7). Moreover, the dynamics of equation (5)+(7) exhibits
generalized synchronization.
Let us consider a solution of equation (5)+(7) with x0 = 0.46, y0 = 0.35
and z0 = 1.23. Figure 1 depicts the y and z coordinates of the solution. Figure
1 supports our theoretical results such that the solution behaves chaotically.

5

Discussions

In this part of the paper, we will discuss through simulations the extension
of chaos around closed invariant curves of discrete maps and replication of
intermittency.
5.1

Chaos extension around closed invariant curves

Consider the delayed logistic map [14,25], which is represented by the equation
yn+1 = zn ,
zn+1 = λzn (1 − yn ),

(8)
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Fig. 1. The extension of chaos in equation (7). (a) The graph of y-coordinate; (b)
The graph of z-coordinate. The parameter value µ = 3.9 is used in the map (5)
such that Li-Yorke chaos takes place. The presented pictures support the theoretical
results such that the chaos of the logistic map is extended.

where λ is a positive real parameter.
Equation (8) describes a population dynamics model, where zn is the density
of a population at time n, and λ is the growth rate. In this model, the growth
is determined not only by the current population but also by its density in the
past [25].
According to the results mentioned in [14,25], for the parameter value λ =
λ0 ≡ 2, the fixed point (1/2, 1/2) of equation (8) undergoes a supercritical
Neimark-Sacker bifurcation. In other words, for λ > 2 and λ − 2 sufficiently
small, the delayed logistic map has a unique attracting closed invariant curve
encircling the fixed point (1 − 1/λ, 1 − 1/λ).
We use the value λ = 2.01 from the book [14], and perturb equation (8) by
the solutions of the logistic map (5) with the parameter value µ = 3.9 to set
up the equation
yn+1 = zn + 0.0045xn ,
zn+1 = 2.01zn (1 − yn ).

(9)

Let us consider the trajectory of equation (5)+(9) with x0 = 0.4209, y0 =
0.4316 and z0 = 0.4717. Figure 2 depicts the projection of this trajectory for
0 ≤ n ≤ 10000 on the y − z plane. One can see in the figure that the solution
behaves chaotically around the stable invariant curve of equation (8). This
picture reveals that our theoretical results can be used not only for systems
with stable equilibrium points but also with attracting closed curves.

5.2

Replication of intermittency

We will discuss the extension of intermittency [26] in this subsection through
simulations.
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Fig. 2. Chaotic behavior in the perturbed delayed logistic equation (9).

The logistic map (5) with the parameter value µ = 3.828 is known to exhibit
chaos through intermittency [27]. We perturb the equation
yn+1 =

1
yn + 0.002yn3 ,
2

(10)

by solutions of the logistic map (5) with the parameter value µ = 3.828, and
constitute the equation
yn+1 =

1
yn + 0.002yn3 + 3xn .
2

(11)

One can verify that the conditions (A1) − (A4) are valid for equation (11).
To illustrate the replication of intermittency, in Figure 3, we visualize the
graphs of both coordinates of the solution of equation (5) + (11) with x0 =
0.1608, y0 = 4.3641. Figure 12 reveals the extension of intermittency such
that the pictures in (a) and (b) indicate the interruption of regular motions
by sporadic bursts of chaotic behavior, in the logistic map and equation (11),
respectively. It is also seen that equation (11) mimics the regular/irregular
behavior of the logistic map with a delay, which is a expectable behavior due
to the construction of the equation (1) + (2).

6

Conclusion

In the present paper, we provide a theoretical method for replication of chaos
in discrete-time dynamics in such a way that the ingredients of chaos from a
prior discrete equation are mimicked by a secondary one. We make use of the
ingredients of chaos in the sense of Li-Yorke and investigate numerically the
replication of intermittency. Chaos extension around closed invariant curves

Chaotic Modeling and Simulation (CMSIM) 2: 129–140, 2014

(a)

139

1

xn

0.8
0.6
0.4
0.2
0

20

40

60

80

100

120

140

80

100

120

140

n

(b)

5

yn

4.5
4
3.5
3
0

20

40

60

n

Fig. 3. Extension of intermittency in equation (11). The picture in (a) represents
the intermittent behavior in the logistic map, while the picture in (b) indicate its
replication in equation (11). It is observable in the figure that the y−coordinate
mimics the regular/irregular behavior of the x−coordinate with a delay.

is also discussed through an example. It is worth noting that the extension
procedure is valid without any constraints on the dimensions of the considered
equations. As a result, a chaotic attractor in a high dimensional phase space
takes place.
In the classical input/output problems, generally, one considers single functions as the input and the output. However, in the solution of the chaos extension problem, we have taken into account the concept of collection of sequences,
since there is no definition for a solely chaotic sequence in discrete-time as well
as in continuous-time dynamics. From the input/output problem point of view,
our results emphasize that both the input and the output are chaos of the same
type for the discussed equation.
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Abstract: To understand and interpret the experimental data on the phonon spectra of the
solid solutions it is necessary to describe mathematically the non-regular distribution of
atoms in its lattices. It occurs that such description is possible in case of the strongly
chaotically (stochastically) homogenous distribution what require a very great number of
atoms and a very carefully mixed alloys. These conditions are fulfilled generally in case
of the high quality homogenous semiconductor solid solutions of the III-V and II-VI
semiconductor compounds. In this case we can use the Bernoulli equation describing a
probability to occur a one from n equivalent events what can be apply to the probability
to find one from n configurations in the solid solution lattice. The results described in this
paper for ternary HgCdTe and quaternary HgZnCdTe can give affirmative answer on the
question: whether geometry of chaos e.g. the Bernoulli equation is enough to describe the
observed phonon spectra.
Keywords: Chaotic modeling, Phonon spectra, Solid solutions, Chaotic simulation.

1. Introduction
The role of alloys of semiconductors in electronics and optoelectronics
is constantly increasing; more and more devices (lasers, convertors, detectors,
memory elements etc.) are based on semiconductor solid solutions – another
name for alloys. A homogenous high quality solid solution with the substitution
of a cation or anion (we consider here mainly the semiconductor compounds IIIV and II-VI) should be characterized by the random distribution of atoms in a
lattice. However, we cannot call this a crystalline lattice because it does not
possess one very important feature of crystals – long-acted ordering. From the
point of view of electronic structuring it means some fluctuations of periodic
potential exist in relation to different atoms (cation or anion) in the structurally
reproducible basic cell in the lattice – a tetrahedron in the case of a zinc-blend
structure and wurzit structure. Experiments have shown that electrons having a
long-length wave function (belonging to the minimum in the center of the
Brilluoin zone) are practically insensitive to these fluctuations and a k-vector
can be attributed to electrons as a “good” quantum number.
A different situation occurs, in principal, in the case of the phonon
spectra in mixed crystals. The atom masses (cation or anion) in a structurally
reproducible cell are not repeated for different cells in the lattice because of the
chaotic (random) distribution of the “foreign” atoms. This means that
_________________
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definitively different vibration frequencies of the dipole pairs presented in cells
exist in the case of optical oscillations. Thus, the phonon spectrum of alloys
behaves ambivalently: usually the optical phonon branches split into several
modes proper to the mass of the components of the mixed crystal lattice;
although research contributions about one-mode behavior exist also [1]. The
principally important question is: whether these vibrations of different dipole
pairs are connected in the alloy lattice and form a running wave (phonons) with
dispersion relations or, to the contrary: they are disseminated on a great number
of local modes? This question is connected with another problem concerning the
local structure of solid solutions: that which can be described by the random
distribution of atoms – the geometry of chaos – or is this geometrical factor not
sufficient and it is necessary to add a thermodynamic factor?
In this paper we attempt to generalise the experimental results obtained
from the ternary Hg1-xCdxTe and quaternary ZnyCdxHg1-x-yTe far-infrared
spectra (FIR-spectra) using synchrotron radiation as source in the far-infrared
region. Their interpretation based on the Bernoulli equation can, in part, respond
to the formulated above questions concerning the phonon spectra of these
materials.

2. The Model
To understand and interpret the experimental data on the phonon spectra of the
solid solutions it is necessary to describe mathematically the non-regular
distribution of atoms in its lattices. It occurs that such description is possible in
case of the strongly chaotically (stochastically) homogenous distribution what
require a very great number of atoms and a very carefully mixed alloys. These
conditions are fulfilled generally in case of the high quality homogenous
semiconductor solid solutions of the III-V and II-VI semiconductor compounds.
In this case we can use the Bernoulli equation [2] describing a probability to
occur a one from n equivalent events what can be apply to the probability to find
one from n configurations in the solid solution lattice.
The crystalline structure of the most III-V and II-VI compounds (possessed
zinc-blend or wurzit structure as was mentioned above) is characterized by basic
cell – tetrahedron – each with a central ion surrounded in the first coordination
shell by four nearest neighbours (NN) at the vertices. In a A1-xBxZ ternary solid
solution with substitution of the cation A by cation B, different tetrahedron
configurations Tn (n is the number of B-atoms in the tetrahedron) coexist
simultaneously: 2 strictly-binary ones corresponding to the AZ and the BZ
compounds, whose lattices are characterized by the tedrahedron units T0 and T4
(configurations), respectively and 3 strictly-ternary ones actually characterized
by the configurations T1, T2 and T3. The similar configurations exist in a
AYyZ1-y solid solution where anions Z are substituted by anions Y – the
tetrahedra will be looked at similarly because in zinc-blend lattice we can
represent a basic unit as tetrahedron in two versions: centred by anion and
surrounded by four cations or oppositely: four anions surrounded cation in
centre.
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The probability to find the Tn configuration in ideal lattice of the A1-xBxZ or
AYyZ1-y ternary solid solution can be find using the Bernoulli polynomial [2]:
4
(1)
Pn ( x ) =  (1 − x ) 4 − n x n
n
4!
where  4  =
is the number of combinations with n elements in
n
n ! (4 − n )!
 
the fourth set:
 4  4 ,  4  4
4
  =   = 1   =   = 4 ,   = 6 ,
 0  4
1 3
2
x is a mol composition of BZ compound in the solid solution what is equal to
the ratio of the B-Z ion pairs per whole number of ion pairs in lattice.
It is obvious that probability Pn (x ) must be function of composition x because
increasing of x means increasing of the B-atoms number in lattice what leads to
increasing of the tetrahedron’s number with high value of n (not higher then 4).
The sum of probabilities to find all configurations in lattice of alloy with
composition x must be equal to 1:
4

∑ P ( x) = 1

(2)

n

n

The probabilities to find a some of cation A or B respectively are:

PnA ( x) =

4 − n  4
 (1 − x) 4−n x n
4  n 

(3)

PnB ( x) =

n  4
 (1 − x) 4− n x n
4 n

(4)

It is easy to determine that
4

∑P

A
n

( x) =1 − x

(5)

( x) =x

(6)

n

4

∑P

B
n

n

It is necessary to note that (3) and (4) are simultaneously the probabilities to
find in the solid solution lattice the ion pairs A-Z and B-Z.
The oscillator strength of the vibrational mode generated by a A-Zdipole in the Tn configuration is [3]:
(7)
S nA− Z ( x ) = f AZ N 0 PnA ( x )
where fAZ is the oscillator strength of the single dipole A-Z-pair, N0 is number of
A

dipole pairs A-Z in the solid solution crystal, probability Pn (x) is determined
by (3).
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It is important to remember that three assumption are introduced in
this consideration:
1) the role of defects is negligible;
2) the alloy lattice is ideally homogenous and a random distribution of
atoms in lattice takes place (stochastic homogeneity);
3) the oscillator strengths of the single dipole pairs for different
configurations Tn are the same e.g. fAZ or fBZ depends not on index n.
If these conditions are fulfilled, the oscillator sum rule
(8)
S nA− Z ( x) =
f AZ N 0 PnA ( x) = f AZ N 0 PnA ( x) = f AZ N 0 (1 −x)

∑

∑

n

∑

n

n

has to be satisfied.
Similarly for B-Z dipole pairs:

S nB − Z ( x ) = f BZ N 0 PnB ( x )

∑S
n

(9)

and oscillator sum rule
B −Z
n

( x) = ∑ f BZ N 0 PnB ( x) = f AZ N 0 ∑ PnB ( x) = f BZ N 0 x
n

(10)

n

The experimental Im ε(ω)-curves (obtained by Kramers-Kroning
transformation from experimentally measured R(ω)-curve [4]) enable us to find
A− Z

the Si values, to identify that with certain S n

B−Z

or S n

and to verify the sums

(9) or (10) what means the proportionality of the oscillator sum to the contain of
the each component in alloy (N0x is equal to molar percent of the BZ component
and N0(1-x) – to the molar percent of the component AZ).
We consider here also the four-component solid solution AxBy C 1-x-yZ
with three kinds of cations A, B and C and with the same anion Z. The lattice of
quaternary alloy contents 15 basic units (tetrahedra): three binary AZ, BZ, CZ
and nine strictly ternary ABZ, ACZ, BCZ . If quaternary alloy have x mol part of
AZ compound and y mol part of BZ we can determine the probability to find in
lattice the tetrahedron Tnm with n A-cations and m B-cations. This probability is
equal to:
 4 − n  4 
(11)
 (1 − x − y )4 − n − m x n y m
P ( x, y ) = 
 m  n 

 

n,m

where matrixes  4 − n  and  4  are the same number of combinations as in
n
 m 




 

Eqn. (1).
The correspond probabilities to find particular cations in lattice are:
n  4 − n  4  n m
  x y (1 − x) 4 − n − m ,
PnA ( x) = 
4  m  n 

(12)

for cation A;
PnB ( x) =

m  4 − n  4  n m

  x y (1 − x) 4− n − m ,
4  m  n 

(13)

for cation B, and
PnC ( x) =

4 − n − m  4 − n  4  n m

  x y (1 − x) 4− n −m
m
4

 n 

(14)
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for cation C.
By this way the Eqns. (3,4,7,8, 10, 12 – 14) [5] represent the complete
description of the random atom distribution in the ternary AxB1-xZ and
quaternary AxBy C 1-x-yZ solid solutions with substitution of cations. The fourcomponent solid solution AxByC 1-x-yZ in ideally random case described by
relations (11) and (12-14) consists from fifteen structural units – tetrahedra –
which can generate 66 optically active phonon (vibrational) modes. These
number of modes arose by next way: three strictly binary tetrahedra generate
three vibrational modes AZ-like, BZ-like and CZ-like, nine (3x3) strictly
ternary tetrahedra generate 9x6=54 vibrational modes and three strictly
quaternary tetrahedra generate 3x3=9 vibrational modes: in sum 66 vibrational
modes. In practice the most of these modes are degenerated (have the same
frequencies): for example, the AZ-like modes generated in tetrahedra ABZ
could have the same frequencies as AZ-like modes in tetrahedra ACZ. The same
concerns the BZ-like and CZ-like modes. By this way the number of
distinguished modes should be 30.
The expression for the oscillator strengths are similar as for ternary
alloys:
(15)
S nA,−mZ ( x, y ) = f AZ N 0 PnA,m ( x, y)
where probability
expression for

PnA,m ( x, y ) is determined by (14). Similarly are given the

S nB, −mZ and S nC, m− Z . The corresponding oscillator sum rule are:

∑S

A−Z
n,m

= N0 f AZ (1 − x − y)

(16)

∑S

B−Z
n, m

= N0 f BZ x

(17)

= N0 f CZ y

(18)

∑S

C −Z
n, m

The role of these oscillator sum rules (16-18) would be the same as in
ternary alloys (8,10) but in the practice it is more difficult to relies the
verification of the random distribution of atoms because the number of
theoretically possible modes is very large and this factor prevent calculation of
the oscillator sum rule.

3. Experimental results and interpretation
Here will be presented the results on FIR-spectra for ternary and
quaternary alloys in order to illustrate application of presented above model for
interpretation these experimental spectra. The optical reflection spectra in the
region from 10 to 10 000 cm-1 where the phonon frequency values (100 – 400
cm-1) of semiconductor’s compounds are located, were measured in the wide
temperature interval and composition regions. Experiments were performed at
the DAFNE-light laboratory at Frascati (Italy) using the experimental set-up
described in paper [6].
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Fig.1. Reflectivity spectra for Hg1-x CdxTe (x is changing from 0.06 to 0.7) obtained
at 300K .

The high-resolution reflection FIR-spectra obtained for the ternary
Hg1-xCdxTe for compositions from x=0.06 to x=0.7 at a temperature 300K and
in the spectral range from 100 cm-1 to 200 cm-1 are shown in Fig.1 as reflectivity
curves R(ω). Two bands which shift weakly with the composition, are observed:
first one around 118-128 cm-1and second one around 145-155cm-1. The
amplitude of first band increases when the content of HgTe increases and
amplitude of second band increases when the CdTe content increases. The first
band corresponding to the HgTe-like sub-band and second sub-band is the
CdTe-like one. This type of a reflectance spectrum again shows according to
previous works [7,8,9] a two-mode behavior of the optical phonons in the
Hg1-xCdxTe alloys from one hand. From other one, the subtle structure of both
sub-bands is clearly observed too what undoubtedly indicates on multi-mode
character of the phonon spectra (above two modes). Authors [10] interpreted
these subtle structure in frame of the random model but they limited
consideration of the FIR-spectra in the spectral region 118 – 160 cm-1. Whereas,
in the region 90 – 116 cm-1 are observed additional lines (we can call them as
Additional Phonon Modes (APM) whereas the main sub-bands we can called as
Canonical Phonon Modes (CPM)), registered earlier in the above mentioned
References.
Optical reflectivity from surface of
ZnxCdyHg1-x-yTe. The
measurements of reflectivity were performed in temperature region from 30 K
to 300 K. In Fig. 2 are presented reflectivity FIR-spectra obtained for
composition x=0.05, y=0.23 for three temperatures: 30 K, 100K and 300 K.
These curves are similar to typical reflection spectra but these curves have a
much richer structure of spectra, as were observed for ternary alloys. It is seen
three main bands at 130 cm-1, 160 cm-1 and 180 cm-1 which can be point out in
the reflective spectra. However, each of these sub-bands has additional subtle

Chaotic Modeling and Simulation (CMSIM) 2: 141-152, 2014

147

structures, which point to the superposition of a greater number of lines. With
increasing of temperature from 30 K to 300 K the subtle structure of observed
sub-bands becomes more smooth.
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Fig.2. Reflectivity Spectra of Zn0,05Cd 0,23 Hg0,72Te.

The lines corresponding to phonon modes are clearly observed on the
Im[ε(ω)] curves calculated by Kramers-Kroning analyses from the experimental
FIR reflectivity curves R(ω).In an attempt to treat the measured reflection
spectra R(ω,y) of semiconductor materials (such as MCT with a considerable
concentration of free carriers) in a reproducible way, as well as minimizing
uncertainties due to subjective manual intervention, we have strictly abided by
the rough
procedure described in [4]. In Fig. 3 and 4 are shown
Im[ε(ω)]−curves for p-Hg0.8Cd0.2Te obtained for temperature 300 K and for
Zn0,05Cd 0,23 Hg0,72Te, respectively. The dispersion analysis of the CPMs and
APMs was performed by approximating the Im[ε(ω,Τ)] curves by the
Lorentzian sum
k
S i γ iω
Im ε (ω ) = ∑ 2
2 2
(
ω
−
ω
) + ω 2 γ i2
i =1
TOi
(22)
where Si, ωTOi and γi are the oscillator strength, frequency and damping
parameter of the i-phonon mode, respectively.
The results of spectral analysis for p-Hg0.8Cd0.2Te are presented in Fig.3
and for n-Hg0.8Cd0.2Te in Fig. 4. Parameters of Lorentzian’s oscillators used for
fitting the Im[ε(ω,Τ)]-curves are shown in Table 1.

148

E. M. Sheregii

30

after KK
Sum
L1
L2
L3
L4
L5
L6
L7
L8
L9
L10

Hg 1-xCd xTe
25

x=0.2, p-type
T=300K

Im ε(ω)

20
15
10
5
0
80

100

120

140

Wavenumber,cm

160

180

-1

Fig.3. Imaginary part of the dielectric function od Hg0,8Cd0,2Te p- type in the
temperature 300K.

70

Z n 0 .1 2 C d

0 .1 3

H g 0 .7 5 T e

Im (K K )
Im (S u m )

60

L1
L2
L3

50

L4
L5

Im ε

L6
L7

40

L8
L9
L10
L11

30

L12
L13

20

L14
L15
L16
L17

10

L18

0
80

100

120

140

W a v e n u m b e r, c m

160

180

200

-1

Fig. 4. Spectral analysis for sample Zn0,12Cd 0,13 Hg0,75Te .

To identify observed lines, the probability to find the atoms Hg and Cd
in the particular tetrahedra Tn (n is number of the Cd-atoms in tetrahedral) in the
Hg0.8Cd0.2Te lattice should be taken into account using formulas (3) and (4). If
Hg

x=0.2 the values of Pn

(x ) for different n are equal to: 0.410 (n=4),

0.307(n=2), 0.077(n=3) and 0.006(n=4) while the
0.102(n=1), 0.077(n=2), 0.192(n=3) and 0.002(n=4).

PnCd (x ) values are:
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Table 1. Parameters of Lorentzian’s oscillators used for fitting the
Im[ε(ω,Τ)] −curves of the p- Hg0.8Cd0.2Te for the temperature 300K.
Number
of Line

ω

S

γ

∑SHgTe
CPM

1

4200

103.7

8.6

2
3

4200
6100

110.0
115.0

8.1
7.7

4

21100

121.3

7.7

5

830

125.0

7.0

6

1000

127.0

7.0

8

1200

135.0

7.0

9

1300

146.1

8.9

10

3500

148.3

7.0

11

4890

152.0

7.4

AVM

∑SCdTe
CPM

AVM

11400

31300
1000
9690

At T=30 K all HgTe-like CPMs oscillate at the same frequency because
tetrahedra with different number n are not deformed and we observed a
degeneration of vibrational modes (Hg-Te and Cd-Te bonds have the same
length). If T=300 K the splitting of the mode frequency takes place: the most
strong line at 122.6 cm-1 should be generate by Hg-Te dipoles in the T0
tetrahedron while the line at 125.0 cm-1 – by this dipoles in the T1 one and very
small line at 128.6 – in the T2. So, the frequency consequence takes place for
HgTe-like modes: HgTe ω0 < HgTe ω1 < HgTe ω2 < HgTe ω3 according with work of
Kozyrev et al. [10]. Analogical analyses for CdTe-like modes shown that the
line at 151.5 cm-1 is generated by Cd-Te dipoles in T1 tetrahedron and the line at
147.3 cm-1 – by the same dipoles in T2 one. The frequency consequence for
CdTe-like modes is: CdTe ω1 > CdTe ω2 > CdTe ω3 > CdTe ω4 what agree with the data of
work [10] also. It allow to find to what basic cells (tetrahedra) belongs each
observed vibrational mode generating by Hg-Te and Cd-Te dipoles:
corresponding tetrahedra are shown in Fig. 5 for CPM (Tn) as well as for APM
(Tnv).
The general description of the phonon spectra is based on Fig. 5 where the
composition dependences of the mode frequencies at the room temperature are
present. In the MCT lattice there are two positions for Hg-atoms: stable one
(HgI) and metastable one (HgII ) [4]. If temperature increase, the number of Hgatoms occupied the meta-stable positions (HgII ) increases also and the
deformation of crystal lattice rises, respectively. The last factor can cause the
removing of degeneracy of the HgTe-like CPMs in n-Hg0,8Cd0,2 Te when the
temperature increases over the 100 K: the AVMs appear simultaneously, too.
Indeed, the AVM at 112 cm-1 (beside very weak from 30 K at 108 cm-1) take
place after 100 K in n-type Hg0.8Cd0.2Te and after 200 K appear additionally one
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AVM at 115-116 cm-1. The presence of HgII in a tetrahedron leads to the
stretching of bonds which in its turn causes the shift of the Hg-Te oscillation
frequency towards smaller frequencies. This effect can occur in three kinds of
tetrahedra: 1) containing 3 Hg-atoms in stable position (HgI) and one HgII ; 2)
containing two HgI, one Cd-atom and one HgII; 3) containing one HgI, two Cdatoms and one HgII. The frequencies of Hg-Te oscillations in these tetrahedra
should be arranged in the next sequence: the lowest frequency corresponds to
the Hg-Te oscillations in the tetrahedron of first type and most higher
corresponds to the oscillations in the tetrahedron of third type.
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Fig.5.The composition dependencies of the phonon mode frequencies for
p-Hg1- xCdx Te, at temperature 300K.

The lines in the range of 135 -137cm-1 are generated as could be
assumed, by the oscillation of Cd -Te pair in the tetrahedra containing two HgI,
one Cd-atom and one HgII.
Therefore, the Figure 5 enable us to assume that the phonon spectra in
MCT are reproduced in two versions: first one is realized in the lattice consisted
only from the HgI-atoms ( that are CPM) and second one occurs in the lattice
included the HgII-atoms too (that are APM).
In Fig. 6 are shown the values of the oscillator strengths sums (OSS)
for the Hg-Te dipoles and for Cd-Te dipoles for each samples investigated. The
data are presented in two way: i) only OSS for CPMs are included (open circles
and squares), for x=0.2 there are two open circles because first one (upper open
circle) is regarded to n-Cd0.2 Hg0.8Te and lower open circle – to p-Cd0.2 Hg0.8Te ;
ii) in the OSS are included the APM OSS also (filled circles and squares). That
enable us to obtain the dependencies of the OSS on composition. As follow
from Fig. 6 if the oscillator strengths of APM are included in the sum of the
oscillator strengths for the modes generated by Hg-Te dipoles as well as Cd-Te
dipoles the OSS are proportional to the contain of correspond compound: to the
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x in case of Cd-Te dipoles and to the 1-x in case of Hg-Te ones. As was
mentioned above (see Eqns. (8) and (10)) these dependences are considered as
a criterion of applying the Bernoulli equation to the phonon spectra
interpretation of the ternary solid solutions.

4,0
CPM - Hg-Te
Σ - Hg-Te
CPM - Cd-Te
Σ - Cd-Te)

3,5
Oscillator's strenght sum

3,0
2,5
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1,5
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0,9

1,0

Com position x, m ol.

Fig.6. The oscillator strength sum dependence on composition for the HgCdTe alloys

By this way, the same model developed for the quaternary alloys
enable us successfully explain observed structure of the sub-bands for the
ZnxCdyHg1-x-yTe alloys [11].
Table 2. The oscillator strength sum for Zn-Te dipoles in measured samples of
ZnxCdyHg1-x-yTe.
x, mol
0.02
0.05
0.07
0.12
0.18

OSS for Zn-Te
0.065
0.197
0.211
0.769
0.907

The next step is calculation of the OSS for certain dipole pairs. It is
reason to consider the dependence on composition of the OSS for Zn-Te dipoles
(the ZnTe contain is changed from 0.05 to 0.18). In Table 2 are shown
calculated OSS for this dipoles. From Table 2 follow that really OSS for Zn-Te
dipoles approximately is proportional to contain x of ZnTe in the ZnxCdyHg1-xyTe alloys. Therefore, this important consequence of the random model
(Eqn.17) is fulfilled.

4. Conclusions
The results described above for HgCdTe and HgZnCdTe can give
affirmative answer on the question: whether geometry of chaos e.g. the
Bernoulli equation is enough to describe the observed phonon spectra of ternary
and quaternary alloys. The main criterion of the random distribution of atoms in
the solid solution lattice – proportionality of the oscillator strength sum for the
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each dipole pair to the content of the corresponding component – is fulfilled if
the observed additional modes will be involved in sums of the oscillator
strengths.
Application of the Bernoulli equation to the ternary and quaternary
alloys enable us to decipher the tangled phonon spectra in these case of
semiconductor solid solutions.
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Abstract: Many studies have been achieved in applied sciences on the earthquake
prediction by researchers. The chaotic non-linear structural behaviour of earthquakes is
well known. In order to understand the formation of seismic activity it is extremely
important to record the continuous measurements of the soil radon gas (222Rn). In this
study, 2976 data of 222Rn are used and the chaotic time series analysis is applied to 222Rn
data from the soil. Chaos theory provides a structured explanation for irregular behavior
of 222Rn and gas anomalies in systems that are not stochastic. Lyapunov exponents and
correlation dimension method are used to show the existence of chaos time series.
Chaotic behavior of 222Rn has been showed. Application of methodologies is achieved
for Gölcük Region, İzmit, Turkey, where it is seismically very active.

Keywords: Chaotic time series analysis; Chaotic modeling; Radon measurement; Chaos
analysis.

1. Introduction
222

Rn exists from the layers of Earth and is created by the uranium deposits
source in nature. Certain soils and rocks especially contain high levels of
uranium, which is natural deposit of radon. The uranium is rich in structures like
granite, phosphate, shale and pitchblende. Relations between 222Rn-earthquake
and movement of 222Rn in the Earth layers and in the atmosphere have been
searched serious [1, 2, 3, 4 and 5]. 222Rn has a half-life of 3.82 days and it is an
α-emitting noble gas, which is produced in the radioactive decay series of 238U.
222
Rn tends to migrate from Earth layers to the surface of the Earth. The
migration rate of 222Rn, which is non-linear, depends on many factors such as
the dispersal of the uranium in the soil and bed rock, porosity of soil, humidity,
micro cracks, granulation, and such [6].
Okabe [1956] has indicated radon as an earthquake precursor and radon changes
in atmospheric near surface and showed a favorable correlation with seismic
activities. On the other hand, anomalously high radon concentrations of ground
_________________
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water have been associated with fault lines [7]. Radon is easily soluble in water
and it diffuses into the groundwater and spring waters.
High concentration of radon is often found in soils overlying highly fractured
rocks such as fault lines. Radon emanation increases during an earthquake [8,
9]. Radon levels, which are correlated with meteorological and hydrological
data, and they are used successfully in the earthquake forecasting researches
[10, 11].
In this study, 2976 data of the soil 222Rn gas are used and the chaotic time series
analysis by considerations of Lyapunov exponents and correlation dimension
methods. The chaotic behavior of the 222Rn concentration levels is determined.
Finally, the results of the methodologies are achieved for Gölcük Region
(Turkey).

2. Methodology and Research Area
The methodologies which are used in this study are based on the chaos theory. It
is aperiodic long-term behavior in a deterministic system that exhibits sensitive
dependence on initial condition and disorder behaves in an unexpected way
[12]. Likewise, it depends on structure of the system as well as by certain
parameters and is usually unstable, complex and non-linear systems are
emerging [13].
Determination of the chaotic behavior in the natural events’ behaviors is very
difficult; therefore, chaos theory is a suitable tool to show the characteristic of
the dynamical system.
The chaos methodologies are applied to data recorded at Gölcük Region located
on the North Anatolian Fault Zone (NAFZ). 222Rn data are recorded between
from 01/05/2006 to 31/05/2006 dates. It is continuously measured from the soil
at 15 min intervals for a month.

3. Results and Discussions
3.1. Chaotic Time Series Analysis
Chaotic time series are unpredictable systems. These systems contain large
complexity. Prediction of non-linear time series is an available method to
appraise characteristic of dynamical systems [14].
Chaotic time series analysis methods are most enforceable in cases where the
data include nonlinearity. The first of these analysis methods is obtained as the
degree of non-linear positive Lyapunov exponents [15].
If these methods display irregular or unpredictable behavior, then it is called
chaotic. On the contrary, it is called non-chaotic. Fig. 1 shows the time series of
chaotic behavior of 222Rn data taken from Gölcük Region on NAFZ. Non-linear
time series analysis starts from measured experimental time series
of x1 (t ), x2 (t ), Λ , xn (t ) , at n points. The same analysis provides various tools to
determine the temporal structures embedded in the time series.
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Fig. 1. Time series state variable for chaotic behavior
3.2. Lyapunov Exponent
Lyapunov exponents can be defined as the exponential increase or decrease of
minor perturbations on an attractor. Largest Lyapunov exponent is one of the
most practical methods to define chaotic behavior in a system [16]. The basis of
Lyapunov exponent is very close to each other to monitor both the starting
point, which is based on very different trajectories. Its sign gives information
about the system dynamics. When exponential value is positive, system
indicates chaotic behaviours. This condition, on initial conditions of the system,
shows sensitive dependence [17]. The largest Lyapunov exponent can be
anticipated in accordance with the algorithm Wolf et al. [18]. These applications
are valid between neighboring points in the reconstructed phase space
algorithm. In the following, the results have been shown concerning the
maximum Lyapunov exponents (Lmax), where t → ∞, d (0) → ∞ and d (t ) , and
hence, show the difference between two measurements. Largest Lyapunov
exponent is calculated according to the following expression. The result is given
for the 222Rn data in Fig. 2.

  d (t )  
Lmax = limln 
 ,
  d (0)  

(1)
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Fig. 2. Lyapunov exponent for 222Rn (m: embedding dimension; τ: delay time)
3.3. Hurst Exponent
Hurst exponent is used to predict from time series [19]. Hurst exponent
coefficient is an additional statistical measure necessary for the classification of
time series. Hurst exponent calculation is explained also through the Rescaled
range, R/S analysis, where R is the range of the accumulated data and S is the
standard deviation. This exponent, H, can change between 0 and 1. Its
calculation is possible from the discrete time series data set {xt } of dimension N
by computing the mean, x(N ) and standard deviation, S (N ) leading to,

x=

1
N

N

∑x

(2)

t

t =1

and

1
S (N ) = 
N


( xt − x( N )) 
∑
t =1

N

2

12

(3)

respectively. Range of cumulative departures of the data is given
by R( N ) = max{X (n, N )} − min{X ( n, N )}
Finally, the Hurst exponent can be calculated as follows,
H
(4)
R S ≅ (n )
If Hurst exponent is equal to 0.5, then it shows a random walk. A Hurst
exponent between 0.5 and 1 proves the presence of chaos in the system. With

Chaotic Modeling and Simulation (CMSIM) 2: 153-160, 2014

157

the data at hand, it is computed as 0.56 for 222Rn data from Eq. 4 and the results
are given in Fig. 3.
8
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Fig.3. Plot of <R/S> for 222Rn time series
3.4. Correlation Dimension
Correlation dimension is used to determine the degree of chaotic behaviour in a
signal or time series. That is, correlation dimension, D2 , aids to determine
whether a signal behaves like a random or chaotic distribution. The algorithm,
measure of D2 has presented by Grassberger- Procaccia [20]. These dimensions
need to compute the correlation integral. Correlation integral function C (r ) can
be defined as follows,
1
(5)
C ( r ) ≈ lim 2 xi − x j ≤ r the number of pairs (i, j ) which statement
N →∞ N

{

}

N
N
1
×
∑
∑ H ( xi − x j ≤ r )
N →∞ N 2
i =1 j =i +1

C (r ) = lim

The distance between two units with (such as,

(6)

xi and x j ) Euclidean definition

can be computed as,
xi − x j =

m

∑ ( x (k ) − x
i

j

(k )) 2

k =1

H is the Heaviside step function, which can be expressed as follows.

(7)
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1, x ≥ 0,
H ( x) = 
0, x ≤ 0,

(8)

If the system is chaotic, then D2 will be the largest value. Kaplan and Yorke
study showed correlation of Lyapunov exponents of information dimension
[21]. D2 can also be calculated as follows.
log C (r )
(9)
D2 = lim
r→ 0 log( r )
In this study, one can draw log C ( r ) as a function of log(r ) and compute D2
from the slope of a linear fit. Embedding dimensions corresponding to the
correlation dimensions for a period of chaotic deterministic process are shown
in Figure 4. Also, for 222Rn correlation dimension, D2 , is given in Fig. 4. Time
scale of dynamical system is similar to the D2 values’ mutual predictions.
Values of the embedding dimension are given resource about the change
of C (r ) .
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Fig. 4. The estimate of correlation dimension for 222Rn time series

4. Conclusions
Natural and geophysical observations are not regular usually. Chaotic analyses
are useful tools to describe the natural irregularity. In this study, they are used as
chaotic methods. The non-linear behaviour of 222Rn in the Earth layers is
showed. The chaos methodologies in order to show non-linear behaviour of
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222

Rn are applied to 222Rn data taken from the Gölcük Region on the North
Anatolian Fault Line. The soil 222Rn gas, which propagates from the fault lines,
has a nonlinear characteristic.
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Abstract: This paper presents behavioral modeling of an electrostatic microtweezer
integrated with capacitive touch sensor. The design of the microtweezer is optimized
using standard SOIMUMPS process. Microtweezer performance is forecasted using
system level simulation. The results of the system level simulation obtained from
behavioral modeling shows total displacement of 7.039 µm and 37.5 µm is obtained at
central beam and tweezer jaw respectively, when a voltage of 55 V is applied.
Behavioural modeling of the sensor part of microtweezer is performed and system level
simulation results shows that minimum and maximum capacitance is 0.45 pF and 0.65 pF
respectively. Pull-in voltage analysis through behavioral modeling shows that actuator
works with maximum performance, at applied voltage of 55 V. The results of
displacement, sense capacitance and pull-in voltage analysis are nearly identical to
analytical results when compared.
Keywords: MEMS, Behavioural model, SOIMUMPS, System level simulation,
Microtweezer..

1. Introduction
In the last ten years, new customized as well as standard micromachining
processes have been emerged, making it possible to develop complex type of
Microelectromechanical systems (MEMS). Due to such innovations, MEMS
have found its place in many practical applications where one of the areas is
micromanipulation of micro-objects. Micromanipulation has become important
in the applications, like microassembly, to assemble parts of micron size that are
generally fabricated on a substrate. One such micromanipulator was developed
in 2004, that uses MEMS microtweezer as an end-effecter attached to the
robotic workstation [1]. The microtweezer performs the task of grasping the
micropart and then the robotic arm performs the manipulation operation. A
passive microtweezer is designed to grasp the micro-object with a specific size.
Another important application of micromanipulator is in the area of biological
and biomedical research [2]. Design of three degree-of-freedom
Micromanipulator based on MEMS heat actuators have been developed that can
_________________
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be used to probe or position biological object [3]. Another three degree-of
freedom micromanipulator based on comb drive actuators were developed for
precise positioning of probing instruments like Atomic Force Microscopy
(AFM), or tools to provide energy beam like e-beam, X-ray etc. [4]. These
systems cannot safely grasp the micro-objects. Moreover, all such systems do
not provide integrated sensing mechanism that makes their use to limited
applications.
Many MEMS based microtweezers have been proposed in recent years for
different micromanipulation applications [2, 5, 6]. Most of these microtweezers
were based on electrostatic or piezoelectric actuation principle. These
microtweezers comprised of the jaws mechanism with the dimensions of the
size of the cell that are generally of diameter of tens of microns. Moreover,
these jaws should be able to grasp the cells with different and irregular shapes.
In order to grasp more precisely, not only the jaw mechanism but also the
integration of touch sensor, makes microtweezer design more effective. As this
addition excludes the fracture of microobject due to the uncontrolled excessive
force, which is not found in to the microtweezers design proposed by Kim and
Volland [5, 6]. Finally, batch production of such system requires the use of
standard MEMS based micromachining technology thus making it cost
effective, have good repeatability and also reliability from the point of view of
the fabrication and production of the microstructures.
To fabricate microtweezer, Modeling and Simulation plays vital role in
predicting the dynamics of the device. These analytical and simulation results
minimizes iterative fabrication that is costly and time consuming. Previously
microtweezers were simulated using Finite Element Methods [2, 3, 19, 20].
Beside the fact that, these methods gave high accurate solution but a
compromise is made in terms of times, memory requirement and the restriction
of integration of electronics with the device, bounded the user to limited type of
simulations.
On the other hand, Behavioral Modeling and system level simulation tool
performs MEMS analysis efficiently both in terms of time, memory requirement
and integration of electronics with the MEMS makes Microsystem to be
analyzed in a single simulation environment. In mid-nineties, simulation
tools such as SUGAR and NODAS that comprise basic M EMS elements
library were developed at UC Berkeley and Carnegie Mellon
University respectively, in which Matlab and Cadenc e are used as
system level simulator [7, 8, 9]. Now days, very sp ecialized
MEMS modeling and simulation such as CoventorWare A rchitect [17]
with large MEMS library is available to simulate MEMS devices. Various
MEMS devices including Gas Sensors [10], Accelerometers [11] and Gyroscope
[12] were first simulated in CoventorWare Architect and then they are
fabricated.
This paper presents the analytical analysis of microtweezer with its novel
behavioral modeling and simulation of both the actuator and the sensor part. In
Section II, SOIMUMPs process is explained, in which sample model of the
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microtweezer is designed. In section III, design details of microtweezer are
explained. The theory of operation of microtweezer is explained in section IV.
The parameters related to design such as displacement, change in capacitance
and pull in voltage are discussed in section V. The behavioral modeling is
illuminated in section VI and then results and discussion in section VII. Finally
section VIII illustrates conclusion.

2. SOI-MUMPS Process
The standard SOI-MUMPs [13] process is selected for the development of
sample model of microtweezer. The reason for choosing this process is, it is
easily available with reliable design instructions. SOIMUMPs process offers, 2
µm minimum feature size and spacing between structure layers. This can be
used to construct a high capacitance com drive. In order to grasp a microobject
through microtweezer the grasping area should be equal or larger then the
thickness of the micro-object. This process proposes quite high grasping area of
25 µm, which is enough to grasp a microobject. The fabrication sequence of the
microtweezer using SOIMUMPs process is shown in Fig. 1.

Fig. 1: Process flow for the fabrication of microtweezer using SOIMUMPS in CoventorWare.(a)Silicon-on-insulator (SOI) wafer as starting
substrate (b)DRIE silicon etch is used to etch substrate completely (c) Thermal
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oxidation is done to built insulator layer on substrate (d) DRIE etch completely
etch the substrate and oxide layer (e)Single crystal silicon layer is deposited
having thickness of 25um (f) Deep reactive ion etch is used to etch the silicon
to the oxide layer and after that finally DRIE is used to etch down to the oxide
layer.

3. Microtweezer design
The designed microtweezer 2-D layout, developed in MEMSPro is shown in
Fig. 2. It consists of three parts a) actuator b) sensor and c) jaws.
3.1 Actuator Design
The actuator part of the microtweezer is comprised of comb drive mechanism
which is Lateral. This technique consists of interdigitated finger, in which fixed
and moveable parts are called stator and rotor combs. The length of the fingers
is set to 50 µm and overlap length is set to 30 µm. The spacing between the two
fingers is designed to 3 µm to avoid the collapse of the fingers as shown in Fig.
3. The three clamped-clamped beams are used to suspend the structure and
moves back the central mass movement to its free position.

Fig. 2: Complete microtweezer design with integrated touch sensor.
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Fig. 3: Complete actuator design.

3.2 Sensor design
Differential transverse comb based touch sensor is designed to sense the touch
when the object gripped between the tweezer jaws. The working principle of the
sensor comb are, up on the application of the force applied to the moveable
combs attached with the central mass cause the increase in the finger gap on one
side of the microtweezer and decrease the same amount of gap on the other side
of the moveable combs as shown in fig. 4. The overlap length and gap between
the sensor fingers are 805 µm and 10 µm respectively and of the width of
fingers is 25 µm.
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Fig. 4: Complete sensor combs design.

3.3 Jaw Design
A novel tweezer arm and jaw with the compliant structure has been designed as
shown in Fig. 5 for grasping the micro-sized objects. The design includes a
horizontal and a vertical beam to produce elastic restoring force in horizontal
and vertical direction simultaneously. The vertical beam additionally provides
support against the out of plane movement of the tweezer arms. The structure is
designed in such a way that it will maintain an angle of 900 between the tweezer
arm and the horizontal beam. Additionally, the jaw moves a little distance
forward along y-axis during grasping due to direction of applied force. This
action ensures that object completely comes between the jaws while grasping.
Two stoppers have been placed near the point of application of force in order to
stop any extra movement of central beam after the object has been fully grasped.
In the proposed tweezer arm design, the vertical displacement produced in
central beam is amplified by constant times the displacement produced at the
tips of tweezer jaws.
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Fig. 5: Complete design of tweezer arms.

4. Theory of operation
The proposed microtweezer design uses novel dual electrostatic actuation
system i.e. there are two separate electrostatic actuators for the simultaneous
movement of two jaws. Each actuator consists of a set of stator combs
interdigitated with a set of rotor combs. DC voltage is applied to both the
actuators simultaneously such that the stator combs are at positive potential with
respect to rotor combs. Hence electrostatic force is produced which pulls the
two comb drives. This electrostatic attraction produces elastic restoring force in
the quad clamped flexure springs which is equal in magnitude to the applied
force. The central beam of each actuator is attached to the respective tweezer
arm. Each tweezer arm is further supported by two cantilever beams namely
horizontal and vertical beam. Hence total elastic restoring force is a combination
of force due to the quad-clamped flexure springs and the two cantilever beams.
Any vertical movement of the central beam in upward direction is amplified at
the tweezer jaws due to the integrated action of the tweezer arm and the beam
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system. One transverse comb drive based capacitive touch sensor is included
along each of the two central beams in between the tweezer arm and actuator
explain in Fig. 2. The overlap length varies in the sensor combs result in the
change in capacitance. When there is no capacitance change it indicates that the
object has been gripped and thus to avoid any damage to the object no further
actuation voltage is applied.

5. Design parameters
5.1 Displacement of central beam
An applied voltage to actuator generates electrostatic force between the comb
drives. This electrostatic force is conveyed to the jaw via quad-clamped,
horizontal and vertical flexures. The spring constant of flexures added because
of parallel connection [15].

(1)

(2)
Using Hook’s law force in terms of displacement is given as:

(3)
The electrostatic F produced by actuator is given as:

(4)
Where nN is the entire number of comb drives connected in parallel, t is the
thickness, d is the gap between the comb drives and V is the applied voltage. Eq.
(3) and (4) are equated, the central mass displacement is given as:

(5)
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5.2 Displacement of single Jaw
The horizontal flexure and the length of the jaw are responsible for the
amplification at the jaws. Thus central beam movement is amplified by L/LQ.
The total movement at single jaw is calculated as:

(6)
Where L=2.1mm is the length of the microtweezer jaws and lQ =150 µm
horizontal flexure length as shown in Fig. 5.
5.3 Sensor
In the sensor, the capacitance increases and decreases by same proportion on the
two sides of the comb drives. These capacitances are given as:

(7)
where
is the initial gap between the transverse combs,
is the decreased
capacitance and
is the increased capacitance in the transverse comb sensor
corresponding to the gap change
produced due to the fringe fields.

and

is the capacitance

5.4 Pull-in Voltage
In the proposed microtweezer design, the comb drive actuator one of which,
typically called as rotor finger, is suspended and connected to the compliant
springs while other, usually called as stator finger, is fixed. The pull in voltage
is defined as the voltage at which the two fingers come in touch with each other.
The pull-in voltage Vpull-in is given [16]:

(8)
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Where d is the gap spacing between the fingers, εo is the dielectric constant in
air,

is the spring stiffness ratio.

6. Behavioural model development
The reduced order equations are used to perform behavioral modeling and
simulation. In this modeling technique complete model is simulated rather than
simulating number of finite components that constitute the model. Thus the
efficiency in time is achieved in this method rather than finite element analysis.
The components that are used to develop behavioral model are presents in its
libraries. The core code inside these libraries tells the individual components
how to behave when exposed to stimuli in terms of electrical and mechanical
[17]. The main components that develop behavioral model design are Beams,
Comb drives and rigid plates. Fig. 6 shows the behavioral schematic of the
actuator, sensor and jaw. Mechanical bus is used for connecting the
components. This bus consists of array of six wires in which three are
translational and other rotational. These wires contain information about
rotational and translational motion of the mechanical components in space. The
mechanical bus connector is connected at the tip of the jaw and with central
beam in order to find their displacement. The 3-D model shown in Fig. 7 is
generated after net listing and importing the schematic design in to scene 3D of
the architect. In the 3D model half portion of the microtweezer is modeled
because of geometrical evenness.

Fig. 6: Behavioural schematic of the microtweezer.
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Fig. 7: Microtweezer 3-D model in CoventorWare architect.

7. Result & discussion
The graph shown in Fig. 8 obtained analytically (by Eq. (5)) for a displacement
of central beam when a voltage is sweep form 0 - 55 V. At 50 V the
displacement is found to be 6.3 µm. The behavioral model simulation, between
voltage and central beam displacement is shown in Fig. 9. Both the results are
approximately same as analytically predicted. The simulation results are shown
in Fig. 10, the color of the contours plot shows the displacement of every
component of the microtweezer in y-axis direction. It is observed that stator
combs are stationary while rotor combs moves the central beam in y-axis.
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Fig. 8: Analytical relation between voltage (V) and central beam displacement
(µm).

Fig. 9: Graph between voltage (V) and central beam displacement (µm)
acquired by behavioral modeling.
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Fig.10: Displacement visualization in a color contours for microtweezer.
The graph shown in Fig. 11 is the analytically calculated result that is obtained
from Eq. 6, between voltage (V) and the jaw displacement (µm). The maximum
displacement obtained is at the tip of the jaw which is 34.3 µm at 55 V. The jaw
displacement obtained through system level simulation is 38 µm at 55 V which
is nearly same as analytically calculated. From analytically and simulation
outcomes show that the microtweezer can easily grasp microobjects in diameter
from 0 – 70 µm when it’s both jaws are in motion. This can avoid the
fabrication of 2 stage jaws [18].

Fig. 11: Analytical relationship between voltage (V) and jaw displacement
(µm).
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Fig. 12: Graph between voltage (V) and jaw displacement (µm) obtained by
behavioral modeling.

Fig. 13: Displacement visualization in a color contours for microtweezer.
The graph shown in Fig. 14 and Fig. 15 shows the change in capacitance vs
displacement of transverse comb drive calculated both analytically by Eq. (7),
and over behavioral modeling respectively. Form the result it is clear the
capacitance on one side of the transverse CS1 increases while the capacitance on
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the other end CS2 decreases. The behavioral model result shows the same
capacitance increase and decrease. These results are approximately the same.
The integration of the capacitive touch sensor informs that the range of
capacitance (0.45 fF - 0.65 fF) that is obtained in gripping microobject. This
range of capacitance is significant in programming the capacitive read out
circuitry MS3110 [14].

Fig. 14: Analytical relationship between displacement at central beam and
change in capacitance (fF).

Fig. 15: Graph between displacement at central beam and change in capacitance
(fF) obtained by behavioral modeling.
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The pull in voltage analysis is carried out to predict the maximum operating
voltage of the actuator of the microtweezer. Analytically the maximum pull in
voltage calculated through Eq. 8 is 55 V while through system level simulation
58 V is obtained. These results are approximately same.
The above defined parameters are summarized in Table:1, which reveals that the
possibility of developing a prosperous device are higher because of the fact that
the analytical and behavioral models results are nearly equal.
Parameter

Analytical results

Maximum
Central Beam
moment (µm)
Maximum Jaw
Displacement
(µm)
Capacitance (fF)

6.3

Behavioral model
results
7.039

34.3

38

Pull-in voltage
(V)

Cs1
Cs2

306fF
712fF
0 - 55

Cs1
Cs2

0.45pF
0.65pF
0 - 58

Table 1: Comaprison between analytical and behavioral model results.

8. Conclusions
A MEMS based microtweezer integrated with capacitive touch sensor has been
designed using SOI-MUMPS process. The layout model of the device is
developed in MEMSPro CAD tool environment. The designed microtweezer
gives analytically central beam displacement of 6.3 µm, single jaw displacement
of 7.03 µm, capacitance change of CS1=306 fF and CS2=712 fF and result of
pull-in voltage is 55 V.
Extensive simulation through behavioral modeling using the architect module of
the CoventorWare verifies the maximum central beam movement of 7.03 µm
and jaw displacement of 38 µm with change in capacitance of 0.45pF to 0.65pF.
Pull-in voltage analysis shows that at 58 V, actuator gives maximum
performance. The use of analytical and simulation approach avoids iterative
fabrication that is expensive. The microtweezer is now ready to send for
fabrication with higher chances of its success.

References
[1]

[2]

N. Dechev, W.L. Cleghorn, and , J.K. Mills, “Microassembly of 3D microstructures using a
compliant, passive microgripper”, Journal of Microelectromechanical Systems, Vol. 13, No.
2, pp. 176-189, 2004.
T. Chen, L. Chen, and L. Sun, “Pizeoelectrically driven silicon microgripper integrated with
sidewall piezoresistive sensor”, Proceedings of the IEEE International Conference on
Robotics and Automation, Kobe, Japan, pp. 2989-2994, 2009.

Chaotic Modeling and Simulation (CMSIM) 2: 161-177, 2014
[3]

[4]

[5]
[6]
[7]
[8]

[9]

[10]

[11]

[12]

[13]

[14]
[15]
[16]

[17]
[18]

[19]

[20]

177

S. Venugopal, L.C. Jsu, S.M.N. Rao, B.P.Wang, M. Chiao, and J.C. Chiao, “Design and
modeling of a high accuracy, three degree of freedom MEMS manipulator”, Conference on
MEMS and Photonics, Brisbane, Australia, 2005.
B. R. Jong, D. M. Brouwer, M. J. Boer, H. V. Jansen, H. M. J. Soemers, and G. J. M.
Krijnen, “Design and fabrication of a planar three-DOFs MEMS-based manipulator”,
Journal of Microelectromechenical System, Vol. 19, No. 5, pp. 1116-1130, 2010.
C. J. Kim, A. P. Pissano, and R. S. Muller “Silicon-processed overhanging microgripper”,
Journal of Microelectromechenical System, Vol. 1, No. 1, pp. 31–36, 1992.
B. V. Volland, H. Heerlein, and I. W. Rangelow, “Electrostatically driven microgripper”,
Journal of Microelectronic Engineering, Vol. 61 , pp. 1015-1023, 2002.
J. V. Clark, N. Zhou, S. Brown and K. S. J. Pister, “MEMS Simulation Using SUGAR
v0.5”, Solid-State Sensors and Actuators pp. 191-196, 1998.
Q. Jing, T. Mukherjee and G. K. Fedder, “Schematic-Based Lumped Parameterized
Behavioral Modeling for Suspended MEMS”, International Conference on Computer Aided
Design, San Jose, CA, Nov. 10-14, 2002.
G. C. Wong, G. K. Tse, Q. Jing, T. Mukherjee, G. K. Fedder, “Accuracy and Composability
in NODAS”, IEEE Int. Workshop on Behavioral Modeling and Simulation, San Jose, CA,
2003.
G. Uma, M. Umapathy, L. Baby Vidhya, M. Maya, T. Sophia and K. Tamilarasi, “Design
and Analysis of Resonant Based Gas Sensor”, Sensors Applications Symposium, Atlanta,. pp
119-121, 2008.
A. Manut and M. I. Syono “Effects of Mechanical Geometries on resonance Sensitivity of
MEMS Out-of-Plane Accelerometer”, IEEE International Conference on Semiconductor
Electronics, Kuala Lumpur, 2006.
Kashif Riaz, Shafaat A. Bazaz, M. Mubasher Saleem and Rana I. Shakoor, “Design,
Damping Estimation and Experimental Characterization of Decoupled 3-DoF Robust
MEMS Gyroscope”, Journal of Sensors and Actuators A., Vol. 172, No. 2, pp. 523-532,
2011.
K. Miller, A. Cowen, G. Hames, B. Hardy, SOIMUMPs Design Handbook, Version 4,
MEMSCAP
Inc.,
2004.
Available
at:
http://www.memscap.com/products/mumps/soimumps/reference-material
Universal Capactive ReadoutTM IC (MS3110) manual Irvine Sensor Coropration. Available
at: http://www.irvine sensors.
M. Bao, “Analysis and design principles of MEMS devices” 1st edition Elsevier, 2005.
R. Legtenberg, A. W. Groeneveld and M. Elwenspoek, “Comb-drive actuators for large
displacements”, Journal of Micromechanics Microengineering, Vol. 6, No. 3 pp. 320-329,
1996.
CoventorWare ARCHITECT, version 2008, Reference: MEMS and Microsystems SystemLevel Design Coventor, Inc.
K. Amjad, S. A. Bazaz and Y. Lai, “Design of an electrostatic MEMS microgripper system
integrated with force sensor”, The 20th IEEE international conference on microelectronics,
Sharjah, 2008, pp 275–278, 2008.
F. Krecinic, T.C. Duc, G.K. Lau and P.M. Sarro “Finite element modeling and experimental
characterization of an electro-thermally actuated silicon-polymer microgripper”, Journal of
micromechanics and Microengineering, Vol. 18, pp., 2008.
E.V. Bordatchev and S.K. Nikumb, “Microgripper: Design, finite element analysis and laser
microfabrication”, proceeding of the international conference on MEMS, NANO and Smart
Systems, Canada, pp. 308-313, 2003.

Chaotic Modeling and Simulation (CMSIM) 2 : 179–186, 2014

Adaptive Control for Synchronization of Li
Chaotic Systems with Unknown Parameters
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Abstract. In this paper, the problems on chaos control and synchronization of Li
chaotic systems with unknown parameters are considered. Firstly, the Li chaotic
systems are introduced. Secondly, the adaptive control system with only two state
feedbacks for synchronization of the Li chaotic systems is presented and the parameter identification method is also given. Sufficient conditions for the stability of the
synchronized errors are provided. Finally, numerical studies are performed to verify
the effectiveness of presented schemes.
Keywords: chaos, synchronization, unknown parameters, adaptive controller.

1

Instroduction

Since the synchronization of the coupled chaotic dynamical system with
different initial conditions was observed by Pecora and Carroll [1], the idea of
synchronization of chaotic systems has gained a lot of attention from various
disciplines due to its potential application in many fields such as chemical
reactions[2], biological systems[3], and secure communications[4], etc. In the
past two decades, a variety of types of synchronization approaches in dynamical
systems have been proposed such as adaptive control [5], observer based control
[6], variable structure control [7], back stepping control [8], impulsive control
[9], nonlinear control [10], and so on.
In practical engineering situations, it is often the case that the parameters of chaotic systems are unknown. Therefore, there is an immense need
for algorithms that can effectively synchronize chaotic systems with unknown
parameters for theoretical research and practical application.
This paper presents the synchronization between Li systems with unknown
parameters accompanied by the presented control system contains only two
state feedbacks. Based on the Lyapunov stability theory, we prove that the
suggested approach can realize chaos synchronization globally and asymptotically and recognize the unknown parameters as well. Numerical simulations
demonstrate the effectiveness of the proposed synchronization methods.
The rest of this paper is organized as follows. The problem formulation
and systems description are performed in section 2 and section 3, respectively.
Received: 3 December 2013 / Accepted: 18 April 2014
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Section 4 presents the adaptive control method for the Li systems with unknown
parameters. Numerical simulations are performed in section 5 to verify the
effectiveness of the presented schemes, and concluding remarks are made in the
final section.

2

Synchronization
Consider a class of chaotic system which can be described as
ẋ = f (x)

(1)

where x = x1 , x2 , ..., xn are the state vectors. Take system (1) as the drive
system, and the response system is defined as
ẏ = g(y) + u(t, x, y)

(2)

where y = y1 , y2 , ..., yn represent the the state vectors, and f, g : Rn → Rn
are two continuous nonlinear vector functions, u(t, x, y) is an n−dimensional
control signals.
Let e(t) = y(t) − x(t) is the synchronization error. The control goal is to
design the controller u(t, x, y) for the response system (2), such that the error
system e(t) can be asymptotically stable at the zero equilibrium. In this sense,
that is lim e(t) = 0, which implies that the error dynamic system e(t) between
t→∞
the drive system and the response system is globally asymptotically stable.

3

Systems description

Recently, Li constructed a three-dimensional chaotic system [11], which is
described by

x˙1 = a(x2 − x1 )

(3)
x˙2 = x1 x3 − x2


x˙3 = b − x1 x2 − cx3
where x1 , x2 , x3 are state variables, and a, b, c are system parameters. When
the system parameters are a = 5, b = 16, c = 1, the system (3) demonstrates a
chaotic attractor. The three-dimensional view of the chaotic strange attractor
and some dynamical behavior in different planes for system (3) are shown in
Fig. 1.

4

Synchronization of Li system with unknown
parameters

Suppose the master system is defined in (3) which drives the slave system
given in the following form
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Fig. 1. Typical dynamical behaviors of five-dimensional hyperchaotic Lorenz system.



a(y2 − y1 ) + u1
y˙1 = e
y˙2 = y1 y3 − y2 + u2


y˙3 = eb − y1 y2 − e
cy3 + u3

(4)

where yi (i = 1, 2, 3) are state variables, ui (i = 1, 2, 3) are external control
inputs, and e
a, eb, e
c are unknown parameters to be identified.
The error vector can be defined as


e1 = y1 − x1 + u1
e2 = y2 − x2 + u2


e3 = y3 − x3 + u3

(5)

So the detail error dynamics is as follows


a(e2 − e1 ) + ax2 − ax1 + u1
e˙1 (t) = e
e˙2 (t) = −e2 + e1 e3 + x1 e3 + x3 e1 + u2


e˙3 (t) = b − e1 e2 − x1 e2 − x2 e1 − e
ce3 − cx3 + u3

(6)

where a = e
a − a, b = eb − b and c = e
c − c.
Theorem. The drive system (3) and the response system (4) can be asymptotically synchronized for any different initial condition with following adaptive
controller


a(e2 − e1 ) − e1
u1 = −e
(7)
u2 = 0


u3 = e1 e2 + x1 e2 + x2 e1 + (e
c − 1)e3
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and the following parameter laws of e
a,eb and e
c

a˙ = −x2 e1 + x1 e1

e
eb˙ = −e3

˙
e
c = x3 e3

(8)

Proof. Firstly, choose Lyapunov function as follows
1 2
(e + (e
a − a)2 )
2 1
Its time derivative along the trajectories of (6) is
V1 =

a˙ )
V˙1 = (e1 e˙1 + ae
= −e21 + e1 (a(e2 − e1 ) + a(e2 − e1 ) + e1 + ax2 − ax1 + u1 ) + ae
a˙

(9)

(10)

Substituting (7) and (8) into (10), we have
V˙1 = −e21 ≤ −2V1 (t)

(11)

which leads to V1 (t) ≤ V1 (0) exp(−t), thus we have lim e1 (t) = 0.
t→∞
On the other hand, we take another Lyapunov function as
V2 =

1 2
(e + (eb − b)2 + (e
c − c)2 )
2 3

(12)

Its time derivative along the trajectories of (6) is
˙
V˙2 = (e3 e˙3 + beb + ce
c˙ )
˙
= −e23 + e3 (b − e1 e2 − x1 e2 − x2 e1 − ce3 − cx3 + (1 − c)e3 + u3 ) + beb + ce
c˙
(13)
Substituting (7) and (8) into (13), we haven
V˙2 = −e23 ≤ −2V2 (t)

(14)

which leads to V2 (t) ≤ V2 (0) exp(−t), thus we have lim e3 (t) = 0.
t→∞

Now, by solving the second equation of (6) we get the following result
Z t
e2 = exp(−t)(e2 (0)) +
exp(t)(e1 e3 + x1 e3 + x3 e1 )dt
(15)
0

Because lim (e1 e3 + x1 e3 + x3 e1 ) = 0, thus by basic calculation one can
t→∞

yield lim e2 (t) = 0. Therefore, the error ei (t) = 0(i = 1, 2, 3) will converge to
t→∞
zero.
Consider the first and the third equation of (6) we get the following result

lim a(x2 − x1 ) = 0


t→∞
lim b = 0
(16)
t→∞


 lim cx = 0
t→∞

3

Chaotic Modeling and Simulation (CMSIM) 2: 179–186, 2014

183

then we can have

lim e
a=a


t→∞
lim eb = b
t→∞


 lim e
c=c

(17)

t→∞

This completes the proof.

5

Simulation examples

In this section, some numerical simulations about the synchronization between the drive system (3) and the response system (4) are given to verify the
effectiveness of the proposed method. In the numerical simulations, the fourthorder Runge-Kutta method is used to solve the system. The system parameters
are selected as a = 5, b = 16, c = 1 and a1 = 4, b1 = −3, c1 = 9, such that the
drive system and the response system are chaotic with no control applied. We
employed the initial conditions be x(0) = (2, −4, 6) for the drive system and
y(0) = (−1, 1, 2) for the response system, respectively.
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Fig. 2. State trajectories of synchronization between the drive system and the response system.

Numerical results are displayed in Figures 2-4. Fig.2 shows shows the time
evolution curves of the drive system and the response system with controllers
(7) and parameter laws (8). Fig.3 shows the time evolution of the synchronization errors, which displays that the errors tend to zero as t → ∞. In addition,
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Fig. 3. Time response of the synchronization errors.
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the estimations of the parameters are shown in Fig.4. These results show that
synchronization between Li chaotic systems with unknown parameters has been
achieved with our designed adaptive controller and parameter laws.

6

Conclusions

In this paper, we have studied the robust adaptive synchronization between
two Li chaotic systems with unknown parameters based on adaptive control and
stability theory. The effectiveness of the proposed approach has been verified
by the numerical simulations. The proposed adaptive control method can not
only achieve synchronization but also identify the system parameters at the
same time. The presented control method can also be applied in many other
chaotic systems.
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Abstract. In this note, we consider self-affine attractors that are generated by an
expanding n × n matrix (i.e. all of its eigenvalues have moduli > 1) and a finite set
of vectors in Zn . Here we concentrate on the problem of connectedness. Although,
there has been intensive study on the topic recently, this problem is not settled even
in the one-dimensional case. We focus on some basic attractors, which have not been
studied fully, and characterize connectedness.
Keywords: Self-affine attractors, Self-affine tiles, Connectedness.

1

Introduction

Let S1 , ..., Sq , q > 1, be contractions on Rn , i.e., ||Sj (x) − Sj (y)|| ≤ cj ||x − y||
for all x, y ∈ Rn with 0 < cj < 1. Here || · || stands for the usual Euclidean
norm, but this norm may be replaced by any other norm on Rn . It is well
known [4] that there exists a unique non-empty compact set F ⊂ Rn such that
F =

q
[

Sj (F ).

j=1

Let Mn (R) denote the set of n × n matrices with real entries. We will
assume that
Sj (x) = T −1 (x + dj ), x ∈ Rn ,
where dj ∈ Rn , called digits, and T ∈ Mn (R). Then F is called a self-affine set
or a self-affine fractal, and can be viewed as the invariant set or the attractor
of the (affine) iterated function system (IFS) {Sj (x)} (in the terminology of
dynamical systems). Let Mn (Z) be the set of n × n integer matrices. Further,
if D := {d1 , ..., dq } ⊂ Zn and T ∈ Mn (Z), it is called an integral self-affine
set and we will primarily consider such sets in this paper. If, additionally,
| det(T )| = q and the integral self-affine set F has positive Lebesgue measure,
then F is called an integral self-affine tile. We sometimes write F (T, D) for
Received: 7 August 2013 / Accepted: 5 April 2014
c 2014 CMSIM
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F to stress the dependence on T and D. For such tiles, the positivity of the
Lebesgue measure is equivalent to having nonempty interior [2].
There is a demand to develop analysis on fractal spaces, in order to deal
with physical phenomena like heat and electricity flow in disordered media,
vibrations of fractal materials and turbulence in fluids. Without a better understanding of the topology of fractals, this seems to be a difficult task. There
is a growing literature on the formalization and representation of topological
questions; see [3] for a survey of the field.
One of the interesting aspects of the self-affine sets is the connectedness,
which roughly means the attractor cannot be written as a disjoint union of
two pieces. This property is important in computer vision and remote sensing
[8,20]. We mention that connected self-affine fractals are curves; thus, they are
sometimes referred to as self-affine curves [10]. There is some motivation for
studying connected self-affine tiles because they are related to number systems,
wavelets, torus maps. Recently, there have been intensive investigations on the
topic by Kirat and Lau [12,10], Akiyama and Thuswaldner [1,16], Ngai and
Tang [18,19] and Luo et al. [16,15].
In this note, we consider planar integral self-affine fractals obtained from
2 × 2 integer matrices with reducible characteristic polynomials, and report our
findings on their connectedness. However, our considerations can be generalized to higher dimensions. As for the organization of the paper, in Section 2, we
deal with special cases and state some simple, but unconventional techniques
to check the connectedness. In literature, most of the papers on the connectedness have some restrictions on the digit set. Here our aim is to remove such
restrictions in Section 3.

2

Some Unconventional Techniques

Usually, connectedness criteria were given by using a “graph” with vertices in
D [6,12]. In this section, we present graph-independent techniques to check the
connectedness or disconnectedness. Throughout the paper, T −1 is a contraction. Let #D denote the number of elements in D. We first recall a known
result.
Proposition 1. [12] Suppose T = [±q] with q ∈ N, and D ⊆ R with #D = q.
Then F (T, D) is a connected tile if and only if, up to a translation, D =
{0, a, 2a, ..., (q − 1)a} for some a > 0.
As one may notice q and D are not arbitrary in Proposition 1 since q ∈ N
and #D = q. By using the approach in [9,11], we can remove such restrictions.
For that purpose,
we consider the convex hull of F and denote it by K. Also
Sq
let K1 = j=1 Sj (K). Then we have the following.
Proposition 2. Let D = {0, d2 v, · · · , dq v} ⊂ Rn with v ∈ Rn \ {0} and
T = pI, where p ∈ R and I is the identity matrix. Then F (T, D) is connected
if and only if K = K1 .
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Fig. 1. The Sierpiński tile

Remark 1. A digit set D as in Proposition 2 is called a collinear digit set. It is
easy to check the condition K = K1 in the proposition because K is a closed
interval. If T = ±2I, then F (T, D) is connected for any digit set. A famous
example of this
 type is the
 Sierpiński
  tile (seeFigure 1), for which T = 2I and
D = {d1 = 00 , d2 = 10 , d3 = 01 , d4 = −1
−1 }.
The disconnectedness of F (T, D) was studied in [13]. Here we want to
mention another unconventional sufficient condition for disconnectedness. In
the rest of the paper, we study attractors F (T, D) in the plane such that
T ∈ M2 (Z) has a reducible characteristic polynomial. From [10], we know that
such matrices are conjugate to one of the following lower triangular matrices


n 0
,
where |n| ≥ |m|, and t = 0 or t = 1.
(1)
t m

We also let
 
S = { ji : 0 ≤ i ≤ |n| − 1, 0 ≤ j ≤ |m| − 1}.
The attractors of the next proposition can be considered as a generalization of
Sierpiński carpets [17]. Let dimS (F ) be the singular value dimension of F (see
[5]). We call a collinear digit set D with v is an eigenvector of T eigen-collinear.
In that case, F is a subset of a line segment. By using Corollary 5 in [5], we
obtain the following.
Proposition 3. Assume that T is as in (1), D ⊂ S, and D is not eigencollinear. Then F (T, D) is disconnected if log|m| r + log|n| ( rq ) 6= dimS (F ),
 
where q = #D and r is the number of j so that ji for some i.
Remark 2. It is easy to check the sufficient condition for the attractors F (T, D)
in Proposition 3 because, in that case,

q
1 + log|n| ( |m|
) if |m| < q ≤ |mn|,
dimS (F ) =
log|m| q
if q ≤ |m|.
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General Digit Sets

In this section, we will present a practical way of checking the connectedness
of F (T, D) with T as in (1) and D ⊂ Z2 . Note that it is enough to consider
the case n, m > 0, since F (T, D) = F (T 2 , D + T D). By translating D, we will
assume that D has nonnegative entries. Let N = (F − F ) ∩ Z2 . Set



 n−1 



b1 = n −0 1 ,
∆D = D − D, a1 = n −1 1 , a2 = m 0− 1 , a3 = m
−1 ,
e1 =

1
0

, e2 =

0
1

, e3 =

1
1

, e4 =



1
−1


.

First, we begin with the special class of fractals F in Proposition 3, where
D ⊂ S.
Proposition 4. Assume that F is as in Proposition 3, t = 1 and n, m > 0.
Then
(i) if a2 ∈
/ ∆D, then F is disconnected,
(ii) otherwise,
N = {±ei | i ∈ {1, 2} and ai ∈ ∆D} ∪ {±e4 | a1 − a2 ∈ ∆D}.
Proposition 5. Assume that F is as in Proposition 3, t = 0 and n, m > 0.
Let b2 = a2 , b3 = a3 . Then
(i) if b1 , b2 , b3 , b1 − b2 ∈
/ ∆D, then F is disconnected,
(ii) otherwise,
N = {±ei | i ∈ {1, 2, 3} and bi ∈ ∆D} ∪ {±e4 | b1 − b2 ∈ ∆D}.
For a digit set D, an s-chain (in D) is a finite sequence {d1 , ..., ds } of s
vectors in D such that di − di+1 ∈ N for i = 1, ..., s − 1. Then we can put the
connectedness criterion in [12] into the following form.
Proposition 6. F is connected if and only if, by re-indexing D (if necessary),
D forms a q-chain.

Fig. 2.
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Remark 3. Note that if D = {d1 , ..., dq } after re-indexing, it is possible that
di = dj for i 6= j. In view of Proposition 4 and Proposition 5, Proposition 6 is
quite feasible. That is, the connectedness can be decided by a simple inspection
of D using N in Propositions 4-5. That is, we get a graph-independent way
of checking
Figure
2, for which

 given in
 2are
 0 examples
−3 −1the connectedness. Two
1
−1
,
d
=
,
and
D
=
{d
=
T
=
4
1
3 , d5 =
1
1 , d3 =
0 , d2 =
0
3
 −1 
 −2 
2
2
on
the
,d8 = 3 }, and for the second fractal
2
2 , d7 =
0 , d6 =

 2  right
3
2
1
0
T
=
4I
and
D
=
{d
=
1
1 , d6 =
3 , d5 =
2 , d4 =
1 , d3 =
0 , d2 =
3
0
1
}.
,
d
=
,
d
=
8
7
0
3
2
We now consider the general case D ⊂ Z2 . Let
M1 = {±(ke1 ± le2 ) | k, l ∈ N and ka1 ± la2 ∈ ∆D},
M0 = {±(ke1 ± le2 ) | k, l ∈ N and kb1 ± lb2 ∈ ∆D}.
Note that it is possible that M1 = ∅ or M0 = ∅.
Proposition 7. Assume that T is as in (1) with t = 1, n, m > 0 and D ⊂ Z2 .
Then
(i) if ka2 , ka1 ± la2 ∈
/ ∆D for all k, l ∈ N, then F is disconnected,
(ii) otherwise, then N = {±kei | k ∈ N, i ∈ {1, 2} and kai ∈ ∆D} ∪ M1 .
Proposition 8. Assume that T is as in (1) with t = 0, n, m > 0 and D ⊂ Z2 .
Let b2 = a2 , b3 = a3 . Then
(i) if kb1 , kb2 , kb3 , kb1 ± lb2 ∈
/ ∆D for all k, l ∈ N, then F is disconnected,
(ii) otherwise, then N = {±kei | k ∈ N, i ∈ {1, 2, 3} and kbi ∈ ∆D} ∪ M0 .
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Abstract. An investigation is undertaken to introduce an effective mechanism of
plasma heating which significantly enhances and facilitates the heating of a dense
plasma layer. This mechanism directly related to the phenomena of anomalous transparency of a dense plasma layer through the resonant excitation of the coupled surface
waves. It is shown that the collisional effects reduce the rate of the energy transmission through the plasma layer under resonant conditions. This dissipative effects
cause heating of the plasma layer to a considerable amount of temperature. The
temperature distribution in the plasma layer during the transmission of the electromagnetic waves is studied.
Keywords: Microwave, Dissipation, Incident wave, Over-dense plasma, Surface
plasma, Transparency.

1

Introduction

The investigations of circumstances and important factors in the plasma heating is the subject of relevance for many fields of plasma physics ranging from
laboratory experiments to astrophysics [1]. The heat flow and temperature
gradient in plasma are fundamental process that take place during plasma phenomenons and are of grate importance effects. These process in some situations,
have inevitable destructive effects. One of the challenges of embedding plasma
in electric field is the appearance of high temperature electrons which acts like
an internal transport barrier. The three well known heating mechanisms of
plasma are ohmic heating, neutral beam injection and high frequency electromagnetic waves. In the high frequency electromagnetic waves mechanism of
plasma heating, the energy of waves is converted into thermal electron motion
through electron-ion collisions [2,3]. Also the interaction of the electromagnetic
waves with plasma may lead to the resonant excitation of the electrostatic waves
which subsequently decays generating energetic electrons [4].
?
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In our previous works we studied the total transparency conditions of an
overdense plasma layer due to the resonant excitation of the coupled surface
modes, [5]-[9]. In the present paper we demonstrate another mechanism of
plasma heating that significantly enhances and facilitates the heating of the
dense plasma. We will show that for a collisional plasma under resonant conditions, the dissipative effects cause heating of the dense plasma to a considerable
amount of temperature. Hence the process of resonant excitation of the coupled plasmons can be considered as an effective mechanism of plasma heating.
In fact this process has a dual acting effect, it cause the transparency of the
plasma slab and at the same time it gives rise to plasma heating.
This paper is organized as follows: In section two the geometrical construction of the problem and the transmission of the electromagnetic waves through
the considered structure. In section three the solutions of the heat equations
at steady states condition is given and the temperature is predicted. Finally,
section four presents the results.

2

the model

Fig. 1. Schematic diagram showing the spatial distribution of the effective electric
permittivity.

Let us consider a geometrical structure fulfills the conditions under which
the high transparency of a normally reflected overdense plasma can be observed
, [7]. The system is modeled as an overdense plasma layer with length b placed
between two equal ordinary dielectrics or equivalently cold plasma layer (see
Fig. 1). In order to examine the resonant conditions of the excitation of the
surface modes let us consider a p-polarize wave specified by the magnetic field
component B = (0, 0, Bz ) and the electric field in the plane of incidence (x, y),
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namely E = (Ex , Ey , 0). Considering the geometrical structure of Fig. (1),
the spatial part of the electric and the magnetic fields must be proportional
to exp(iky) and the waves amplitudes become functions only of the variable x.
In this case the magnetic field and temperature at the steady state, obtain the
following forms:
κ

∂2T
+ Q = 0.
∂2x

(1)

∂ 1 ∂Bz
+ ( − ky2 )Bz = 0 .
∂x  ∂x
where κ refers to the thermal conductivity. Also,


Q=

0 00
 ωE02 |E| ,
2

(2)

(3)
ω2

where 00 is the imaginary part of the permittivity. Here  = (1 − ω2ps ),
2
s = (1 + iν/ω), also k0 = ωc and ωp = 4πnm0 e . In these equations, all field
quantities have become dimensionless and redefined as follows:

E
ν
T
r̃ = k0 r , t̃ = ωt , Ẽ =
, ν̃ = , T̃ =
,
E0
ω
T0

(4)

where the tilde quantities are dimensionless, but for simplicity, we ignore the
tilde sign of our field quantities in equations. Likewise, the temperature should
satisfy the surface heat balances. where ky = sinθ. Analytical solutions of
Eqs.(2)gives the magnetic field in the both dielectrics and the over dense plasma
mediums, and are obtained in the following forms:
Bz = (A1 eαx + A2 e−αx ),

(5)
q
where α = ky2 − . The electromagnetic fields in the vacuum regions, x < −a
and x > b, have the following forms:
Bz = E0 eı cos θx + Re−ı cos θx
Bz = Tr eı cos θx

x < −a ,

x > b,

(6)
(7)

where E0 , R and T respectively assign the field components for the incident,
reflected and transmitted waves.
These field solutions should satisfy the conditions of continuity of dBz /dx
and Bz , on all the boundaries and as a result, one achieve eight equations for
the unknown coefficients, specifically the coefficient R and Tr are obtained. For
resonant values of the incident angle θ, we should expect anomalous transmission of the electromagnetic waves.
Fig. (2) shows the transmission curve Tr and R as a function of the incidence
angle θ for two different values of the collisional frequencies, namely for ν = 0.1
and ν = 0.2. Two important results are obtained from these plots. As the first
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result, there is an acute increase in the transmission properties of the system,
when the angle of incidence reaches to one of its resonant values. According
to the figure.(2), the maximum of the transmission coefficient T occurs about
θ = 0.18rad for two different value of collisional frequencies.

Fig. 2. The transmission coefficients vs incident angel for two different value of collisional frequency

As the second result, comparing the two maximums indicates that, with the
increase of the collisional frequency ν, t he maximum rate of the electromagnetic
waves decreases. In order to investigate the effect of this dissipated energy on
the increase of the plasma temperature, the electric field amplitude in the overdense plasma at the maximum points is needed. To provide this we note that
for the case ν = 0.1, the deficiency at the maximum point is about 1 − (|
R |2 + | Tr |2 ) = 0.3071, while For the case ν = 0.2 the deficiency is about
1 − (R2 + Tr2 ) = 0.4373.

3

The heat equation

In order to investigate the temperature variations or the increase of the temperature degree of the over-dense plasma due to passing of the electromagnetic
waves one should consider the solutions of the heat equation (1). The factor
Q that is given in Eq.(3) can be considered as a thermal source for the heat
equation. The imaginary part of the permittivity explicitly appears in the heat
source and hence is vitally important to produce heat. Also the heat source Q
depends on the amplitude of the passing electric field in the over-dense plasma
layer. The electric field amplitudes, obtained in previous section, in the overdense plasma layer under the resonant transmission of waves. Substituting
them in Eq. (3) for each value of the collisional frequency ν, the heating source
Q would be obtained. Subsequently one can study the temperature variations
and the key factors of these variations by solving the corresponding heat equation via Eq.(1).
Here we follow the above procedure and analyze the temperature variations
from Eq.1 in steady state both numerically and analytically.
we require only the boundary condition which includes convection relation
on both boundaries of the plasma.
T (x) = 1, x = 0,

∂T
= 0, x = b.
∂x
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It should be noticed that the sample or the plasma will be kept in room temperature, therefore, T0 is the room temperature also here T is dimensionless
and equals to T /T0 . Heat equation will be solved through analytic as well
as the numerical method and, subsequently, compare the data obtained. The
analytical answers of this equation are as follows:
Z Z
1
Q(x)dxdx + C1 x + C2 ,
(8)
T (x) = −
κ
where C1 and C2 are calculated by boundary conditions.Also Eq. 8 can be
written in the following form
T (x) = −F1 (x) + F2 (0)x + F1 (0),
(9)
R
where F1 (x) =
Q(x)dx, F2 (x) = Q(x)dx,
The above relation demonstrates that the curve of temperature is an ascending function of space. To investigate this more closely, the analytical solutions
of the temperature functions obtained from Eq.1 are plotted in Fig. (3a).This
figure contains two different curves corresponding to two different values of the
collisional frequencies ν. As it is shown in the figure, the plasma temperature increases as one move away from the plasma fronting edge. It should be
noticed that this temperature rising takes place due to the collisional effects
which appears in the form of the thermal source term Q.
It is also plotted the temperature curve by using a numerical method and
the results are given in Fig. (3b). To solve the heat equation (1) numerically,
the finite difference method has been employed. These numerical results are in
a good agreement with the analytical results and show an ascending function
of space for the temperature function.
RR

Fig. 3. The profile of temperature for analytic and numeric solutions.

4

Conclusions

It has been shown here that the coupled resonant excitation of the surface
modes could create a condition for suitably heating of a dense collisional plasma
layer. To provide the resonant conditions, the plasma layer was considered between two dielectric layers. The slab then was supposed to be subjected to
the electromagnetic waves. After solving the equation of the wave for a cold
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plasma, the electric field in all mediums was obtained. Eventually, the energy
transmission on the rear side of the dielectric layer was examined. Here, the
important issue is the effect of the collision on the amount of energy transmission which, as researchers have shown, diminishes as the collisional effects
increase. Equally the important issue is the way in which the dissipative energy in the plasma appears. The results indicate that the dissipated energy in
the plasma led to the heating of the particles and the increasing of the plasma
temperature.
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Abstract: The goal of this paper is to find chaos in the Gross domestic product (GDP)
growth rate of selected European countries. We chose only those European countries
where data is available since 1980, because we needed the longest time series possible.
These are the following states: Belgium, Finland, France, Norway, Spain, Switzerland
and United Kingdom. At first we will estimate the time delay and the embedding
dimension, which is needed for the largest Lyapunov exponent estimation. The largest
Lyapunov exponent is one of the important indicators of chaos and is generally wellknown. Subsequently we will calculate the 0-1 test for chaos. Finally we will compute
the Hurst exponent by using the Rescaled Range analysis. The Hurst exponent is a
numerical estimate of the predictability of a time series. The results indicated that chaotic
behaviors obviously exist in GDP growth rate.
Keywords: Chaos theory, GDP, GDP growth rate, Time series analysis, Phase Space
Reconstruction, Hurst exponent, largest Lyapunov exponent.

1. Introduction
Humanity has always been concerned with the question of whether the
processes in the real world are deterministic in nature. Determinism can be
understood variously. In this paper we assume a mathematical sense of
determinism, which is given by equations and initial conditions. Mathematical
models that are not deterministic because they involve randomness are called
stochastic. Are the processes in the real world deterministic or stochastic in
nature? Real processes in nature, according to the expectation of Mandelbrot
[16], lie somewhere between pure deterministic process and white noise. This is
why we can describe reality either by a stochastic or deterministic model. The
Hurst coefficient can give us an answer to this.
An interesting case of determinism is deterministic chaos. The only purely
stochastic process is a mathematical model described by mathematical statistics.
The statistical model often works and is one of many possible descriptions if we
do not know the system. This also applies to economic quantities, including
forecasts for GDP. The basic question is therefore the existence of chaotic
behavior. If the system behaves chaotically, we are forced to accept only limited
predictions. In this paper we will try to show the chaotic behavior of GDP
growth rate.
_________________
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2. Methods of analyzing
In short, we will describe the basic definitions and the basic methods for
examining the input data.
2.1 Phase space reconstruction
According to Henry [9], the main goal in nonlinear time series analysis is to
determine whether or not a given time series is of a deterministic nature. If it is,
then further questions of interest are: What is the dimension of the phase space
supporting the data set? Is the data set chaotic?
The key to answering these questions is embodied in the method of phase space
reconstruction, which has been rigorously proven by the embedding theorems of
Takens [19]. Takens theorem was independently suggested for example Packard
[17]. Takens’ theorem transforms the prediction problem from time
extrapolation to phase space interpolation.
Let there be given a time series x1, x2, … , xN which is embedded into the mdimensional phase space by the time delay vectors. A point in the phase space is
given as:
Yn = xn , xn −τ ,..., xn − ( m −1)τ n = 1,2,..., N − (m − 1)τ
(1)
where τ is the time delay and m is the embedding dimension. Different choices
of τ and m yield different reconstructed trajectories. How can we determine
optimal τ and m?

2.2 Optimal time delay
A one-to-one embedding can be obtained for any value of the time delay τ > 0.
However, very small time delays will result in near-linear reconstructions with
high correlations between consecutive phase space points and very large delays
might obscure the deterministic structure linking points along a single degree of
freedom. If the time delay is commensurate with a characteristic time in the
underlying dynamics, then this too may result in a distorted reconstruction.
In order to estimate τ, two criteria are important according to Kodba [12]. First,
τ has to be large enough so that the information we get from measuring the
value of x at time n + τ is significantly different from the information we
already have by knowing the value of x at time n. Only then will it be possible
to gather enough information about all other system variables that influence the
value of x to reconstruct the whole attractor. Second, τ should not be larger than
the typical time in which the system loses memory of its initial state. This is
particularly important for chaotic systems, which are intrinsically unpredictable
and hence lose memory of the initial state as time progresses. [14]
Following this reasoning, Fraser and Swinney [3] introduced the mutual
information between xn and xn+τ as a suitable quantity for determining τ. The
mutual information between xn and xn+τ quantifies the amount of information we
have about the state xn+τ presuming we know the state xn. Now we can define
mutual information function:
j

j

I (τ ) = −∑∑ Ph, k (τ ) ln
h =1 k =1

Ph ,k (τ )
Ph Pk

(2)

Chaotic Modeling and Simulation (CMSIM) 2: 199-206, 2014

201

where Ph and Pk denote the probabilities that the variable assumes a value inside
the hth and kth bins, respectively, and Ph,k(τ)is the joint probability that xn is in
bin h and xn+τ is in bin k. Hence, the first minimum of I(τ) marks the optimal
choice for the time delay.
2.3 Optimal embedding dimension
The embedding dimension m is conventionally chosen using the “false nearest
neighbors’” method. This method measures the percentage of close neighboring
points in a given dimension that remain so in the next highest dimension. The
minimum embedding dimension capable of containing the reconstructed
attractor is that for which the percentage of false nearest neighbors drops to zero
for a given tolerance level ε. [14]
In order to calculate the fraction of false nearest neighbors the following
algorithm is used according to Kennel [11]. Given a point p(i) in the mdimensional embedding space, one first has to find a neighbour p(j), so that
(3)
p (i ) − p ( j ) ≤ ε
We then calculate the normalized distance Ri between the (m + 1)th embedding
coordinate of points p(i) and p(j) according to the equation:
xi + mτ − x j + mτ
(4)
Ri =
p(i ) − p( j )
If Ri is larger than a given threshold Rtr , then p(i) is marked as having a false
nearest neighbor. Equation (4) has to be applied for the whole time series and
for various m = 1, 2, … until the fraction of points for which Ri > Rtr is
negligible [12].

2.4 The largest Lyapunov exponent
Lyapunov exponent λ of a dynamical system is a quantity that characterizes the
rate of separation of infinitesimally close trajectories. Quantitatively, two
trajectories in phase space with initial separation δZ0 diverge.

δZ (t ) ≈ e λt δZ 0

(5)

The largest Lyapunov exponent (LLE) can be defined as follows:

1
t

λ = lim ln
δZ 0 →0
t →∞

δZ (t )
δZ 0

(6)

The limit δZ0→0 ensures the validity of the linear approximation at any time.
LLE determines a notion of predictability for a dynamical system. A positive
LLE is usually taken as an indication that the system is chaotic (provided some
other conditions are met, e.g., phase space compactness) [15].
We have used the Rosenstein algorithm, which counts the LLE as follows:

λ1 (i ) =

d j (i )
1
1
M −i
.
ln
∑
j =1
i∆t ( M − i )
d j (0)

(7)
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Where dj(i) is distance from the j point to its nearest neighbor after i time steps
and M is the number of reconstructed points. For more information see [6, 18].

2.5 The 0-1 test for chaos
New test for the presence of deterministic chaos was developed by Gottwald &
Melbourne [7]. Their ‘0 - 1 test for chaos takes as input a time series of
measurements, and returns a single scalar value usually in the range 0 - 1. In
contrast the 0 - 1 test does not depend on phase space reconstruction but rather
works directly with the time series given. The input is the time-series data and
the output is 0 or 1, depending on whether the dynamics is non-chaotic or
chaotic.
Briefly, the 0-1 test takes as input a scalar time series of observations φ1, ... , φN.
We have used the algorithm according to Dawes & Freeland [1]. First, we must
fix a real parameter c and construct the Fourier transformed series:
n

z n = ∑ φ j e ijc , n = 1,..., N

(8)

j =1

Then we have computed the smoothed mean square displacement:
2

M c ( n) =

2
1 N−p
 N φ k  1 − cos nc
z
−
z
−

∑ j + n j  ∑
N − p j =1
k =1 N  1 − cos c

(9)

Finally we have estimated correlation coefficient to evaluate the strength of the
linear growth

rc =

cov(n, M c (n))

(10)

cov(n, n) cov(M c (n), M c ( n))

2.6 Long memory in time series
Hurst exponent (H) is widely used to characterize some processes. Hurst
exponent is used to evaluate the presence or absence of long-range dependence
and its degree in a time-series. For more information see [8, 10]. The Hurst
exponent is a measure that has been widely used to evaluate the self-similarity
and correlation properties of fractional Brownian noise, the time series produced
by a fractional Gaussian process [16]. We can describe self-similarity process
following equation:
(11)
X ( at ) = a H X (t )
where a is a positive constant, and H is the self-similarity parameter, for
0 < H < 1.
We have used a methodology known as Rescaled Range analysis or R/S
analysis. To calculate the Hurst exponent, one must estimate the dependence of
the rescaled range on the time span n of observation. The Hurst exponent is
defined in terms of the asymptotic behavior of the rescaled range as a function
of the time span of a time series as follows:
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 R (n) 
(12)
E
= Cn H as n → ∞

 S (n) 
Where [R(n)/S(n)] is the rescaled range; E[y] is expected value; n is number of
data points in a time series, C is a constant. For more information see [13].

3. Analysis of GDP growth rate time series
3.1 Input data
The GDP in current prices in millions of national currency (including 'euro
fixed' series for euro area countries) is used in this paper. We have used data
(quarterly, seasonally adjusted and adjusted data by working days) from the
Eurostat between the years 1980 - 2012. According to Eurostat [2], seasonal
adjustment is a treatment of infra-annual time series to remove the spurious
effect of seasonal patterns from the series' trend and cycle. These patterns can be
caused by weather, public holidays such as Christmas, the timing of school
vacations or of dividend payments and a number of other reasons.

Fig. 1. GDP growth rate time series.
Generally, the main problem in analyzing the GDP time series is the lack of
data. That is why we chose only those European countries where data is
available since 1980. These are the following states: Belgium, Finland, France,
Norway, Spain, Switzerland and United Kingdom. So, we have 132 values from
these countries. The analysis of such short time series in the context of nonlinear
dynamics or in the presence of chaos can be questionable. We know, according
to Horák [4] or Galka [5], that for this kind of method results are provable for at
least 103 data-points. Analysis of short time series (order of 101) may lead to a
spurious estimation of the invariants e.g. LLE. Despite the above, we have no
choice but to analyze GDP time series in the context of nonlinear dynamics and
try to find chaotic behavior of GDP growth rate time series. Therefore, all
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results are only estimates. The second problem can be the presence of trends in
time series. Trended data are not suitable for future analysis to study chaos
dynamics. There is no universal way to remove the trend from the data set. The
results often depend strongly on how the data are detrended. This is solved
using the GDP growth rate (cf. Figure 1).

3.2 Calculation of the largest Lyapunov exponents
At first we will estimate the time delay and the embedding dimension, which is
needed for the largest Lyapunov exponent estimation. We will use the mutual
information approach to determine the time delay. The first minimum of the
mutual information function I(τ) (2) marks the optimal choice for the time
delay. The embedding dimension m is chosen using the “false nearest
neighbors’” method. The minimum embedding dimension capable of containing
the reconstructed attractor is that for which the percentage of false nearest
neighbors drops to zero for a given tolerance level ε. Then, we calculated the
LLE using the Rosenstein algorithm. All computed values are positive (cf.
Figure 2). A positive LLE is usually taken as an indication that the system is
chaotic.

Tau

ED

LLE
H
test 0- 1
Belgium
2
3
0,032
0,76
0,99
Finland
3
3
0,840
0,88
0,99
France
3
3
0,084
0,96
0,82
Norway
1
3
0,011
0,54
0,99
Spain
2
3
0,078
0,99
0,95
Switzerland
3
3
0,585
0,82
0,99
United Kingdom
4
3
0,071
0,96
0,98
Average
2,571
3,000
0,243
0,844
0,959
SD
0,904
0,000
0,306
0,146
0,058
Fig. 2. The optimal time delay, The optimal embedding dimension, The Largest
Lyapunov exponent, The Hurst exponent, Value of chaos test 0-1 for selected
countries, average and standard deviation
3.3 Results of the 0-1 Test for Chaos
In this chapter we calculate the correlation coefficient as was shown above. The
correlation coefficient is near to 0 for non-chaotic data and near 1 for chaotic
data. All computed values are very close to 1 (cf. Figure 2). Hence, we can
convincingly assume there to be chaotic behavior in the GDP growth rate time
series.
3.4 Calculation of the Hurst exponent
The Rescaled Range analysis gave us values of the Hurst exponent between 0,54
(Norway) and 0,99 (Spain) (cf. Figure 2). Most values indicate the presence of
long memory in GDP growth rate time series except the value of the Hurst
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exponent for the Norway GDP growth rate, which indicates random walk. Those
values are in accordance with our expectations. We know that the value of H is
between 0 and 1, whilst real time series are usually higher than 0,5. If the
exponent value is close to 0 or 1, it means that the time-series has long-range
dependence. We can assume that the true value lies somewhere between those
values. We think that those values are sufficient for a credible prediction. Now
we also know that the fractal dimension DF =2-H. We have estimated the values
of the fractal dimension selected time series between 1,01 and 1,46.

4. Conclusions
Chaos theory has changed the thinking of scientists and the methodology of
science. Making a theoretical prediction and then matching it to the experiment
is not possible in chaotic processes. Long term forecasts are, in principle, also
impossible according to chaos theory. The main problem is in the quantity and
quality of data. Some improvement of measurement cannot help us adequately,
because it is a fight against power of exponential rate. Nonlinear dynamics and
chaos theory have also corrected the old reductionist tendency in science. Now
it is known that real processes are nonlinear and a linear view can be wrong.
The basic question is therefore - the existence of chaotic behavior. If the system
behaves chaotically, we are forced to accept only limited predictions. But it is
much better than random processes.
Although we analyzed various GDP growth rate time series, the results came out
very similar. We have shown in this paper that the GDP growth rate time series
are chaotic and contain long memory. First, we computed the values of the time
delays and the embedding dimensions. The average value of computed time
delays is 2,6. In all 7 cases we chose the value 3 as the optimal embedding
dimension. Subsequently, we calculated the LLE and all computed values were
positive. A positive LLE is usually taken as an indication that the system is
chaotic. If the fractal dimension is low, the LLE is positive and the Kolmogorov
entropy has a finite positive value, chaos is probably present. Then we
conducted the 0-1 test for chaos according to which chaos was present. All
computed values were very close to 1. Hence, we can convincingly assume
there to be chaotic behavior in the GDP growth rate time series. From these
estimations it can be concluded that the GDP growth rate time series is chaotic.
Finally we have computed the Hurst exponent by Rescaled Range analysis.
Most values indicate the presence of long memory in GDP growth rate time
series, except the value for the Norway GDP growth rate.
We know that the main problem when analyzing GDP time series is the lack of
data. As mentioned above, we chose only those European countries where data
is available since 1980. Although these time series are not ideal in length, they
are acceptable for analysis. The results came out mostly very similar. The
presence of chaos in selected GDP growth time series is not only a coincidence.
In the future we would like to focus on the proper statistical significance for
nonlinearity and on predicting the GDP. In particular, the surrogate data
approach (e.g. Theiler et al. [20]) is a powerful tool for detecting actual
nonlinear behavior, and distinguishing it from other phenomena.
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